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Why is the universe 
composed of  matter? 
(and not anti-matter)

Does dark matter 
interact with matter? 

(beyond gravitationally)

What are the properties 
of  dense nuclear matter?

What are the properties 
of  the proton?

neutron lifetime EIC

Understanding the emergence of  nuclear physics has the potential to be relevant to a 
broad set of  nuclear and particle physics experimental programs
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This seemingly simple problem has proved remarkably challenging to undertake
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Estimated upper range of 

validity of NN EFT

deuteron binding energy

NPLQCD  
[arXiv:2008.11160]

2011  NPLQCD            M𝜋 ≃ 390 MeV
2012  Yamazaki et al.   M𝜋 ≃ 510 MeV
2012  NPLQCD            M𝜋 ≃ 800 MeV
2015  Yamazaki et al.   M𝜋 ≃ 310 MeV
2015  CalLat                 M𝜋 ≃ 800 MeV + P,D,F waves
2015  NPLQCD            M𝜋 ≃ 450 MeV 
2020  NPLQCD            M𝜋 ≃ 450 MeV

2006  NPLQCD - first dynamical LQCD calculations of NN
LQCD Results with (deeply) bound di-nucleons

LQCD Results without bound di-nucleons (or inconclusive)
2012  HAL QCD            M𝜋 ≃ 710 MeV 
2012  HAL QCD            M𝜋 ≃ 469 — 1171 MeV
2019  “Mainz”                M𝜋 ≃ 960 MeV
2020  CoSMoN             M𝜋 ≃ 714 MeV
2021  NPLQCD             M𝜋 ≃ 800 MeV

(blue = work I was involved in)
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Challenges for NN calculations that are particularly difficult

Exponential decay of  signal with respect to the variance 

 

Physics of  interest (interaction energies) are at the per-mille level of  the total energy 
Deuteron: ,  

The excited state energy gap is set by kinetic energy of  nucleons, much smaller than the typical inelastic 
excited state energy 

pion production threshold becomes very close to  at  

short-time is polluted by excited states (as can be intermediate times) while late times are too noisy to resolve 
signals - and we must precisely determine a per-mille contribution to the total energy

S
N

(t) ≈
1

N
e−A(MN− 3

2 mπ)t

BD ≈ 2.2 MeV ENN ≈ 2 GeV

2MN mphys
π
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To simplify the problems - work at mu = md = ms ≈ mphys
s

<latexit sha1_base64="NGeq2nLhYCaumMSCMQ3ZccZEBwQ=">AAAB/3icbZC7TsMwFIZPyq2UW4GRxaJCYkBVgipgrGBhLBK9SG2oHMdprTpxajsVVdSBp2CFiQ2x8igMvAtu2gFajmTp0/+fo3P8ezFnStv2l5VbWV1b38hvFra2d3b3ivsHDSUSSWidCC5ky8OKchbRumaa01YsKQ49Tpve4GbqN0dUKiaiez2OqRviXsQCRrA2kksfUjbsEF9o9DjpFkt22c4KLYMzhxLMq9Ytfnd8QZKQRppwrFTbsWPtplhqRjidFDqJojEmA9yjbYMRDqk680csVhm6aXb/BJ0Y00eBkOZFGmXq7+EUh0qNQ890hlj31aI3Ff/z2okOrtyURXGiaURmi4KEIy3QNAzkM0mJ5mMDmEhmzkakjyUm2kRWMHk4i79fhsZ52bkoV+4qper1PJk8HMExnIIDl1CFW6hBHQgM4Rle4NV6st6sd+tj1pqz5jOH8Keszx/zGpbg</latexit>
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ei(P�q)·y

NPLQCD,  
Yamazaki et al.,  
CalLat (2015)

Compact, hexa-quark 
creation operator

HAL QCD Potential

diffuse - wall source
momentum-space 
creation & annihilation
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e�ip·xi

positive-definite correlation matrix

“Mainz”   (Distillation) 
CoSMoN (stochastic LapH 
NPLQCD (sparsened momentum)

Deep bound di-nucleons no bound state no bound state
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To simplify the problems - work at mu = md = ms ≈ mphys
s

So far, no study of  all methods on the same ensemble (different actions, masses, lattice spacings…) 

difficult to draw conclusions 

especially given the recent “Mainz” results [Green, Hanlon, Junnarkar, Wittig, PRL 127 - 2103.01054] 
 
 

I will report on our (CoSMoN/BaSc) efforts to  
study most methods on a single ensemble 

sLapH 

hexa-quark 

displaced local source (CalLat) 

HAL QCD
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figure courtesy of J. Green

mu = md = ms
tr(Mq) = tr(Mphys

q )



7

Our Lattice Action

We generated an ensemble with the CLS action 
Lüscher-Weisz gauge action, non-perturbative O(a) improved clover-Wilson fermions 

 
,  

The intent was to make a physical volume similar to that used by NPLQCD 
single stout-smeared, tadpole improved, iso-clover fermion action 
@ SU(3) symmetric  

mu = md = ms ≈ mphys
s ⟶ mπ ≈ 714 MeV

a ≈ 0.086 fm V = 483 × 96

mπ ≈ 806 MeV
a ≈ 0.145 fm, V = 323 × 48
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stochastic Laplacian Heaviside (sLapH) Method

“Distillation” — Peardon et al. PRD 80 (2009) [0905.2160] 
 
 
 
 
 
 
 

“sLapH” — Morningstar et al. PRD 83 (2011) [1104.3870]

N

∑
i

|λi⟩⟨λi | ρ(t0, x0)

 — eigenvectors of  3D gauge-covariant Laplacian 
 — smeared quark-source 

holding smearing fixed in physical units →, 

|λ⟩
ρ(t0, x0)

N ∝ L3

quark propagator

Nη

∑
j

|ηj⟩⟨ηj |
N

∑
i

|λi⟩⟨λi | ρ(t0, x0)

introduce stochastic noise-basis between LapH space and quark lines 
 
number of  stochastic noises, , is independent of  volume 
introduces more noise to correlation functions 
adds some complexity/cost to constructing hadrons and contracting them

Nη

quark propagator
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stochastic Laplacian Heaviside (sLapH) Method
with either method — construct hadron interpolating fields in momentum space at the source as well as sink

Expected Levels in Isosinglet Channel

Expected levels for I = 0, S = 0, B = 2, P = 0, and T1g irrep
Momentum squared in parentheses (units (2⇡/L)2) in particle
content

E/mN Multiplicity Particle Content
2.00000000 (1) N(0) N(0)
2.03441931 (2) N(1) N(1)
2.06826590 (3) N(2) N(2)
2.10156746 (2) N(3) N(3)
2.13434948 (2) N(4) N(4)
2.16663555 (5) N(5) N(5)
2.19844753 (5) N(6) N(6)
2.26072895 (3) N(8) N(8)
2.29123489 (5) N(9B) N(9B)
2.29123489 (2) N(9A) N(9A)
2.31017370 (2) �(0) �(0)
2.32133997 (5) N(10) N(10)
2.34003514 (5) �(1) �(1)

C. Morningstar Hexaquark Operator Study 11

Expected Levels in Isotriplet Channel

Expected levels for I = 1, S = 0, B = 2, P = 0, and A1g irrep
Momentum squared in parentheses (units (2⇡/L)2) in particle
content

E/mN Multiplicity Particle Content
2.00000000 (1) N(0) N(0)
2.03441931 (1) N(1) N(1)
2.06826590 (1) N(2) N(2)
2.10156746 (1) N(3) N(3)
2.13434948 (1) N(4) N(4)
2.16663555 (1) N(5) N(5)
2.18722722 (1) N(1) �(1)
2.19844753 (1) N(6) N(6)
2.21889309 (2) N(2) �(2)
2.25010523 (1) N(3) �(3)
2.26072895 (1) N(8) N(8)
2.28088292 (1) N(4) �(4)
2.29123489 (1) N(9B) N(9B)
2.29123489 (1) N(9A) N(9A)
2.31017370 (1) �(0) �(0)

C. Morningstar Hexaquark Operator Study 12tables courtesy of C. Morningstar
at this pion mass ( ), pion-production is heavier still!mπ ≈ 714 MeV
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our results circa 2020 [2009.11825]

2 streams of  401 configurations each 
4 time-sources per configuration 
forward propagating correlators only 

Our results are not precise enough to 
fit NN and N separately 
— we have to rely upon fitting the ratio 
correlator
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0 t
1 + ∑N
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n t
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our results circa 2020 [2009.11825]

16 energy levels with (expected) negligible overlap with non S-wave
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We find a virtual bound state (like dineutron) - a 
purely imaginary solution with negative sign 

                  

We can infer the size of  the potential from causality 
and unitarity: Wigner PRD 98 (1955), Phillips and Cohen PLB 390 (1997) 

               

qdeut
−

mπ
= − i0.132(32)

r0 ≤ 2 [R −
R2

a
+

R3

3a2 ] , mπR ≳ 2.0 , R ≳ 0.55 fm
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Updates since 2009.11825

Our goal is to compare and contrast (nearly) all methods in the literature on a single ensemble 

add hexaquark interpolator to the basis 

compare with p-sink / hexaquark source off-diagonal only (NPLQCD, Yamazaki et al, CalLat) 

compare with p-sink / displaced NN source off-diagonal (CalLat) 

increase statistics of  sLapH method 

compare with HAL QCD potential



13

Updates since 2009.11825 — add hexaquark to basisCorrelator Matrix in Isotriplet Channel

C. Morningstar Hexaquark Operator Study 20

Cross-Correlator in Isosinglet Channel

Effective energy from N(0)N(0)-HX cross-correlator added to plot
for I = 0, T1g

Cross-correlator much better than diagonal HX correlator
Cross-correlator still not
quite as good as diagonal
N(0)N(0) correlator
Hexaquark operator
produces noisier correlator

C. Morningstar Hexaquark Operator Study 22

(thanks to C. Morningstar and S. Skinner)

hexaquark (HX) operator has more excited state contamination 
and is noisier than the N(0)N(0) correlator 

The off-diagonal N(0)N(0) — HX correlator has similar behavior 
to diagonal N(0)N(0) correlator 

This is in contrast to what NPLQCD/CalLat find 
suggesting that discrepancy is sensitive to either 

lattice action 

quark smearing
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Updates since 2009.11825 — add hexaquark to basis
(thanks to C. Morningstar and S. Skinner)

hexaquark (HX) operator strongly overlaps with 
highest state in the spectrum (top left) 

N(p)N(p) operators mostly overlap onto a single 
state, with some mixing (except with highest state)

Isosinglet T1g Overlap Factor Results
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C. Morningstar Hexaquark Operator Study 28

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels

2

2.1

2.2

2.3

E
cm

 /
 m

N

I=0  T
1g
(0) I=1  A

1g
(0)

C. Morningstar Hexaquark Operator Study 31

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

E w/out HX

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

E with HX

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

HX dominated state

we find the HX operator is NOT needed to 
determine the low-lying NN spectrum
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Updates since 2009.11825 — compare with local/displaced NN source

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

t/fm

°40

°20

0

20

40

60

80

100

[d
eu

t/
p2

] e
Æ
(t

)
[M

eV
]

p†(x0)n†(x0) [NPLQCD] SS

p†(x0)n†(x0) [NPLQCD] PS

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

t/fm

°40

°20

0

20

40

60

80

100

[d
eu

t/
p2

] e
Æ
(t

)
[M

eV
]

p†(x0)n†(x0 + ¢) [CalLat] SS

p†(x0)n†(x0 + ¢) [CalLat] PS

sLapH g.s. energy in  from 2009.11825T1g

NPLQCD (2012, 2017) / CalLat (2015) g.s. energy 
from local NN creation operator

pulling  apart at creation leads to 
significantly different excited state contamination 

extracting stable  is challenging 

local  strongly couples to NN-inelastic 
states that are unique to NN (not N on its own) 
e.g. 

p†(x0)n†(x0 + Δ)

ΔE

p†(x0)n†(x0)

ΔΔ
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Updates since 2009.11825 — increased statistics with sLapH

2 streams of  401 configurations each 
4 time-sources per configuration

4 streams, 1490 total configs 
8 time-sources per configuration

Additionally, introduce more sophisticated “conspiracy” fit model 

It is observed that the excited states strongly cancel in the ratio correlator, suggesting a 
“conspiracy” of  cancellation between most excited states in the numerator and denominator 

Build a fit function that mimics this observation
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Updates since 2009.11825 — “conspiracy” model
Assume a good approximation for NN correlator is from the product of  the individual nucleon 
correlators 

 
 

 

For simplicity - consider using a single excited state for the  
individual nucleons then, we can construct a fit function for  
NN with 2 excited states: 
 

 
 
and similar for more excited states

CNN(t) ≈ CN1
(t)CN2

(t)

CNN(t) ≈ A1
0e−E1

0 t [1 +
N1−1

∑
n=1

r1
ne−ΔE1

nt] A2
0e−E2

0 t [1 +
N2−1

∑
n=1

r2
ne−ΔE2

nt]

CNN(t) = B00e−(2E0+ΔE00)t + B01e−(E0+E1+δE10)t + B11e−(2E1+δE11)t
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Updates since 2009.11825 — “conspiracy” model
Assume a good approximation for NN correlator is from the product of  the individual nucleon 
correlators 

 
 

 

For simplicity - consider using a single excited state for the  
individual nucleons then, we can construct a fit function for  
NN with 2 excited states: 
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Updates since 2009.11825 — “conspiracy” model
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Updates since 2009.11825 — HAL QCD potential
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,  

mu = md = ms ≈ mphys
s ⟶ mπ ≈ 714 MeV

a ≈ 0.086 fm V = 483 × 96

(thanks to C. Körber, A. Meyer, A. Nicholson)
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Updates since 2009.11825 — HAL QCD potential
(thanks to C. Körber, A. Meyer, A. Nicholson)
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 with 4 terms works well

trying  - unstable  
e.g.  becomes repulsive

t = [2,25]
VGauss(r)

VOPE(r) + VGauss(r)
VOPE(r)

Motivation for finding stable analytic form of  the potential 

We want to study the temporal dependence of  the parameters of  the potential, to see if  there is some 
monotonic behavior that can be modeled, and used to fit  for all t and extrapolate to  

Work in progress

V(t, r) t → ∞
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Updates since 2009.11825 — HAL QCD potential
(thanks to C. Körber, A. Meyer, A. Nicholson)

Uncorrelated fit to V(t, r) 

Solve Schrödinger Equation 

Solve for asymptotic wave-function and phase shift

, V(t, r) t = 10
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Updates since 2009.11825 — NPLQCD Sparsened Momentum
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FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
NPLQCD [18] and CalLat collaborations [25], previous calculations using [D, D] correlation func-
tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2

⇡/4).

and �E
(2,0,T+

1 ,S0)
0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
ground-state energies obtained with the variational method are upper bounds on the true
LQCD energies, it is also possible that a bound state exists but has small overlap with all
interpolating operators used in this study.

The upper bounds for the first excited-state FV energy shifts obtained using S(2,1,A+
1 )

0

and S(2,0,T+
1 )

0 are positive, and if they provide an accurate estimate of these energy levels (in
particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
of B = 2 FV energy shifts with a more extensive operator set are needed to conclusively
determine whether the B = 2 ground states at m⇡ = 806 MeV are bound or unbound.

66

�0.1 0.0 0.1 0.2 0.3

k2/m2
⇡

0.0

0.5

1.0

1.5

k
co

t
�1

S
0
/m

⇡

�0.1 0.0 0.1 0.2 0.3

k2/m2
⇡

�0.5

0.0

0.5

1.0

1.5

k
co

t
�3

S
1
/m

⇡

This work Hörz et al. 21 [28] Francis et al. 19 [26] NPLQCD 17 [18] CalLat 17 [25]

FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
NPLQCD [18] and CalLat collaborations [25], previous calculations using [D, D] correlation func-
tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2

⇡/4).

and �E
(2,0,T+

1 ,S0)
0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
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LQCD energies, it is also possible that a bound state exists but has small overlap with all
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particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
of B = 2 FV energy shifts with a more extensive operator set are needed to conclusively
determine whether the B = 2 ground states at m⇡ = 806 MeV are bound or unbound.
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FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
NPLQCD [18] and CalLat collaborations [25], previous calculations using [D, D] correlation func-
tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2
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0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
ground-state energies obtained with the variational method are upper bounds on the true
LQCD energies, it is also possible that a bound state exists but has small overlap with all
interpolating operators used in this study.

The upper bounds for the first excited-state FV energy shifts obtained using S(2,1,A+
1 )

0

and S(2,0,T+
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0 are positive, and if they provide an accurate estimate of these energy levels (in
particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
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To bind or not to bind?
This is a question that is unfortunately not one we can absolutely answer - we can only find numerical evidence 

We (the community) often rely upon Lüscher quantization condition analysis of  spectrum to detect inconsistent 
energy levels — in the case of  old NPLQCD & CalLat results (at least at ), the observed spectrum 
did not show signs of  sickness 

However, we are observing a preponderance of  evidence that the older methods with present statistics, are 
yielding qualitatively incorrect spectrum — 
I believe the old results are wrong (including those I was involved with) 
I believe the di-nucleon system unbinds at pion masses heavier than physical 

The newer (at least newly applied to two-nucleon) methods are more expensive 
but, they are more robust and they yield a much richer spectrum (many more energy levels obtained in the same 
calculation) 

The path forward seems clear — we need to apply these methods @ lighter pion masses where they have a 
chance of  having an impact on our understanding of  NN interactions 

To have an impact, we must have 

mπ ≈ 800 MeV

mπ ≲ 200 MeV



Thank You
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