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Correlation Function
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Cab(t) scalar correlation function 2 C1⇥1

t integer-spaced Euclidean time separations
C(t) matrix correlation function 2 CN⇥N

N dimension of operator basis
a, b, n operator indices 2 [1, N ]

L exact polynomial order
K assumed polynomial order
` index 2 [0, L� 1] or [0,K � 1]
k index of states contributing to C(t)

�k exp(�Ek) energy of state contributing to C(t)
zak h0 |Oa| ki amplitude of state contributing to C(t)

Notation
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We assume operator basis constructed so 
C(t) is Hermitian

Simple Effective Energy

Generalized Eigenvalues
Extends simple effective mass to matrix-
valued correlation functions
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Reduces to finding eigenvalues provided 
C(t0) invertable.
Extending effective mass to matrices 
increases solution space 1 → N.

Prony’s Method (1795)

Solve for pℓ. Ct ≡ C(t-t0)
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Linear Prediction
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C(t) = �
K�1X

`=0

p` C(t�K + `) , t � K

Prony’s Method (1795) cont.

Assuming only K states in C(t)

Find roots of polynomial 𝜆k. Alternatively, 
find eigenvalues of companion matrix.
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After 𝜆k are known, amplitudes can be 
determined, just like simple case.
Extending effective mass from 2 times to 
2K times increased solution size 1 → K.

Goal of This Work
Use N×N correlation matrices at 2⋅K 
equally-spaced times to find K⋅N effective 
energy solutions.

Block Prony Method (BPM)
Block Companion Matrix
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Assume K⋅N non-zero, non-degenerate 
eigenvalues 𝜆k. Let 𝒗kℓ be size N blocks 
of kth eigenvector of 𝓒, satisfying
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�kvk,0 = �P0vk,K�1

�kvk,` = vk,`�1 � P`vk,K�1

After substitution
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Block Prony Method (BPM) cont
Let 𝒘ℓ be size N blocks of any 
normalizable vector 𝒘 in eigenspace of 𝓒
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Solve for Pℓ. Ct ≡ C(t-t0)
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Then K⋅N eigenvalues of block companion 
𝓒  matrix are effective energies.

Effective Amplitudes
Once 𝜆k are known, challenge is to solve 
bilinear system of equations (BLS) 
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No general method to solve BLS is known.
See Johnson et al.

Equal number of equations and unknowns.
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Cab(t) : 2K
N(N + 1)

2
, �k : KN , zak : N(KN)

Exact solution should be possible up to 
signs: zak → - zak for any k.

For now, we recommend searching for 
zero residual solutions using non-linear 
least squares minimization.
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