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B-physics requires EFT

‣ Now and for some time to come  
                                       
                    (in large volume)  
 
Therefore lattice computations are impossible without EFTs

amb ≳ 1

‣ low energy physics is accessible by EFT 
 
         a | ⃗p | ≪ 1, | ⃗p | ≪ mb

‣ EFT of choice: HQET  

• renormalisable <=> continuum limit

• but:  corrections are needed for precision and they are challenging1/mb
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Combination of static ( ) and  relativistic                                                                                          mh = ∞ mh < mb

‣ simple idea  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‣ simple idea  
 
 
 
 
 
 

‣ this can’t be controlled in practice because  
 
even static approximation requires non-trivial renormalisation+matching  
(perturbation theory not well behaved)   
 
—> NP treatment needs again   amb ≪ 1

 [Guazzini, S., Tantalo, 0710.2229 
Heitger, S., hep-lat/0310035 

Guagnelli et al.,hep-lat/0206023 
Heitger, S. hep-lat/0110016]

https://arxiv.org/abs/hep-lat/0206023
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It works with a little trick: cancel renormalisation+matching  

‣ Quick reminder of renormalisation+matching

‣ static action:     , —>         
 
—> add          and       :   
 
                 renormalisation      matching           
           

ℒstat = ψ̄h D0 ψh Estat ∼ g2
0

1
a

δm ∼ g2
0

1
a

mfinite
b E = Estat + δm+mfinite

b
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‣ Quick reminder of renormalisation+matching

‣ static action:     , —>         
 
—> add          and       :   
 
                 renormalisation      matching           
           

ℒstat = ψ̄h D0 ψh Estat ∼ g2
0

1
a

δm ∼ g2
0

1
a

mfinite
b E = Estat + δm+mfinite

b

‣ heavy-light currents:     
                                       
 
                                       
                                                  matching  renorm. 
 

  log-divergent as 

Vstat
k = CVk

(mb) Zstat(g0) ψ̄h γk ψl

Vstat
0 = CV0

(mb) Zstat(g0) ψ̄h γ0 ψl

CJ(mb) mb → ∞
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Combination of static ( ) and  relativistic  mh = ∞ mh < mb

‣ Example 1:   - dependence of semi-leptonic form-factors 
 
   

 
 
                  
 
therefore                                                                          
 

       

q2

1
2pπ

k
rel⟨π(pπ) |Vk(0) |B( ⃗p = 0)⟩NR = h⊥(Eπ) = hstat

⊥ (Eπ) + O(1/mb)

hstat
⊥ (Eπ) = C(mb) Zstat(g0) hstat,bare

⊥ (Eπ, g0)

h⊥(Eπ)
h⊥(Erefπ ) = hstat,bare

⊥ (Eπ)
hstat,bare

⊥ (Erefπ )
+ O(1/mb)

It works with a simple trick: cancel renormalisation+matching  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‣ Example 1:   - dependence of semi-leptonic form-factors 
 
   

 
 
                  
 
therefore                                                                          
 

       

q2

1
2pπ

k
rel⟨π(pπ) |Vk(0) |B( ⃗p = 0)⟩NR = h⊥(Eπ) = hstat

⊥ (Eπ) + O(1/mb)

hstat
⊥ (Eπ) = C(mb) Zstat(g0) hstat,bare

⊥ (Eπ, g0)

h⊥(Eπ)
h⊥(Erefπ ) = hstat,bare

⊥ (Eπ)
hstat,bare

⊥ (Erefπ )
+ O(1/mb)

‣ static limit computable without renormalisation and matching  
 

  modifications  only in  terms  
 
captured by effective fit descriptions of corrections  
 
   

αs(mb) O(1/mb)

c1/mb + c2/m2
b + … ≈ c′ 1[αs(mb)] ̂γ1 /mb + c′ 2[αs(mb)] ̂γ2 /m2

b + …

It works with a simple trick: cancel renormalisation+matching  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Combination of static ( ) and  relativistic  mh = ∞ mh < mb

‣ Example 2: determination of the quark mass
• heavy-light mass <—> quark mass  

 

  computable with relativistic b-quarks in finite vol.  

                           using NP relation      
                           from 

mPS(L1)
mRGI

h
= πm L = L1 ≈ 0.5 fm

mRGI
i = Z(g0) mPCAC

iLPHAA
Collaboration
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• heavy-light mass <—> quark mass  

 

  computable with relativistic b-quarks in finite vol.  

                           using NP relation      
                           from 

mPS(L1)
mRGI

h
= πm L = L1 ≈ 0.5 fm

mRGI
i = Z(g0) mPCAC

iLPHAA
Collaboration

• need                                                                                  [Heitger, S. hep-lat/0110016] 
 
                     
 
 
dimensionless by reference scale  
 
                 
 
                 
 
                                                  static: additive divergences cancel  

mPS(L1)
mPS(L1) = mPS−[mPS − mPS(L2)] − [mPS(L2) − mPS(L1)]

Lref
LrefmPS(L1) = LrefmPS−Lref[mPS − mPS(L2)] − Lref[mPS(L2) − mPS(L1)]

= LrefmPS− ρm − σm
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Combination of static ( ) and  relativistic  mh = ∞ mh < mb

‣ Example 2: determination of the quark mass 
 

 
 

 
 
                                                  static: additive divergences cancel  
 
dimensionless variables for PS masses (proxy for quark mass)  
 
              
 
dimensionless variables for box-lengths  
 
                
 
then  
                

LrefmPS(L1) = LrefmPS−Lref[mPS − mPS(L2)] − Lref[mPS(L2) − mPS(L1)]
= LrefmPS− ρm − σm

yB = LrefmB , y2 = LrefmPS(L2) , y1 = LrefmPS(L1)

ui = ḡ2(Li) , ui+1 = σ(ui) , L2 = 2L1

y2 = yB−ρm(u2, yB) , y1 = y2−σm(u1, y2)
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ui = ḡ2(Li) , ui+1 = σ(ui) , L2 = 2L1

y2 = yB−ρm(u2, yB) , y1 = y2−σm(u1, y2)
σm(u1, y) = lim

a/L→0
Σm(u1, y, a /L)

ḡ2(L) = u1, LCP1
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‣ Example 2: determination of the quark mass 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= LrefmPS− ρm − σm

yB = LrefmB , y2 = LrefmPS(L2) , y1 = LrefmPS(L1)

ui = ḡ2(Li) , ui+1 = σ(ui) , L2 = 2L1

y2 = yB−ρm(u2, yB) , y1 = y2−σm(u1, y2)
ρm(u2, y) = lim

a/L→0
Pm(u2, y, a /L)

ḡ2(L) = u2, LCP2

σm(u1, y) = lim
a/L→0

Σm(u1, y, a /L)

ḡ2(L) = u1, LCP1
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Combination of static ( ) and  relativistic  mh = ∞ mh < mb

‣ Example 3: determination of vector meson decay constant
• matrix element of vector current 

                                                                                                                        
              

                                                                                                  
 
multiplicative renormalisation + matching —> take log —> additive, looks  as mass  
 
                     
 
                     
 
                           
 
                                                         static: divergences cancel  
 
Definition of  (at finite L)  
 
                      =        
 
 
SF boundary states:                vacuum QN    Vector HL QN’s

̂fV = 2 ⟨0 |Vk(0) |V( ⃗p = 0,k)⟩NR = ̂f stat
V + O(1/mb)

ΦV = log (L3/2
ref

̂fV)
= ΦV(L1) + [ΦV(L2) − ΦV(L1)] + [ΦV − ΦV(L2)]
= ΦV(L1) + σV(u1, y2) + ρV(u2, yB)

ΦV(L)
ΦV(L) = log (L3/2

ref ⟨Ω(L) |Vk(0) |V(L, k)⟩) x =0 T0

x =0 T0

1/2



Rainer Sommer | Lat23 | August 2023Continuum B-physics I: strategy

Combination of static ( ) and  relativistic  mh = ∞ mh < mb

‣ Example 3: determination of vector meson decay constant 
                               

 
                                          relativistic 
 

                                           

ΦV = log (L3/2
ref

̂fV) = ΦV(L1) + σm(u1, y2) + ρm(u2, yB)
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‣ And back to semi-leptonic decays:                 
     

                           
 
==> also normalisation of the form factor is determined => 

h⊥(Eπ) = ̂fV
h⊥(Eπ)

̂fV
= ̂fV [ hstat

⊥ (Eπ)
̂f stat
V

+ O(1/mb)]
Vub
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Summary

‣ for low energy physics, b-quarks are close to static  
 
corrections are computable by HQET but progress has been slow in practice

‣ a good alternative is a combination of static + relativistic with  
 
provided that functions are formed which need  
 
            neither renormalisation nor matching in the static approximation  <— THE ONLY REQUIREMENT

‣ this applies directly in large volume, e.g. to form-factor ratios    
                                                                                               

                                 (  works basically the same way)

‣ it becomes more powerful by the use of finite volume and step scaling

•   relativistic at b-mass

•  by combination

‣ note that most quantities are universal, in the continuum,  

and can be computed with any action, by any collaboration. E.g. one can do “just” the large volume 

mh < mb

h⊥(Eπ)
h⊥(Erefπ ) = hstat,bare

⊥ (Eπ)
hstat,bare

⊥ (Erefπ )
+ O(1/mb) h∥

L = L1 ≈ 0.5 fm

L1 → L2 = 2L1, L2 → L∞ ≫ 1/mπ

h⊥(Eπ)
̂fV

,
h∥(Eπ)
h∥(0) , …
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Thank you for your attention.  
Listen to Alessandro Conigli for a first proof of concept!


