
Massive Neutrinos Concha Gonzalez-Garcia

INTRO TO PHENOMENOLOGY WITH MASSIVE

NEUTRINOS

Concha Gonzalez-Garcia

(YITP-Stony Brook & ICREA-University of Barcelona )

14th International Neutrino Summer School (INSS)

Fermilab, August 6-18, 2023



Massive Neutrinos Concha Gonzalez-Garcia

Summary I

• In the SM:

– Accidental global symmetry: B × Le × Lµ × Lτ ↔ mν ≡ 0

– neutrinos are left-handed (≡ helicity -1): mν = 0 ⇒ chirality ≡ helicity

– No distinction between Majorana or Dirac Neutrinos

• If mν 6= 0→ Need to extend SM

→ different ways of adding mν to the SM

– breaking total lepton number (L = Le + Lµ + Lτ ) → Majorana ν: ν = νC

– conserving total lepton number → Dirac ν: ν 6= νC

→ Lepton Mixing≡ breaking of Le × Lµ × Lτ

• From direct searches of ν-mass: mν ≤ O(eV )

Question: How to search for mν ≪ O(eV )?

Answer: Neutrino Oscillations
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INTRO TO PHENOMENOLOGY WITH MASSIVE

NEUTRINOS: LECTURES II-III

Concha Gonzalez-Garcia

(ICREA-University of Barcelona & YITP-Stony Brook )

OUTLINE

• Neutrino Flavour Oscillations in Vacuum

• Propagation in Matter: Effective Potentials

• Flavour Transitions in Matter: MSW

• Global 3ν picture
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Effects of ν Mass: Flavour Transitions

• Flavour (≡ Interaction) basis (production and detection): νe, νµ and ντ

• Mass basis (free propagation in space-time): ν1, ν2 and ν3 . . .
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Effects of ν Mass: Flavour Transitions

• Flavour (≡ Interaction) basis (production and detection): νe, νµ and ντ

• Mass basis (free propagation in space-time): ν1, ν2 and ν3 . . .

• In general interaction eigenstates 6= propagation eigenstates
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





Flavour not conserved in propagation

⇒
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Effects of ν Mass: Flavour Transitions

• Flavour (≡ Interaction) basis (production and detection): νe, νµ and ντ

• Mass basis (free propagation in space-time): ν1, ν2 and ν3 . . .

• In general interaction eigenstates 6= propagation eigenstates


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 = ULEP









ν1
ν2
ν3
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


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Flavour not conserved in propagation

⇒

• The probability Pαβ of producing neutrino with flavour α and detecting with

flavour β has to depend on:

– Misalignment between interaction and propagation states (≡ U )

– Difference between propagation eigenvalues

– Propagation distance
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Mass Induced Flavour Oscillations in Vacuum

• If neutrinos have mass, a weak eigenstate |να〉 produced in lα + N →να + N ′

is a linear combination of the mass eigenstates (|νi〉)

|να〉=
n
∑

i=1

U∗
αi |νi〉

U is the leptonic mixing matrix.
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Mass Induced Flavour Oscillations in Vacuum

• If neutrinos have mass, a weak eigenstate |να〉 produced in lα + N →να + N ′

is a linear combination of the mass eigenstates (|νi〉)

|να〉=
n
∑

i=1

U∗
αi |νi〉

U is the leptonic mixing matrix.

• After a distance L (or time t) it evolves

|να(t)〉=
n
∑

i=1

U∗
αi|νi(t)〉

• it can be detected with flavour β with probability

Pαβ = |〈νβ |να(t)〉|
2 = |

n
∑

j=1

n
∑

i=1

U∗
αiUβj〈νj |νi(t)〉|

2
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Mass Induced Flavour Oscillations in Vacuum

• The probability

Pαβ = |〈νβ |να(t)〉|
2 = |

n
∑

j=1

n
∑

i=1

U∗
αiUβj〈νj |νi(t)〉|

2

• We call Ei the neutrino energy and mi the neutrino mass

• Under the approximations:

(1) |ν〉 is a plane wave ⇒ |νi(t)〉 = e −iEit|νi(0)〉 and using 〈νj |νi〉 = δij

Pαβ = δαβ − 4

n
∑

i<j

Re[UαiU
∗

βiU
∗

αjUβj ]sin
2

(

∆ij

2

)

+ 2
∑

i<j

Im[UαiU
∗

βiU
∗

αjUβj ]sin (∆ij)

with ∆ij = (Ei − Ej)t
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Mass Induced Flavour Oscillations in Vacuum

• The probability

Pαβ = |〈νβ |να(t)〉|
2 = |

n
∑

j=1

n
∑

i=1

U∗
αiUβj〈νj |νi(t)〉|

2

• We call Ei the neutrino energy and mi the neutrino mass

• Under the approximations:

(1) |ν〉 is a plane wave ⇒ |νi(t)〉 = e −iEit|νi(0)〉 and using 〈νj |νi〉 = δij

Pαβ = δαβ − 4

n
∑

i<j

Re[UαiU
∗

βiU
∗

αjUβj ]sin
2

(

∆ij

2

)

+ 2
∑

i<j

Im[UαiU
∗

βiU
∗

αjUβj ]sin (∆ij)

with ∆ij = (Ei − Ej)t

(2) relativistic ν

Ei =
√

p2i +m2
i ≃ pi +

m2
i

2Ei
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Mass Induced Flavour Oscillations in Vacuum

• The probability

Pαβ = |〈νβ |να(t)〉|
2 = |

n
∑

j=1

n
∑

i=1

U∗
αiUβj〈νj |νi(t)〉|

2

• We call Ei the neutrino energy and mi the neutrino mass

• Under the approximations:

(1) |ν〉 is a plane wave ⇒ |νi(t)〉 = e −iEit|νi(0)〉 and using 〈νj |νi〉 = δij

Pαβ = δαβ − 4

n
∑

i<j

Re[UαiU
∗

βiU
∗

αjUβj ]sin
2

(

∆ij

2

)

+ 2
∑

i<j

Im[UαiU
∗

βiU
∗

αjUβj ]sin (∆ij)

with ∆ij = (Ei − Ej)t

(2) relativistic ν

Ei =
√

p2i +m2
i ≃ pi +

m2
i

2Ei

(3) Lowest order in mass pi ≃ pj = p ≃ E

∆ij

2
=

(m2
i −m2

j )L

4E
= 1.27

m2
i −m2

j

eV2

L/E

Km/GeV
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Mass Induced Flavour Oscillations in Vacuum

• The oscillation probability:

Pαβ = δαβ − 4
n
∑

i<j

Re[UαiU
∗

βiU
∗

αjUβj ]sin
2

(

∆ij

2

)

+ 2
∑

i<j

Im[UαiU
∗

βiU
∗

αjUβj ]sin (∆ij)

∆ij

2 =
(Ei−Ej)L

2 = 1.27
(m2

i−m2
j )

eV2

L/E

Km/GeV



Massive Neutrinos Concha Gonzalez-Garcia

Mass Induced Flavour Oscillations in Vacuum

• The oscillation probability:

Pαβ = δαβ − 4
n
∑

i<j

Re[UαiU
∗

βiU
∗

αjUβj ]sin
2

(

∆ij
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+ 2
∑

i<j

Im[UαiU
∗

βiU
∗

αjUβj ]sin (∆ij)

∆ij

2 =
(Ei−Ej)L

2 = 1.27
(m2

i−m2
j )

eV2

L/E

Km/GeV

– The first term δαβ − 4
n
∑

i<j

Re[UαiU
∗
βiU

∗
αjUβj ]sin

2

(

∆ij

2

)

equal for ν (U → U∗)

→ conserves CP
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Mass Induced Flavour Oscillations in Vacuum

• The oscillation probability:

Pαβ = δαβ − 4
n
∑
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Re[UαiU
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∑
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Re[UαiU
∗
βiU

∗
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2

(

∆ij
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)

equal for ν (U → U∗)

→ conserves CP

– The last piece 2
∑

i<j

Im[UαiU
∗
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∗
αjUβj ]sin (∆ij) opposite sign for ν

→ violates CP

– If α = β ⇒ Im[UαiU
∗
αiU

∗
αjUαj ] = Im[|U⋆

αi|
2|Uαj|

2] = 0

⇒ CP violation observable only for β 6= α
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Mass Induced Flavour Oscillations in Vacuum

• The oscillation probability:
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∗
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∗
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(
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)

equal for ν (U → U∗)
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– The last piece 2
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∗
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∗
αjUβj ]sin (∆ij) opposite sign for ν

→ violates CP

• Pαβ depends on Neutrino Parameters and on Two set-up Parameters:

•∆m2
ij = m2

i −m2
j The mass differences • E The neutrino energy

• Uαj The mixing angles • L Distance ν source to detector
(and Dirac phases)
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Mass Induced Flavour Oscillations in Vacuum

• The oscillation probability:

Pαβ = δαβ − 4

n
∑

i<j

Re[UαiU
∗

βiU
∗

αjUβj ]sin
2

(

∆ij

2

)

+ 2
∑

i<j

Im[UαiU
∗

βiU
∗

αjUβj ]sin (∆ij)

∆ij

2 =
(Ei−Ej)L

2 = 1.27
(m2

i−m2
j )

eV2

L/E

Km/GeV

– The first term δαβ − 4

n
∑

i<j

Re[UαiU
∗
βiU

∗
αjUβj ]sin

2

(

∆ij

2

)

equal for ν (U → U∗)

→ conserves CP

– The last piece 2
∑

i<j

Im[UαiU
∗
βiU

∗
αjUβj ]sin (∆ij) opposite sign for ν

→ violates CP

• Pαβ depends on Neutrino Parameters and on Two set-up Parameters:

•∆m2
ij = m2

i −m2
j The mass differences • E The neutrino energy

• Uαj The mixing angles • L Distance ν source to detector
(and Dirac phases)

• No information on mass scale nor Majorana phases
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Mass Induced 2-ν Oscillations

• When oscillations between 2-ν dominate: U =





cos θ sin θ

− sin θ cos θ





Posc = sin2(2θ) sin2
(

∆m2L
4E

)

Appear

Pαα = 1− Posc Disappear
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Mass Induced 2-ν Oscillations

• When oscillations between 2-ν dominate: U =





cos θ sin θ

− sin θ cos θ





Posc = sin2(2θ) sin2
(

∆m2L
4E

)

Appear

Pαα = 1− Posc Disappear

• Posc is symmetric independently under ∆m2 → −∆m2 or θ → π
2 − θ

⇒ No information on ordering (≡ sign∆m2) nor octant of θ

• U is real ⇒ no CP violation

This only happens for 2ν vacuum oscillations
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Mass Induced Vacuum Oscillations Revisited

• ν oscillations can also be understood from the eq. of motion of weak eigenstates
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Mass Induced Vacuum Oscillations Revisited

• ν oscillations can also be understood from the eq. of motion of weak eigenstates

• A state mixture of 2 neutrino species |να〉 and |νβ〉 or equivalently of |ν1〉 and |ν2〉

Φ(x) = Φα(x)|να〉+ Φβ(x)|νβ〉 = Φ1(x)|ν1〉+Φ2(x)|ν2〉
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Mass Induced Vacuum Oscillations Revisited

• ν oscillations can also be understood from the eq. of motion of weak eigenstates

• A state mixture of 2 neutrino species |να〉 and |νβ〉 or equivalently of |ν1〉 and |ν2〉

Φ(x) = Φα(x)|να〉+ Φβ(x)|νβ〉 = Φ1(x)|ν1〉+Φ2(x)|ν2〉

• Evolution of Φ is given by the Dirac Equations [β = γ0 , αx = γ0γx (assuming 1 dim)]

E Φ1 =
[

− i αx
∂
∂x + β m1]Φ1

E Φ2 =
[

− i αx
∂
∂x + βm2

]

Φ2
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Mass Induced Vacuum Oscillations Revisited

• ν oscillations can also be understood from the eq. of motion of weak eigenstates

• A state mixture of 2 neutrino species |να〉 and |νβ〉 or equivalently of |ν1〉 and |ν2〉

Φ(x) = Φα(x)|να〉+ Φβ(x)|νβ〉 = Φ1(x)|ν1〉+Φ2(x)|ν2〉

• Evolution of Φ is given by the Dirac Equations [β = γ0 , αx = γ0γx (assuming 1 dim)]

E Φ1 =
[

− i αx
∂
∂x + β m1]Φ1

E Φ2 =
[

− i αx
∂
∂x + βm2

]

Φ2

• We decompose Φi(x) = νi(x)φi φi is the Dirac spinor part satisfying:
(

αx

{

E2 −m2
i

}1/2
+ β mi

)

φi = Eφi (1)

• φi have the form of free spinor solutions with energy E
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Mass Induced Vacuum Oscillations Revisited

• ν oscillations can also be understood from the eq. of motion of weak eigenstates

• A state mixture of 2 neutrino species |να〉 and |νβ〉 or equivalently of |ν1〉 and |ν2〉

Φ(x) = Φα(x)|να〉+ Φβ(x)|νβ〉 = Φ1(x)|ν1〉+Φ2(x)|ν2〉

• Evolution of Φ is given by the Dirac Equations [β = γ0 , αx = γ0γx (assuming 1 dim)]

E Φ1 =
[

− i αx
∂
∂x + β m1]Φ1

E Φ2 =
[

− i αx
∂
∂x + βm2

]

Φ2

• We decompose Φi(x) = νi(x)φi φi is the Dirac spinor part satisfying:
(

αx

{

E2 −m2
i

}1/2
+ β mi

)

φi = Eφi (1)

• φi have the form of free spinor solutions with energy E

• Using (1) in Dirac Eq. we can factorize φi and αx and get:

−i
∂ν1(x)

∂x
=
√

E2 −m2
1 ν1(x)

−i
∂ν2(x)

∂x
=
√

E2 −m2
2 ν2(x)
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• In the relativistic limit

√

E2 −m2
i ≃ E −

m2
i

2E

−i ∂
∂x

(

ν1

ν2

)

=

(

E −
m2

1

2E
0

0
E−m2

2

2E

)

(

ν1

ν2

)

=

[

E −
m2

1+m2
2

4E

]

I −

(

−∆m2

4E
0

0 ∆m2

4E

)(

ν1

ν2

)
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• In the relativistic limit

√

E2 −m2
i ≃ E −

m2
i

2E

−i ∂
∂x

(

ν1

ν2

)

=

(

E −
m2

1

2E
0

0
E−m2

2

2E

)

(

ν1

ν2

)

=

[

E −
m2

1+m2
2

4E

]

I −

(

−∆m2

4E
0

0 ∆m2

4E

)(

ν1

ν2

)

• In weak (≡ flavour) basis να = Uαi(θ)νi

−i ∂
∂x

(

να

νβ

)

=
[

E −
m2

1+m2
2

4E

]

I −

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)
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• In the relativistic limit

√

E2 −m2
i ≃ E −

m2
i

2E

−i ∂
∂x

(

ν1

ν2

)

=

(

E −
m2

1

2E
0

0
E−m2

2

2E

)

(

ν1

ν2

)

=

[

E −
m2

1+m2
2

4E

]

I −

(

−∆m2

4E
0

0 ∆m2

4E

)(

ν1

ν2

)

• In weak (≡ flavour) basis να = Uαi(θ)νi

−i ∂
∂x

(

να

νβ

)

=
[

E −
m2

1+m2
2

4E

]

I −

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)

• An overall phase: να → eiηx
να and νβ → eiηx

νβ is unobservable

⇒ pieces proportional to I =

(

1 0

0 1

)

do not affect evolution:
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• In the relativistic limit

√
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=
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=
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• In weak (≡ flavour) basis να = Uαi(θ)νi

−i ∂
∂x

(

να

νβ

)

=
[

E −
m2

1+m2
2

4E

]

I −

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)

• An overall phase: να → eiηx
να and νβ → eiηx

νβ is unobservable

⇒ pieces proportional to I =

(

1 0

0 1

)

do not affect evolution:

⇒ −i ∂
∂x

(

να

νβ

)

= −

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)
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• Evolution Eq. for flavour eigenstates:

(

ν̇α

ν̇β

)

=

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)
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• Evolution Eq. for flavour eigenstates:

(

ν̇α

ν̇β

)

=

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)

Can be rewritten as

ν̈α + ω2 να = 0

ν̈β + ω2 νβ = 0
with ω =

∆m2

4E
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• Evolution Eq. for flavour eigenstates:

(

ν̇α

ν̇β

)

=

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)

Can be rewritten as

ν̈α + ω2 να = 0

ν̈β + ω2 νβ = 0
with ω =

∆m2

4E

• The solutions are:

να(x) = A1 e −i ωx
+ A2 e +i ωx

νβ(x) = B1 e −i ωx
+ B2 e +i ωx

with the condition |να(x)|
2 + |νβ(x)|

2 = 1
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• Evolution Eq. for flavour eigenstates:

(

ν̇α

ν̇β

)

=

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)

Can be rewritten as

ν̈α + ω2 να = 0

ν̈β + ω2 νβ = 0
with ω =

∆m2

4E

• The solutions are:

να(x) = A1 e −i ωx
+ A2 e +i ωx

νβ(x) = B1 e −i ωx
+ B2 e +i ωx

with the condition |να(x)|
2 + |νβ(x)|

2 = 1

• For initial conditions: να(0) = 1 and νβ(0) = 0⇒







A1 = sin2 θ A2 = cos2 θ

B1 = −B2 = sin θ cos θ
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• Evolution Eq. for flavour eigenstates:

(

ν̇α

ν̇β

)

=

(

−∆m2

4E cos 2θ ∆m2

4E sin 2θ
∆m2

4E sin 2θ ∆m2

4E cos 2θ

)(

να

νβ

)

Can be rewritten as

ν̈α + ω2 να = 0

ν̈β + ω2 νβ = 0
with ω =

∆m2

4E

• The solutions are:

να(x) = A1 e −i ωx
+ A2 e +i ωx

νβ(x) = B1 e −i ωx
+ B2 e +i ωx

with the condition |να(x)|
2 + |νβ(x)|

2 = 1

• For initial conditions: να(0) = 1 and νβ(0) = 0⇒







A1 = sin2 θ A2 = cos2 θ

B1 = −B2 = sin θ cos θ

• And the flavour transition probability

Pα 6=β = |νβ(L)|
2 = B2

1 + B2
2 + 2B1B2 cos(2ωL) = sin2(2θ) sin2

(

∆m2L

4E

)
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• To detect oscillations we can study the neutrino flavour

as function of the Distance to the source As function of the neutrino Energy

• In real experiments ⇒ 〈Pαβ〉=
∫

dEν
dΦ
dEν

σCC(Eν)Pαβ(Eν)

• Maximal sensitivity for ∆m2 ∼ E/L

– ∆m2 ≪ E/L ⇒ 〈sin2
(

∆m2L/4E
)

〉 ≃ 0 → 〈Pα 6=β〉 ≃ 0 & 〈Pαα〉 ≃ 1

– ∆m2 ≫ E/L ⇒ 〈sin2
(

∆m2L/4E
)

〉 ≃ 1

2
→ 〈Pα 6=β〉 ≃

sin2(2θ)
2 ≤ 1

2 & 〈Pαα〉 ≥
1
2
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Alternative Oscillation Mechanisms

• Oscillations are due to:

– Misalignment between CC-int and propagation states: Mixing ⇒ Amplitude

– Difference phases of propagation states ⇒ Wavelength. For ∆m2-OSC λ =
4πE

∆m2
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Alternative Oscillation Mechanisms

• Oscillations are due to:

– Misalignment between CC-int and propagation states: Mixing ⇒ Amplitude

– Difference phases of propagation states ⇒ Wavelength. For ∆m2-OSC λ =
4πE

∆m2

• ν masses are not the only mechanism for oscillations

Violation of Equivalence Principle (VEP): Gasperini 88, Halprin,Leung 01

Non universal coupling of neutrinos γ1 6= γ2 to gravitational potential φ

λ =
π

E|φ|δγ

Violation of Lorentz Invariance (VLI): Coleman, Glashow 97

Non universal asymptotic velocity of neutrinos c1 6= c2 ⇒ Ei =
m2

i

2p
+ cip

λ =
2π

E∆c

Interactions with space-time torsion: Sabbata, Gasperini 81

Non universal couplings of neutrinos k1 6= k2 to torsion strength Q

λ =
2π

Q∆k

Violation of Lorentz Invariance (VLI) Colladay, Kostelecky 97; Coleman, Glashow 99

due to CPT violating terms: ν̄αLb
αβ
µ γµν

β
L ⇒ Ei =

m2
i

2p ± bi λ = ±
2π

∆b
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To allow observation of neutrino oscillations:

– Nature has to be good: mixing angles (≡ amplitudes) must be not too small

– Need the right set up (≡right L and E) to be sensitive to the phase

Source E (GeV) L (Km) ∆m2 (eV2)

Solar 10−3 107 10−10

Atmos 0.1–102 10–103 10−1–10−4

Reactor 10−3 SBL: 0.1–1 10−2–10−3

LBL: 10–102 10−4–10−5

Accel 10 SBL: 0.1 & 0.01

LBL: 102– 103 10−2–10−3
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Alternative Mechanisms vs ATM ν’s

• With early SK ATM’s

they could be rule out as dominant

• And soon after severely constrained (MCG-G, M. Maltoni PRD 04,07)
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At 90% CL:

|∆c|

c
≤ 1.2× 10−24

|φ∆γ| ≤ 5.9× 10−25

|Q∆k| ≤ 4.8× 10−23 GeV

|∆b| ≤ 3.0× 10−23 GeV
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• We have observed with high (or good) precision:

∗ Atmospheric νµ & ν̄µ disappear most likely to ντ (SK,MINOS, ICECUBE)

∗ Accel. νµ & ν̄µ disappear at L ∼ 300/800 Km (K2K, T2K, MINOS, NOνA)

∗ Some accelerator νµ appear as νe at L ∼ 300/800 Km ( T2K, MINOS,NOνA)

∗ Solar νe convert to νµ/ντ (Cl, Ga, SK, SNO, Borexino)

∗ Reactor νe disappear at L ∼ 200 Km ( KamLAND)

∗ Reactor νe disappear at L ∼ 1 Km (D-Chooz, Daya Bay, Reno)
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• We have observed with high (or good) precision:

∗ Atmospheric νµ & ν̄µ disappear most likely to ντ (SK,MINOS, ICECUBE)

∗ Accel. νµ & ν̄µ disappear at L ∼ 300/800 Km (K2K, T2K, MINOS, NOνA)

∗ Some accelerator νµ appear as νe at L ∼ 300/800 Km ( T2K, MINOS,NOνA)

∗ Solar νe convert to νµ/ντ (Cl, Ga, SK, SNO, Borexino)

∗ Reactor νe disappear at L ∼ 200 Km ( KamLAND)

∗ Reactor νe disappear at L ∼ 1 Km (D-Chooz, Daya Bay, Reno)

• Confirmed: Oscillation L/E pattern: 2 frequencies and 3 distinct amplitudes

 (km/MeV)
eν/E0L

20 30 40 50 60 70 80 90 100

Su
rv

iv
al

 P
ro

ba
bi

lit
y

0

0.2

0.4

0.6

0.8

1

eνData - BG - Geo 
Expectation based on osci. parameters

determined by KamLAND

SK/IC MINOS/T2K/NOvA KamLAND DB/RENO/D-CH

∆m2

eV2 ∼ 2 10−3, θ ∼ 45◦
∆m2

eV2 ∼ 10−5

θ ∼ 30◦, 60◦

∆m2
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θ ∼ 8◦
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3ν Oscillations: Standard Parametrization

• For 3 ν’s : 3 Mixing angles + 1 Dirac Phase + 2 Majorana Phases

ULEP =









1 0 0

0 c23 s23

0 −s23 c23

















c13 0 s13e
iδcp

0 1 0

−s13e
−iδcp 0 c13

















c21 s12 0

−s12 c12 0

0 0 1

















eiη1 0 0

0 eiη2 0

0 0 1









• Convention: 0 ≤ θij ≤ 90◦ 0 ≤ δ ≤ 360◦ ⇒ 2 Orderings

NORMAL INVERTED

m1

m2

m3

m3

m1

m2

∆m
2 21
>
0

∆m
2 21
>
0

∆m
2 3ℓ

∆m2
21 > 0 by convention

∆m2
3ℓ =







∆m2
31 > 0 for NO

∆m2
32 < 0 for IO
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3ν Oscillations: Standard Parametrization

• For 3 ν’s : 3 Mixing angles + 1 Dirac Phase + 2 Majorana Phases

ULEP =




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
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





• Convention: 0 ≤ θij ≤ 90◦ 0 ≤ δ ≤ 360◦ ⇒ 2 Orderings

NORMAL INVERTED

m1

m2

m3

m3

m1

m2

∆m
2 21
>
0

∆m
2 21
>
0

∆m
2 3ℓ

∆m2
21 > 0 by convention

∆m2
3ℓ =







∆m2
31 > 0 for NO

∆m2
32 < 0 for IO

• Well described by vacuum oscillations:

Experiment

Reactor LBL (KamLAND) →∆m2
21 , θ12 , θ13

Reactor MBL (Daya Bay, Reno, D-Chooz) → θ13 , ∆m2
3ℓ

Atmospheric Experiments → θ23 , ∆m2
3ℓ

Acc LBL νµ Disapp (Minos,T2K,NOvA) →∆m2
3ℓ , θ23

×



Massive Neutrinos Concha Gonzalez-Garcia

• ν̄e disapp at KamLAND (|∆m2
3ℓ| ≫ E/L): Pee = c413

[

1− sin2 2θ12 sin
2
(

∆m2
21L

4E

)]

+ s413
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• ν̄e disapp at KamLAND (|∆m2
3ℓ| ≫ E/L): Pee = c413

[

1− sin2 2θ12 sin
2
(

∆m2
21L

4E

)]

+ s413

• ν̄e disapp at MBL React (Daya-Bay, Reno, D-Chooz): Pee ≃ 1− sin2 2θ13 sin
2 ∆m2

eeL
4E

∆m2
ee = c212∆m2

31 + s212∆m2
32 ≃ ∆m2

3l +
s212∆m2

21 NO

c212∆m2
21 IO

Nunokawa,Parke,Zukanovich (2005)
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• ν̄e disapp at KamLAND (|∆m2
3ℓ| ≫ E/L): Pee = c413

[

1− sin2 2θ12 sin
2
(

∆m2
21L

4E

)]

+ s413

• ν̄e disapp at MBL React (Daya-Bay, Reno, D-Chooz): Pee ≃ 1− sin2 2θ13 sin
2 ∆m2

eeL
4E

∆m2
ee = c212∆m2

31 + s212∆m2
32 ≃ ∆m2

3l +
s212∆m2

21 NO

c212∆m2
21 IO

Nunokawa,Parke,Zukanovich (2005)

• νµ and ν̄µ disappearance at LBL: Pµµ ≃ 1− sin2 2θµµ sin
2 ∆m2

µµL

4E

sin2 θµµ = c213 sin
2 θ23

∆m2
µµ = s212∆m2

31 + c212∆m2
32 + cos δCP s13 sin 2θ12t23∆m2

21

≃ ∆m2
3l +

c212∆m2
21 NO

s212∆m2
21 IO

+ . . .
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• ν̄e disapp at KamLAND (|∆m2
3ℓ| ≫ E/L): Pee = c413

[

1− sin2 2θ12 sin
2
(

∆m2
21L

4E

)]

+ s413

• ν̄e disapp at MBL React (Daya-Bay, Reno, D-Chooz): Pee ≃ 1− sin2 2θ13 sin
2 ∆m2

eeL
4E

∆m2
ee = c212∆m2

31 + s212∆m2
32 ≃ ∆m2

3l +
s212∆m2

21 NO

c212∆m2
21 IO

Nunokawa,Parke,Zukanovich (2005)

• νµ and ν̄µ disappearance at LBL: Pµµ ≃ 1− sin2 2θµµ sin
2 ∆m2

µµL

4E

sin2 θµµ = c213 sin
2 θ23

∆m2
µµ = s212∆m2

31 + c212∆m2
32 + cos δCP s13 sin 2θ12t23∆m2

21

≃ ∆m2
3l +

c212∆m2
21 NO

s212∆m2
21 IO

+ . . .

⇒



























Precise determination of ∆m2
21 and |∆m2

3ℓ| and θ13

Nodetermination of octant of θ12 nor of θ23

Potential sensitivity to ordering

Very subdominant sensitivity to δCP
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• νe and ν̄e appearance (νµ → νe and ν̄µ → ν̄e) at LBL :

Pµe(µ̄ē) ≃ s223 sin
2 2θ13 sin

2
(

∆m2
31L

4E

)

+c13 sin
2 2θ12 sin

2 2θ13 sin
2 2θ23 cos

(

±δ −
∆m2

31L
4E

)(

∆m2
21L

4E

)

sin
(

∆m2
31L

4E

)



Massive Neutrinos Concha Gonzalez-Garcia

• νe and ν̄e appearance (νµ → νe and ν̄µ → ν̄e) at LBL :

Pµe(µ̄ē) ≃ s223 sin
2 2θ13 sin

2
(

∆m2
31L

4E

)

+c13 sin
2 2θ12 sin

2 2θ13 sin
2 2θ23 cos

(

±δ −
∆m2

31L
4E

)(

∆m2
21L

4E

)

sin
(

∆m2
31L

4E

)

Exactly the CPV piece:

Pµe − P(µ̄ē) = 1
2c13 sin

2 2θ12 sin
2 2θ13 sin

2 2θ23 sin δ

×
[

sin
(

∆m2
13L

4E

)

+ sin
(

∆m2
32L

4E

)

+ sin
(

∆m2
21L

4E

)]

⇒ Genuinely 3 ν effect:







it cancels if anymixing angle is zero

it cancels if any∆m2
ij is zero
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• νe and ν̄e appearance (νµ → νe and ν̄µ → ν̄e) at LBL :

Pµe(µ̄ē) ≃ s223 sin
2 2θ13 sin

2
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∆m2
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4E

)

+c13 sin
2 2θ12 sin

2 2θ13 sin
2 2θ23 cos

(

±δ −
∆m2

31L
4E

)(

∆m2
21L

4E

)

sin
(

∆m2
31L

4E

)

Exactly the CPV piece:

Pµe − P(µ̄ē) = 1
2c13 sin

2 2θ12 sin
2 2θ13 sin

2 2θ23 sin δ

×
[

sin
(

∆m2
13L

4E

)

+ sin
(

∆m2
32L

4E

)

+ sin
(

∆m2
21L

4E

)]

⇒ Genuinely 3 ν effect:







it cancels if anymixing angle is zero

it cancels if any∆m2
ij is zero

⇒ In 3ν oscillations CPV in any channel να → νβ 6=α always proportional to

Im
[

Uαi U
∗
αj 6=iU

∗
βi Uβj 6=i

]

=
1

8
c13 sin

2 2θ12 sin
2 2θ13 sin

2 2θ23 sin δ

This is the Jarlskog invariant
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A puzzle: Solar Neutrinos

• Experiments measuring νe observe a deficit

• Deficit disappears in NC ⇒ Solar Model Independent Effect

• Deficit is energy dependent
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A puzzle: Solar Neutrinos
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• Experiments measuring νe observe a deficit

• Deficit disappears in NC ⇒ Solar Model Independent Effect

• Deficit is energy dependent ⇒ Pee ∼ 30% (< 0.5)!!! for Eν & 8 MeV

But ∆m2
21Lsun−Earth/Eν ∼ 105 ⇒ averaged oscillations

How is it possible to have 〈Pee〉 <
1
2 in averaged oscillation regime???


