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Abstract

We investigate the preservation of polarization in an idealized muon storage

rings with muon energy �� GeV and �� GeV for beams with momentum ac�

ceptance �p�p���	 The beams depolarize rapdily due to the di
erential rates

of precession as a function of muon momentum	 When an rf voltage is applied�

inducing synchrotron oscillations� the polarization is seen to be preserved for

synchrotron tunes of the order of ���	 We investigate the dependence of depo�

larization as a function of synchrotron tune and rf voltage for �� GeV and ��

GeV muon storage rings	

I� INTRODUCTION

The preservation of polarization of muons in a muon storage ring is investigated� As

the muons circulate around the ring� the spin vector of a muon precesses faster than the

momentum vector by an amount ����g � ����� where g is the gyromagnetic ratio of the

muon and � is its Lorentz gamma factor� See ref ��	 for a discussion of this in detail and

references therein� Since there is a spread of momenta in the ring� there will be di
erential

precession of the polarization leading to a loss of the average polarization of the muons as

the muons circulate the ring� If the momentum of a muon remains the same from turn to

turn� the amount of spin precession will be the same relative to the average spin precession
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and the depolarization will be cumulative� This e
ect has been known for a long time ��	 and

its remedy is to induce synchrotron oscillations causing the individual muon spin precession

to vary from turn to turn� We will estimate the magnitude of the e
ect and its remedy

using simple simulations and then investigate further using more realistic simulations that

take into account synchrotron oscillations properly�

II� SIMPLE SIMULATION

We construct an idealized storage ring of �� GeV muon energy with the parameters as

shown in table I� We inject ������ muons into the ring with �p�p of � and allowed to

circulate for ��� turns� The muons are assumed to be fully longitudinally polarized and

the polarization is computed at the end of each turn for those muons whose decay electrons

end up in a calorimeter of radial extent �cm����cm placed around the beam pipe� The

polarization is assumed to precess entirely in the horizontal plane and the magnitude of

the average polarization vector is plotted from turn to turn� The muons are decayed with

a vertex that is uniformly distributed in the decay beam pipe� Figure � shows the loss of

polarization as a function of turn number for the �� GeV case in the absence of any rf

�Synch���� The same muons are used for the next turn with the same values of momenta

and the decay is preformed again� The number of muons circulating turn by turn is decreased

by the actual number that would have decayed� This is similar to the technique used in ��	

to determine the energy scale of the muon collider�

A� Generating synchrotron oscillations

At the end of each turn� the muons are subjected to an rf voltage and their momenta

will be re�arranged depending on the phase of their arrival at the rf� Each of the muons will

undergo a synchrotron oscillation so that their energies E as a function of turn number t

will be given by the expression
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E � Acos��� � ��Qst� �����

where Qs is the synchrotron tune �fractional� and A is the amplitude of oscillation and

�� is an arbitrary phase� It is impossible from knowing the momentum of each muon

alone to generate synchrotron oscillations� since one needs to compute both A and ��� The

trick is to generate the oscillations in such a way that the mean energy and its standard

deviation are preserved from turn to turn� This is accomplished by the following neat

construction� For each muon� generate two random numbers r� and r� such that both of

these are Gaussian distributed with standard deviation �p� The two�dimensional distribution

of these two Gaussian numbers is cylindrically symmetrical and is exponentially distributed

in r�� � r��� where r� and r� are pairs of Gaussian random numbers� The projection of this

distribution along any radial direction is Gaussian� Synchrotron oscillations are obtained by

rotating this distribution by the angle ��Qst and taking the x� component of the vectors�

This will have the e
ect of introducing oscillations while at the same time preserving the

mean and standard deviation of the distribution from turn to turn�

B� �p�p��� case

We investigate the case for a beam energy spread of � at the �� level� Figure �

shows the polarization as a function of turn number for synchrotron tunes ���� ������������

and ����� For a synchrotron tune of ����� the polarization is stable for ��� turns� but

contains an oscillation term� These oscillations persist with increased frequency but much

reduced amplitude for synchrotron tune values ��������� Figure � shows the corresponding

distributions for the �� GeV case� The loss of polarization for the no rf case is slower in the

�� GeV case as expected� since spins precess slower�
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C� �p�p����� case

It has since been pointed out that the current Fermilab design for a muon storage ring

envisages rms �p�p � ���� Figures � and � show the depolarization as a function of turn

number for synchrotron tunes of ���������� It can be seen that in this case a synchrotron

tune of ���� is su�cient to maintain polarization up to ��� turns�

III� MORE REALISTIC SIMULATION

The above simulation assumes that all the particles are in the rf bucket and undergo

synchrotron oscillations with the same tune� In practice� this is not the case and we will

now attempt to simulate realistic synchrotron oscillations using the synchrtorn oscillation

di
erence equations ��	�

�En�� � �En � eV �sin�n � sin�s� �����

�n�� � �n �
��h��En��

��Es

�����

where �En�� is the di
erence between the energy gained by a particle at the end of turn n

as it traverses the rf with phase �n� and a synchronous particle as it traverses the rf with

phase �s� The �slip factor� � is de�ned as ����t � ����� where �t is the Lorentz gamma

factor of particles at the transition energy and � is the Lorentz factor of the synchronous

particle� eV is the rf Voltage times the charge of the particle� � is the velocity of the particle

expressed as a function of the velocity of light and h is the �harmonic number�� which is

the integral number of rf oscillations during the time it takes the synchronous particle to

traverse the ring� Es is the energy of the synchronous particle� One can show ��	 that this

results in synchrotron oscillations with the synchrotron tune Qs being given by

Qs �

s
�h�eV cos�s

����Es

�����
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where Qs is de�ned as the fractional number of synchrotron oscillations during one turn

around the ring� The rf voltage needed can be written as

eV � �
����Es

h�cos�s
Q�

S �����

We want to operate the rf such that there is no net acceleration� This implies a synchronous

phase of � radians� since we are above transition� and cos�s� ��� This is known in the jargon

as a stationary bucket� The fractional momentum spread �p���p at the �� level supported

by the stationary bucket� can be written as

�p��
p

�
�Qs

hj�j
�����

We would like � �� of a Gaussian energy spread to be contained in the bucket� hence the

notation� Given the synchrotron tune and �p���p � one can write

eV � �Qs�
�Es

�p��
p

�����

for the stationary bucket� We take the transition energy in the ring to be � GeV for muons�

and a total circumference of � kilometers for the ring� Note that we are now leaving the

idealized parameters of the previous simulation and inching closer to a realistic design� This

leads to the separatrix curves shown in �gure �� which depict the turn by turn motion of

particles with various inital conditions� The plot shows two rf buckets with synchronous

phases � and ��� Inside the separatrix� which is a curve that starts with zero initial

phase� the particles are contained� Outside the separatrix� the particles are �unbounded�

and propagate around the ring with energies that do not oscillate around the synchronous

energy� It is the oscillations that take the particles on either side of the synchronous energy

that will enable the polarization to be maintained� since these oscillations cause a particle

to experience di
erent spin precessions from turn to turn� which do not cumulatively add

up to values di
erent from the mean spin precession of the synchronous particle�

�This leads to a value of �	���� for the � function for the �� GeV ring and �	����� for the ��

GeV ring	
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Figure � shows the oscillations of the particles in various contours shown in �gure ��

starting with the contour closest to the synchronous particle and moving further away� as

a function of turn number� The particle on the contour closest to the synchronous phase

shows oscillations consistent with the synchronous tune� whereas the oscillations slow down

as one gets further away from the center of the bucket� On the separatrix� the oscillations

take an in�nite amount of time�

Figure � shows the initial distribution of the beam as it is injected� The beam has a

momentum spread �p�p of ��� at the �� level� The beam energy chosen is �� GeV� Figure

� shows the evolution of the beam at the end of ��� turns� Notice that the beam shape in

the bucket is maintained whereas the particles outside the bucket drift in phase�

A� �� GeV Results

We now compute the polarization for ���� particles turn by turn assuming a longitudinal

polarization of � at injection and precessing each particle by the amount appropriate to it

given its energy for that turn� Figure � shows the variation of polarization as a function

of turn number for Qs����� for rf voltages ranging from ���� MV� It can be seen that �

MV is too small and does not change the polarization appreciably from the no rf case� At

�� MV� the oscillations are more or less optimal to maintain the polarization for ��� turns�

At �� MV� one gets too much rf and too much energy gain and a greater amplitude in the

polarization oscillation�Figures ����� show the corresponding curves for Qs������������ and

����� respectively� It can be seen that the optimum polarization behavior is for Qs������

and rf voltage in the vicinity of ��MV���MV�Figure �� shows the curve for Qs�������

This value of synchrotron tune is clearly too low� since increasing the rf voltage causes

depolarization due to the particles energy spread increasing as a result of not traversing

their trajectories fast enough in ��� turns� Table II summarizes the results for all the spin

tunes for �� GeV muon storage ring energy� For a �� GeV storage ring� ���� of the muons

survive after ��� turns� P is the average polarization over ��� turns and PW is the intensity
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weighted polarization over ��� turns� When no rf is applied� one gets P����� and PW������

It can again be seen that for Qs������ and rf���MV� one gets a bucket that is capable of

supporting � ��� at the �� level and one obtains P����� and PW������

B� �� GeV Results

We repeat the above set of calculations for the muon storage ring energy of �� GeV and

�p�p ���� at the �� level� The values of P and PW for the no rf case are ���� and ����

respectively� This is due to faster spin precession� The spin tune for �� GeV is ����� whereas

for the �� GeV ring it is ������ Figures ����� show the variation of polarization as a function

of turn number for rf voltages ranging from ��MV ���MV� Figure �� again shows that a

Qs������ is too small and the presence of rf actually makes matters worse� For a �� GeV

storage ring� ���� of the muons survive after ��� turns� Table III summarizes the results

for the �� GeV case� It appears as though an rf voltage of �� MV and Qs����� yields the

best results of P����� and PW������

IV� SCALING RELATIONS

Using equations ��� and ��� and the results presented here� one can arrive at the following

expression for the rf needed and its frequency�

eV �

�
Qs

�	���

��
�p�p

�	���

�
��MV �����

rf frequency �

�
QS

�	���

��
�	���

�p�p

�
��MHz �����

V� HIGHER OREDER EFFECTS

We have so far considered an ideal storage ring which supports a large momentum ac�

ceptance�In practice there will be sextupole elements present� which could introduce spin
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Parameter Value Parameter Value

Muon Energy �� GeV � ���	��

spin precession in one turn �	���� radians Magnetic �eld �	� Tesla

radius of ring ��	����� meters beam circulation time �	����E��� sec

dilated muon life time �	�����E��� sec turn by turn decay constant �	���E���

TABLE I	 Parameters of an idealized muon storage ring

tune dependence on the particle position as well the momentum� This will introduce faster

depolarizations than simulated here� Further work needs to be done to investigate the e
ect

and size of rf needed for such realistic rings�
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VII� CONCLUSIONS

We have shown that loss of polarization due to di
erential spin precession can be stemmed

by the introduction of an rf voltage and explored the dependence on spin tune� Once it can

be shown that preservation of polarization in the ring extends signi�cantly the physics reach

of the machine �work in progress�� the case for the relatively modest amounts of rf required

to preserve the polarization will seem more compelling�
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FIG	 �	 Figure shows the rate of change of polarization with turn number for a muon storage

ring of �� GeV momentum for various values of the synchroton oscillation tune	
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FIG	 �	 Figure shows the separatrix for an rf voltage �� MV and a synchrotron tune of �����	

The two stationary buckets shown have synchronous phases of �� respectively	 The contours show

the path of particles from turn to turn	 The particles circulate in a clockwise fashion along the

closed contours� from right to left in the unbounded contours below the separatrix and from left to

right in the unbounded contours above the separatrix	 The oscillation of energy along the numbered

contours are shown in �gure �	
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FIG	 �	 Figure shows the oscillations in energy of particles on contours numbered ��� of �gure

�	 The further one is from the synchronous particle� the slower the oscillations	

��



FIG	 �	 The beam pro�le at injection superimposed on the separatrix of �gure �
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FIG	 	 The shape of the beam at the end of ��� turns	 The beam inside the separatrix remains

as is� whereas the particles outside drift in phase� with the ones with positive �E arriving at later

times �larger phases�	
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FIG	 �	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	��	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	���	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	��	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	���	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	���	

��



REFERENCES

��	 �Calibrating the energy of a ����� GeV muon collider using spin precession�� Rajendran
Raja and Alvin Tollestrup� Phys�Rev�D ���������������

��	 R�Rossmanith� Talk given at the ���� Fermilab Workshop on Physics at the First Muon
Collider and Front End of a muon Collider�
A� Blondel� Proceedings of the NUFACT�� Workshop� Lyon� France� �������

��	 An introduction to the physics of high energy accelerators� D�J�Edwards�
M�J�Syphers�John Wiley and Sons� Page ���

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	��	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	���	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	��	

��



FIG	 ��	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	���	

��



FIG	 �	 Variation of polarization as a function of turn for various rf voltages ranging from �MV

to �� MV	 Beam Energy �� GeV� synchrotron tune � �	���	

��



QS rf MV rf freq	 MHz �p���p P PW

�	��� �	� ��	 �	��� �	�� �	��

�	��� ��	� ��	� �	��� �	��� �	��

�	��� ��	� ��	� �	��� �	��� �	���

�	��� ��	� ��	� �	��� �	��� �	���

�	��� ��	� ��	� �	��� �	��� �	���

�	��� �	� ���	� �	��� �	��� �	��

�	��� ��	� ���	� �	��� �	�� �	

�	��� ��	� ��	 �	��� �	��� �	���

�	��� ��	� ��	 �	��� �	� �	��

�	��� ��	� ��	� �	��� �	�� �	��

�	��� �	� ���	� �	��� �	��� �	��

�	��� ��	� ��	 �	��� �	� �	��

�	��� ��	� ���	� �	��� �	�� �	���

�	��� ��	� ���	� �	��� �	��� �	���

�	��� ��	� ��	� �	�� �	��� �	���

�	��� �	� ��	� �	��� �	��� �	���

�	��� ��	� ���	 �	��� �	��� �	�

�	��� ��	� ���	� �	�� �	� �	��

�	��� ��	� ���	� �	��� �	�� �	���

�	��� ��	� ���	� �	��� �	��� �	���

�	��� �	� ����	� �	��� �	��� �	���

�	��� ��	� ���	� �	��� �	��� �	��

�	��� ��	� ���	� �	��� �	��� �	��

�	��� ��	� ���	 �	�� �	�� �	��

�	��� ��	� ���	� �	��� �	� �	���

TABLE II	 Summary of results for �� GeV muon storage ring	 P is the average poalrization for

��� turns and PW is the intensity weighted polarization for ��� turns	
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