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PDFs
l The proton is a dynamical object; the structure observed depends on the 

time-scale (Q2) of the observation
l But we know how to calculate this variation (DGLAP) at LO, NLO, NNLO and 

now at aN3LO
l We just have to determine the starting points from fits to data (or from 

LQCD)

the higher the value of Q2,
the more detail of the 
evolution we sample
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PDFs
l Determined from global fits to 

data from a wide variety of 
processes, both from fixed 
target and collider experiments, 
with an increasing contribution 
from the LHC itself

l The 3 main PDF groups are 
CTEQ-TEA (CT), MSHT (new 
acronym) and NNPDF; other 
fits by ATLAS, CMS

l Each global fit uses on order of 
4000 data points to determine 
the best fit PDFs and their 
uncertainties
� with CT and MSHT using a 

Hessian formalism and NNPDF 
using a neural net formalism

l Each group provides regularly 
updated sets of PDFs

to better understand similarities and
differences, it is useful to periodically
perform benchmarking exercises, and to
construct analytical tools

because of the difference, there can sometimes
be difficulties in comparing/understanding results
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PDFs
l Determined from global fits to 

data from a wide variety of 
processes, both from fixed 
target and collider experiments, 
with an increasing contribution 
from the LHC itself

l The 3 main PDF groups are 
CTEQ-TEA (CT), MSHT (new 
acronym) and NNPDF; other 
fits by ATLAS, CMS

l Each global fit uses on order of 
4000 data points to determine 
the best fit PDFs and their 
uncertainties
� with CT and MSHT using a 

Hessian formalism and NNPDF 
using a neural net formalism

l Each group provides regularly 
updated sets of PDFs

The comparison of these two very
different techniques allow us to obtain a 
better understanding of the PDFs and 
their uncertainties. 
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Better precision for PDFs easy to motivate

PDFs are only 
known to NNLO
So far; a few cross 
sections, such as 
ggF and DY, are known 
to N3LO

When can we produce 
N3LO PDFs?

as uncertainties can
be as important as 
PDF uncertainties, for 
an as-rich process 
such as ggF

you are here
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Global PDF fits
l CT and MSHT both use a Hessian-

based approach (for the 
determination of the central PDF 
and the uncertainties), while 
NNPDF uses a Monte Carlo replica 
approach (although the Monte 
Carlo replica basis can be 
converted into a Hessian basis, and 
indeed this is often the format that 
allows the easiest understanding of 
the uncertainties, IMHO)

l One of the crucial services that can 
be provided by the global PDF 
fitters is to try to provide a better 
understanding of the central values 
and uncertainties obtained by each 
of the fits 

PDF4LHC15

need for PDF4LHC21

J.Phys.G 49 (2022) 8, 080501
e-Print: 2203.05506 6



Aside: uncertainties
l PDF uncertainties depend first of all on the experimental uncertainties of the 

data
l Data from two measurements, or even from within the same measurement,  

can both be very precise, but the result of adding both to the PDF fit can be an 
increase in the PDF uncertainty (or more likely)  a smaller decrease in 
uncertainty than expected) if the data are in tension with each other 

l The resultant PDF uncertainty relies on the definition of a tolerance, i.e. what 
is a significant increase from the global minimum c2, i.e. PDF uncertainty can 
be adjusted by changing the tolerance

l Dc2=1 is not applicable for ~4000 data points from different experiments
l NB: all groups see tensions; the relevant c2 values show that the fits do not 

correspond to zero tension (see tables in PDF4LHC21 doc)
l NB: CT (Tier 2) and MSHT (dynamic tolerance) have introduced criteria to 

restrict the pull of data sets that disagree with global fit
� MSHT criterion is sometimes stricter

l All groups sometimes throw away data sets that produce very large c2; some 
data sets need extra de-correlations provided by the exptl collaborations to 
produce reasonable c2 values 7



Useful to look at pairs of cross sections

NB: CT18 does not have ATLAS
7 TeV W/Z data; CT18Z has  W/Z cross sections 
closer to other predictions

NNPDF3.1 
uncertainty is
smaller than 
either CT18 
or MSHT20

NNPDF4.0 
uncertainty is
smaller still

NNPDF4.0 
Higgs s is 
closer to CT18,
MSHT20

What is the 
best estimate 
of the 
uncertainty?
and the 
central value?8



PDF4LHC21 exercise: reduced data set

l Diverse enough to provide information for all PDFs
l Sparse enough that uncertainties should be very similar for all 3 PDFs
l Origins of differences of PDFs

• due to variations of experimental input, treatment of systematic 
errors, different theory settings, fitting methodologies?

• so for benchmarking, use common theory settings (i.e. perturbative 
charm, mcharm=1.4 GeV, s=sbar at input scale, as(mZ)=0.118, 
positive-definite PDFs, no deuteron or nuclear corrections…)

• add several data sets to NNPDF3.1->3.1’ (closer to 4.0)

9



Reduced fits
l Central values agree reasonably well
l …as do uncertainties at higher x
l There are some differences, for example at low x for the gluon 

distribution; this is a region nominally not well constrained by data
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PDF luminosities for reduced fits

NNPDF3.1 has significantly reduced gg uncertainty using the same set of data; this implies
their effective tolerance (for the same data information) is smaller than for CT or MSHT;
the effect is even larger with NNPDF4.0. Due just to smaller gluon uncertainty? Maybe
correlations are also different? 
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Gluon for PDF4LHC21

The prime signifies modifications from the original PDF needed for combination; in 
the CT18’ case, use mc=1.4 GeV instead of 1.3 GeV): in the NNPDF3.1’ case, 
several major new datasets added (which came after the publication of NNPDF3.1)
-> “halfway to NNPDF4.0”
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PDF luminosities for full fits
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NNPDF4.0 has a larger data set than 3.1, but the crucial data sets are already in 3.1’
used for the PDF4LHC21 combination (which are common with CT18 and MSHT20). 
Note that small datasets may create a problem with the use of a sampling technique. 
Because of the small number of data points, all data points are typically used for both
sampling and testing. 
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Additional tools for understanding uncertainty

l For data to influence the PDF fit in a particular region of x and Q2, two 
conditions must be met
� the parton-level dynamics must depend on a particular PDF (say that of 

the gluon), as manifested in a statistical correlation
� the data must have sufficient resolving power to contribute to the PDF 

likelihood analysis
l The L2 sensitivity incorporates both of these features
l The L2 sensitivity is a way of viewing the pulls of all of the experiments used 

in a global PDF fit, for a particular parton flavor, as a function of a kinematic 
variable, such as parton x 
� or, when plotted for a PDF luminosity, as a function of the  mass

l The fit value for a particular PDF(x,Q) is determined by the sum of these 
pulls

14



What is the L2 sensitivity? 
l The L2 sensitivity provides a visualization of what is 

happening inside the PDF fit
l It can be considered as a faster version of Lagrange Multiplier 

scans (but dependent on the Gaussian approximation)
l The L2 sensitivity streamlines comparisons among 

independent analyses, using the log-likelihood (c2) values for 
the fitted experiments and the error PDFs

l Both the L2 and LM methods explore the parametric 
dependence of the c2 function in the vicinity of the global 
minimum

l The L2 sensitivity has been used internally by CT (in CT18), 
by the PDF4LHC21 benchmarking group (to determine which 
data sets should be in the reduced PDF fit used for 
benchmarking), and now by CT, MSHT and ATLASpdf in a 
common paper arXiv:2306.03918 arXiv:2306.03918 15



L2 sensitivity

l CH represents the cosine of the correlation angle 
between PDF flavor f (or any defined quantity) and 
experimental c2

l Can also be defined for the MC PDF approach

The importance of an experiment for a particular PDF depends not only on the 
correlation of the cross section with that PDF, but the degree to which the cross
section can determine that PDF. 

2nd Lagrangian technique

16
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Δχ
� (
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)

���� ����
�(�� ��� ���)

��=�� ��� LHCb7ZWrap

��� ATL8ZpT

��� CMS7jtR7y6

��� ATL7jtR6u

��� CMS 8 TeV jet [incl.]

��� HERA DIS combined

��� BCDMS F2p

��� BCDMS F2d

��� cdhswf2

��� cdhswf3

��� ccfrf2.mi

��� NuTvNbChXN

��� Hn1X0c

��� e866ppxf

��� cdf2jtCor2

��� NuTeV Combined

��� LHCb W/Z 7 and 8 TeV

HERA DIS wants to pull the gluon down, a number of other experiments want to 
pull it up

Take the gluon at x~0.01 evaluated at 
fixed tolerance
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show only 6
most important
experiments

apply to region
where c2 has best
quadratic behavior
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compare to LM scans of the gluon 
at x=0.01 and x=0.3

Lagrange Multplier Scans

varied preferences for the 
gluon distribution from the 
different data sets, but the 
net results are reasonably
parabolic
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The CMS 8 TeV jet data
prefer a harder gluon at
x=0.3, but are outvoted 
by the combination  of the
other experiments

20



At x=0.01,  the CMS 8 TeV
jet data have an L2 sensitivity
near zero. Why, given the
precision of that data? 

Because they’ve already won. 

21
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� NMC p

� NMC d

�� F2charm

�� NMC/BCDMS/SLAC/HERA FL

�� HERA e+ p NC 920 GeV

�� HERA e- p NC 575 GeV

�� ATLAS 7TeV jets

�� ATLAS 7TeV high precision WZ

�� CMS 7TeV jets

�� ATLAS 8TeV Z pt

�� CMS 8TeV jets

�� CMS 2.76TeV jets

�� CMS 8TeV single differential ttbar

�� ATLAS 8TeV double diff. Z

��� HERA DIS Combined

ATLAS 8 TeV Z pT data tries to pull gluon
down at x~0.01; sum of the other 
experiments is trying to pull it up; why is 
Z pT so important to the gluon? worth
investigating further

evaluated at fixed tolerance
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MSHT20 and CT18
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160: HERA DIS Combined
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26: HERA e+p NC 920 GeV

73: CMS 8 TeV jets
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Note importance of ATLAS Z pT data
(also, Z pT data poorly fit at NNLO; dynamic tolerance?)

CMS 8 TeV jet data play a similar
role as in CT18

ATLAS Z pT not one of 6 most 
important experiments (more 
restrictive kinematic region) 23



aN3LO PDFs: the prequel
l Previous steps in this direction by looking at theory 

uncertainties in NNLO (by definition probing N3LO 
effects) cross sections in global PDF fits

l NNPDF->tie factorization scales together and 
renormalization scales of similar processes;  vary 
scales over a reasonable range and examine impact on 
PDF fit

          Eur.Phys.J.C 79 (2019) 11, 931
         e-Print: 1906.10698

l MSHT->tie to physical cross sections
         Eur.Phys.J.C 79 (2019) 3, 225
        e-Print: 1811.08434
“To do this, we use the fact that a PDF fit may be recast in a physical basis, where the 
PDFs themselves are bypassed entirely, and one instead relates measured 
observables to predicted ones.” 

24

https://arxiv.org/abs/1906.10698
https://arxiv.org/abs/1811.08434


Les Houches 2023
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Les Houches 2023
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Impact of aN3LO
l gg PDF luminosity at aN3LO at Higgs mass ~5% lower 

than nominal NNLO MSHT20 (large impact from Pgg)
l If correct, then our benchmark cross sections for ggF would 
    need updating

l How robust are the aN3LO PDFs, and in particular the  splitting 
functions? 27



…but on the bright side
l This would mean that the ggF cross section is more 

convergent

28



MSHT20 NNLO and aN3LO
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71: ATLAS 8 TeV Z pT
160: HERA DIS Combined

4: NMC F2d

26: HERA e+p NC 920 GeV

73: CMS 8 TeV jets

66: ATLAS 7 TeV jets
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71: ATLAS 8 TeV Z pT
73: CMS 8 TeV jets

66: ATLAS 7 TeV jets

26: HERA e+p NC 920 GeV

4: NMC F2d

89: ATLAS 8 TeV double-diff. Z

shape of L2 sensitivity similar for two PDFs, but absolute value of Z pT
decreased by almost a factor of 3; significant change in low x gluon

where’s expt 160
HERA-DIS?

160

Perhaps not so surprising that a process
with large NNLO corrections would have
a sensitivity to N3LO corrections 29



MSHT20 NNLO and aN3LO
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at aN3LO, the two experiments now on same side; aN3LO needed for HERA

160 fell out of the top 6; seemingly the 
aN3LO gluon released some tensions
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Les Houches 2023
Preliminary results from an aN3LO analysis from NNPDF presented by 
Stefano Forte
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It’s mostly about the splitting functions

…it is closer to low-x resummed
gluon distributions

32



…but wait, there’s more!
10 moments now calculated for singlet
Sven Moch QCD seminar CERN June 23

. 33
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Hopscotch scans: approximate error ellipses

There are PDF solutions with equal or better c2 than present in the nominal  NNPDF4.0 
uncertainty ellipses. Do these mean anything? Some would be rejected because they are 
too wiggly, or are too close to going negative. 

This is a selection that can affect the allowed uncertainty for the PDFs and may need
to be further studied in order to better understand Hessian vs Monte Carlo. 

Phys.Rev.D 107 (2023) 3, 034008 arXiv:2205.10444 
 

35



Can the lattice save us? 

T.J. Hou DIS2023

…as it does for the determination of as

36



…in general, not yet

For other heavy flavor topics, i.e. charm, see talk by Pavel Nadolsky 37



Summary
l Determination of central PDF values and of uncertainties has come a 

long way
l A great deal of LHC data has made it into the global PDF fits, with much 

more to be added at 13 TeV, and now, 13.6 TeV
l There is still work to do to provide a more rigorous understanding, 

especially of the different techniques used to determine the central 
values and the errors on PDFs

l Paradoxically, increasing the data sample and the parametric space 
may increase the sample expectation deviation 

l New PDF tools can help us to better understand exactly how the PDF 
fits are formed, from both the experimental side and the theory side

l N3LO is the frontier, and will remain the frontier for some time; so far 
the only matrix elements known, used in PDF fits, are for Drell-Yan

l However, for the gluon, the dominant impact should be from the Pgg 
splitting functions and those are closer to a better understanding with 
the new moments calculated

38



https://metapdf.hepforge.org/L2



…now available as free download
OAPEN

https://library.oapen.org › 9780199652747_Print

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&ved=2ahUKEwjN4u-1tM__AhXUVqQEHb6XDFUQFnoECA0QAQ&url=https%3A%2F%2Flibrary.oapen.org%2Fbitstream%2Fhandle%2F20.500.12657%2F59105%2F1%2F9780199652747_Print.pdf&usg=AOvVaw1cVlLjasuVFh0QPoQUggrI&opi=89978449
https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&ved=2ahUKEwjN4u-1tM__AhXUVqQEHb6XDFUQFnoECA0QAQ&url=https%3A%2F%2Flibrary.oapen.org%2Fbitstream%2Fhandle%2F20.500.12657%2F59105%2F1%2F9780199652747_Print.pdf&usg=AOvVaw1cVlLjasuVFh0QPoQUggrI&opi=89978449


Extras



since first derivative of c2

vanishes at the global 
minimum, the sum of the 
L2 sensitivities must be zero
within uncertainties



Another too for studying uncertainty: Hopscotch
l Contributions to PDF 

uncertainties include 
• experimental errors of the 

data
• parametrization uncertainties 

(CT18 uncertainty 
incorporates effect of trying 
out  hundreds of 
parametrization forms)

• theoretical 
uncertainties/limitations

• methodology, including 
sampling accuracy for Monte 
Carlo fitting

• the sampling accuracy 
has typically been 
ignored

• ->hopscotch scans

Control of sampling biases
in the determination of PDFs can 
play a critical role

arXiV:2205.10444 



Eigenvectors
l Sampling of multi-dimensional spaces 

(d>>20) can be exponentially inefficient 
and require n > 2d replicas for 
reasonable convergence

l A study of this multi-dimensional space 
for NNPDF is possible due to the public 
release of the NNPDF4.0 code

l Use published NNPDF4.0 Hessian 
basis (n=50), converted from MC 
replicas
� total c2 of each eigenvector set 

varies, as large as +35 and as low 
as -25 (wrt replica 0); the majority 
no larger than 5-10 units in 
magnitude; only 1 error set per EV

l Can determine c2 at green points, 
where, for some eigenvectors, lower c2 
solutions evident (displaced from 0)

red points correspond
to replica 0 and EV6

evaluate c2 at 16 points
per eigenvector; quadratic
behavior observed, i.e. 
Gaussian uncertainties 



Hopscotch scans
l Scan along 50 EV directions to identify a 

hypercube corresponding to Dc2<T2 (T is the 
tolerance, user-chosen)

l Confirm Gaussian profiles in each eigenvector 
direction with LM scans

l Concentrate on 4-8 large dimensions in the 
PDF eigenvector space controlling the large 
variations of the cross sections under 
investigation

l Generate replicas varying primarily in these 
directions; this is not a search for the true 
global minimum

finding the displaced 
global minimum in the
whole 50-dimensional
space is computationally
expensive; replica 
generation is a stochastic
exploration; the minimum
lies within error ellipses 



The sausage-making of as
l We (PDG) divide the 

determinations into 7 
categories and take 
an unweighted fit for 
each category.

l The 6 non-lattice 
measurements are 
then averaged with 
the lattice average 
provided by the 
FLAG group



Collider measurements of as
l As the number of NNLO 

calculations has increased, 
there have been a growing 
number of determinations of 
as(mZ) at that order (or 
higher) from the LHC 
experiments that have 
nominal uncertainties that 
rival the full world average 
uncertainty
� Z pT
� event shapes

l It would be nice to understand 
those uncertainties better, 
especially if PDF 
uncertainties are taken into 
account N3LL+N3LO
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Compare relative luminosity uncertainties

good agreement in
size of uncertainties
between the 3 
global PDFs

larger uncertainties
of HERAPDF1.5
apparent

ABM11 uncertainties
smaller at high 
mass



CT18

MSHT20

Spartyness, a variable that describes
the goodness of fit, taking into account
the number data points; expect S to
be in the range of -1 to 1.
If S>>1, that means the data is poorly
fit; if S<<1, that means the fit is too 
good, and possibly the errors are
overestimated

Note the trouble fitting the ATLAS W/Z
data
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Definitions for CT18’/NNPDF3.1’
l CT18->CT18’: mc=1.4 GeV,mb=4.75 GeV
l NNPDF3.1->NNPDF3.1’: same as above plus some additions to the 

data set (in some ways NNPDF3.1’ is a transition from 3.1-> 4.0)
l No MSHT20’ since the above are the heavy quark mass values they 

normally use

Note the trouble fitting the 
ATLAS W/Z data

important addition
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Combination

l Generate 300 MC 
replicas of each of the 3 
PDFs and combine
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reduction in
uncertainty for
gg fusion
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l It can be useful to look at 
2-D ellipses comparing 
cross sections

No 7 TeV ATLAS W/Z



Error PDFs
l ATLAS, CT and MSHT groups adopt the Hessian format for their 

PDF error sets
l D error PDFs are used to determine the PDF uncertainty 

(assuming the probability distribution is approximately Gaussian)
l Consider an expansion of a function X of the parameters R in the 

vicinity of the global c2 minimum Xo

use symmetrized form for first order derivative

define 68% CL hypersphere

define correlation
between 2 variables
X and Y




