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Components of uncertainty in parton 
distributions for the LHC In each category, one must maximize                 

               PDF determination accuracy
              (accuracy of     
              experimental, theoretical            
              and other inputs) 

PDF sampling accuracy
              (adequacy of
              sampling in space of     
              possible solutions)

MC integration and sampling errors are 
an important part of the total uncertainty

2023-05-18 Pavel Nadolsky, Workshop on MC methods, ANL ii



Parton distributions and Inverse Problems in High-Energy Physics

Mini-Workshop on Monte Carlo Methods                     Argonne HEP Division 18 May 2023

18th May 2023

Tim Hobbs, Argonne National Lab

physics motivation for MC studies

CT18: PRD103 (2021) 1, 014013



Welcome!
Monte Carlo (MC) methods are now ubiquitous

→ active area in mathematics, statistics, computational science

→ extensive applications throughout HEP, nuclear physics (both theory and expt)

today: hear a mix of informal talks and discussions on open issues

→ joint HEP/MCS seminar, Fred Hickernell of IIT

→ morning/afternoon sessions on computation and physics applications

https://indico.fnal.gov/event/59808/

o MC in HEP
• theory, event generation (Isaacson)

• experiment (Chekanov)

o nuclear theory and simulation (Lovato)

o PDF uncertainty quantification (Courtoy)

o low-discrepancy MC sampling (Hickernell)

o AI, Gaussian processes (Rao)

o MC sampling and lattice QCD (Jin)

computation physics

2

https://indico.fnal.gov/event/59808/


possible outcomes

discussion on needs and collaborative opportunities

→ forum this afternoon; draft summary document (?)

https://indico.fnal.gov/event/59808/

this talk, physics motivation from HEP: PDFs as MC-relevant inverse problem

→ next talk, Aurore Courtoy on MC sampling and uncertainty quantification (UQ)

complementary developments in computation and physics

→ math/stat. and comp. sci.: formal MC progress, novel algorithms

→ physics: use cases to motivate and sharpen MC methods

→ illustrate why particle physicists care deeply about PDF precision
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HEP: quest for “new physics” (e.g., dark matter) à Standard Model tests

(Baryonic matter)

→ activity at numerous facilities using many approaches

“direct detection,” e.g., SuperCDMS

“indirect detection,” e.g., AMS

this talk: collider searches;
proton-proton scattering at the LHC, …

...look for the 
unexpected in
Standard Model
processes

must understand this

to find this
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searching for physics beyond the Standard Model (BSM) at colliders

→ “discovery” searches

→ “precision” searches

e.g., examining cross sections, etc., in previously unprobed kinematical regions

or, testing the Standard Model through extremely fine measurements...

Higgs discovery, 2012 Higgs prod·decay/SM (PDG)

(deviations could reveal presence of new particles/interactions!)
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HEP measurements depend on parton distributions

proton PDFs

perturbative QCD matrix elements

MANY measurements to test the SM involve colliding protons (and nuclei – talk, A. Lovato)

for gauge-boson pp production

W/Z

σ̂ˆ
P PP P

→ precision needs accurate theory + parton distribution functions (PDFs)

[extracted from data...]

→ protons scatter through parton-level interactions: quark-quark, quark-gluon, …
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fq(x,Q2) : probability for quark of ‘flavor’ q 
(up, down, strange, …) carrying a fraction x 
of proton’s momentum at energy Q

DIS data at different momentum scales constrain gluon

PDFs and imaging (internal) proton structure: Deeply-Inelastic Scattering (DIS)

high-energy electron-proton scattering can provide “clean” access to proton’s quark 
and gluon (force carrier) constituents

→ electroweak probe resolves spatial
     correlations of quark fields

(quark fields exchange momentum
  through gluon radiation)

parton distribution functions (PDFs)

<latexit sha1_base64="01xbC3xIZoMiZlwA1z9iXodTYnI=">AAACCHicbVDLSgMxFM3UV62vqksXBotYQcpMKeqy6MZlC/YBnWnJpLc1NJkZkoxYhi7d+CtuXCji1k9w59+YPhbaeiBwOOdebs7xI86Utu1vK7W0vLK6ll7PbGxube9kd/fqKowlhRoNeSibPlHAWQA1zTSHZiSBCJ9Dwx9cj/3GPUjFwuBWDyPwBOkHrMco0UbqZA9dxfqCtBOIsKtDDCfNUf7hrNounmJjiU42ZxfsCfAicWYkh2aodLJfbjeksYBAU06Uajl2pL2ESM0oh1HGjRVEhA5IH1qGBkSA8pJJkBE+NkoX90JpXqDxRP29kRCh1FD4ZlIQfafmvbH4n9eKde/SS1gQxRoCOj3Uizk2icet4C6TQDUfGkKoZOavmN4RSag23WVMCc585EVSLxac80KpWsqVr2Z1pNEBOkJ55KALVEY3qIJqiKJH9Ixe0Zv1ZL1Y79bHdDRlzXb20R9Ynz+3MZiA</latexit>

�ep!e0X(x,Q2) ⇠
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why does this work?  …the remarkable properties of QCD

the β-function of QCD is negative-definite,

→ quark-gluon interactions weak at high 
     energies; use perturbation theory

at low energies interactions 
strong (nonperturbative); 
extract PDFs

fundamental question: how does QCD, which so successfully describes high-energy processes, give 
rise to the emergent properties of low-energy bound states?

QCD factorizationhigher energy

→  a chief motivation for QCD as a field
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PDF determination as a large inverse problem

q QCD factorization allows PDFs to be unfolded from data; schematically:

in principle, PDFs calculable via nonperturbative techniques (lattice QCD), but extremely 
challenging

→ perturbative evolution specifies dependence on

fit the world’s data from a diverse range of scales and processes

<latexit sha1_base64="iPtYKEyOPsLHpFnHQJ+FsOXeMuE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVU2kqBuh2I3LCvYBTQiT6aQdOpOJMxOhhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufeeMGFUacf5tgpLyyura8X10sbm1vaOvbvXUiKVmDSxYEJ2QqQIozFpaqoZ6SSSIB4y0g6H9YnffiBSURHf6VFCfI76MY0oRtpIgX3gKdrnCF7BOvSEppwoGAXZ/WkyDuyyU3GmgIvEzUkZ5GgE9pfXEzjlJNaYIaW6rpNoP0NSU8zIuOSliiQID1GfdA2NkVnmZ9MfxvDYKD0YCWkq1nCq/p7IEFdqxEPTyZEeqHlvIv7ndVMdXfoZjZNUkxjPFkUpg1rASSCwRyXBmo0MQVhScyvEAyQR1ia2kgnBnX95kbTOKu55pXpbLdeu8ziK4BAcgRPgggtQAzegAZoAg0fwDF7Bm/VkvVjv1sestWDlM/vgD6zPH5e0lt8=</latexit>

� = C ⌦ fq/pempirical data
(cross section)

calculable in
perturbation 
theory

non-perturbative 
PDFs: unfold from data

q PDFs are parametrized and fitted at some initial energy scale, 
<latexit sha1_base64="cEwduTLKwL2GHqg7DKwIX2qFFM4=">AAACCnicbVDLSsNAFJ3UV62vqEs3U4vgQkoiRd0IRRe6EVqwD2hCmEwn7dCZJMxMhBK6duOvuHGhiFu/wJ1/46TNQlsPDHM4517uvcePGZXKsr6NwtLyyupacb20sbm1vWPu7rVllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek44+uM7/zQISkUXivxjFxORqENKAYKS15ZrnpWU4ZOpJy/d3BS2g7J9DhSA0FT29Ie+KZFatqTQEXiZ2TCsjR8Mwvpx/hhJNQYYak7NlWrNwUCUUxI5OSk0gSIzxCA9LTNEScSDednjKBR1rpwyAS+oUKTtXfHSniUo65ryuzHeW8l4n/eb1EBRduSsM4USTEs0FBwqCKYJYL7FNBsGJjTRAWVO8K8RAJhJVOr6RDsOdPXiTt06p9Vq01a5X6VR5HERyAQ3AMbHAO6uAWNEALYPAInsEreDOejBfj3fiYlRaMvGcf/IHx+QNvsZg/</latexit>

Q0⇠M = 1GeV
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q must also unfold complicated flavor and x dependence,
<latexit sha1_base64="Z/E8J7HN3w/kQz8sDhIBe8+aRY0=">AAAB/XicbVDLTgIxFL2DL8TX+Ni5aSQmLpTMGBSXRDcuMZFHAiPplAINnc6k7RhxQvwVNy40xq3/4c6/scAsFDzJTU7Oube99/gRZ0o7zreVWVhcWl7JrubW1jc2t+ztnZoKY0lolYQ8lA0fK8qZoFXNNKeNSFIc+JzW/cHV2K/fU6lYKG71MKJegHuCdRnB2khte+8BtZhATde5S07ORsfIKZS8tp13Cs4EaJ64KclDikrb/mp1QhIHVGjCsVLmuUh7CZaaEU5HuVasaITJAPdo01CBA6q8ZLL9CB0apYO6oTQlNJqovycSHCg1DHzTGWDdV7PeWPzPa8a6e+ElTESxpoJMP+rGHOkQjaNAHSYp0XxoCCaSmV0R6WOJiTaB5UwI7uzJ86R2WnDPC8WbYr58mcaRhX04gCNwoQRluIYKVIHAIzzDK7xZT9aL9W59TFszVjqzC39gff4AJcmTGQ==</latexit>

x 2 [10�5, 0.7]

[talk, X. Jin]



CT14HERA2 NNLO

B.-T. Wang, TJH et al.,
Phys.Rev. D98 (2018) 094030

(magnitude of PDF pull 
of each datum)

LHC Jet Data

HERA

fixed-target: BCDMS, NuTeV, ...

LHC/Teva. Boson prod.

modern PDF analysis: constraints from many data

PDF sensitivity to

require many data, 
which have different 
sensitivities to fitted 
quantities

dedicated NNLO+ theory 
needed for each10



two types of modern PDF analysis approaches

Analytic parametrizations +

Hessian PDF eigenvector sets 
(ABM, CTEQ, HERA, MMHT,…)

Neural network parameterizations + 
Monte Carlo PDF replicas (NNPDF)

Two powerful, complementary representations. 

Hessian PDFs can be converted into MC ones, and vice versa.
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multivariate parametric forms

CT18 parametrizations: PDF functional forms must be 
flexible to accommodate a variety of behaviors at initial 
scale !! are given by 

B!" (#) = ∑#$%" '#&'
(
) ## 1 − # "(#  

are Bézier curves – flexible polynomials familiar 
from vector graphics programs 

Bézier curves can mimic a variety of behaviors of 
PDFs and their uncertainties. A powerful 
alternative to neural networks!

[A. Courtoy, P. N., arXiv: 2011.10078]

A typical PDF set may depend on tens to several 
hundreds of free parameters

<latexit sha1_base64="aOYDYySL/D+ou/tqk6hHMkUyqw0="></latexit>

fa(x,Q0) = Axa1(1� x)a2B(n)
a (x; a3, a4, · · · )
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q interpretability: parametric forms can also more 
readily map to QCD-based physics models of PDFs

https://arxiv.org/abs/2011.10078


250+ candidate nonperturbative 
parametrization forms of CT18 PDFs

l CT18par – a sample of some non-perturbative parametrization forms tried in CT18

l No data constrain very large-! or very small-! regions.

ultimately, the “true” underlying parametrization is unknown
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neural-network parametrizations of PDFs

R. Ball et al. (NNPDF), arXiv:2109.02653
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q parametrize PDFs’ x dependence through multi-layer perceptron

→ best fit and error determined from                   Monte Carlo replicas
<latexit sha1_base64="EBed3kV/Llz64XyUGhsWvGMDQ80=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWom5KRoi6LbtxZwT6gHUomzbShmQdJRiljP8WNC0Xc+iXu/Bsz7Sy09UDgcM693JPjxYIrjfG3tbK6tr6xWdgqbu/s7u3bpYOWihJJWZNGIpIdjygmeMiammvBOrFkJPAEa3vj68xvPzCpeBTe60nM3IAMQ+5zSrSR+napFxA9okSkt9OKgzE+7dtlXMUzoGXi5KQMORp9+6s3iGgSsFBTQZTqOjjWbkqk5lSwabGXKBYTOiZD1jU0JAFTbjqLPkUnRhkgP5LmhRrN1N8bKQmUmgSemcyCqkUvE//zuon2L92Uh3GiWUjnh/xEIB2hrAc04JJRLSaGECq5yYroiEhCtWmraEpwFr+8TFpnVee8WrurletXeR0FOIJjqIADF1CHG2hAEyg8wjO8wpv1ZL1Y79bHfHTFyncO4Q+szx+bcpLt</latexit>

O(1000)



all PDF analyses combine data, theory in global (simultaneous) analyses

critical point: not enough to blindly fit small models to few high-profile expts

→ correlations may produce systematic biases

must perform comprehensive global analyses

→ tensions may exist among data

→ there may be incompatibilities among incompletely understood theory ingredients
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result: QCD global fits – precision for HEP from diverse data

→  NLO EW corrections, especially for LHC data

upcoming programs need high-precision → reductions to PDF uncertainties

→ necessary to extend theory accuracy; MC improvements

→  extensive benchmarking for HEP; PDF4LHC21

CT18: Hou, Gao, TJH et al, PRD103 (2021) 1, 014013

J. Phys. G 49 (2022) 8, 080501
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knowledge of the gluon content of the nucleon directly translates 
into constraints on SM Higgs production

LHC Run-1 gluon PDF impact in CT14 → CT18(Z)

Higgs-sensitive region
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PDF errors translate into phenomenological limitations
q from PDF analysis, state-of-the-art predictions for fundamental LHC 

observables → e.g., total cross sections at 14 TeV

interface with MC event generators, experimental interpretation

charged-current DIS neutrino cross section 

q pervasive issue beyond LHC: neutrino cross sections similarly PDF-limited
…above, for ! telescopes; analogous PDF uncertainties at low energies relevant for DUNE

2303.13607
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compatibility of fitted data sets is a crucial question

examine change in χ2 as 
PDF continuously varies 
away from fitted central 
value

tensions among individual fitted experiments drive a larger PDF uncertainty

serious impediment to higher precision in PDFs and resulting theory predictions

Lagrange Multiplier scan
CT18: PRD103 (2021) 1, 014013

larger gluon… and Higgs 
cross section… favored by 
some expts [like E866pp], 
but not others [like 8 TeV 
CMS jets] 
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Sources of PDF uncertainty

1. Experimental uncertainties, e.g., statistical, correlated and uncorrelated systematic uncertainties 
of each experimental data set;

2. Theoretical uncertainties due to the absent radiative contributions, approximations in parton
showering simulations

3. Parameterization uncertainties associated with the choice of the PDF functional form or AI/ML 
replica training algorithm
• contribute at least a half of the CT18 total PDF uncertainty 

4. Methodological uncertainties associated with the selection of experimental data sets, fitting 
procedures, and goodness-of-fit criteria.

The uncertainty of published CT18 PDFs estimates the sum of four contributions

Kovarik et al., arXiv: 1905.06957

→ in practice, each of these may contribute to tensions among fitted 
    data sets
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While the fitted data sets are 

identical or similar in several such 

analyses, the resulting PDF sets 

may differ because of 

methodological choices adopted 

by the PDF fitting groups. 

Relative PDF uncertainties 

on the !! luminosity at 14 

TeV in three PDF4LHC21 fits 

to the identical reduced 

global data set

arXiv:2203.05506

×1.5 − 2 difference

the tolerance puzzle 

NNPDF3.1’ and especially 4.0 

(based on the NN’s+ MC 

technique) tend to give smaller 

uncertainties in data-constrained 

regions
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negotiating this landscape: ‘big data’ tools are needed

fast statistical methodsadvanced parameter 
estimation; model selection

data embedding

→ techniques might interface computationally-intensive analyses; 
     scale on computational clusters

MCMC deploy to resolve tensions, understand theory space

[principal-component analyses]

TensorFlow
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critical for understanding QCD; necessary for precision HEP measurements

→   limit sensitivity of BSM searches at LHC, neutrino programs, …

conclusion: PDFs for greater HEP ‘discovery potential’

computationally, not a ‘static’ problem

→   interplay of statistical methods and QCD theory, expt. implementation
(constantly evolving…)

PDF determination is a highly multi-dimensional inverse problem

→   subtleties in parameter estimation and error quantification

→   frontier area in precision for HEP

→   advances in parameter space exploration can influence many HEP fields

[next talk, A. Courtoy]

→   lessons from adjacent fields (nuclear, lattice, …) likely valuable
23
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