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INTRODUCTION
Oscillation parameters are measured by comparing 
the neutrino flux at near and far detectors
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Credit: N. Rocco

Accurate neutrino-nucleus scattering calculations 
are critical for the success of the experimental 
accelerator program

If observed, 0!"" would provide key insights into 
physics beyond the Standard Model

Relating experimental constraints on 0νββ decay 
rates to the neutrino masses requires quantitative 
estimates of nuclear matrix elements



An accurate understanding of nuclear dynamics is critical for multi-messenger astronomy
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INTRODUCTION

A. Sabatucci, O. Benhar PRC 101, 045807 



THE NUCLEAR MANY-BODY PROBLEM
In the low-energy regime, quark and gluons are confined within hadrons and the relevant degrees 
of freedoms are protons, neutrons, and pions

Effective field theories are the link between QCD and nuclear observables.
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Non relativistic many body theory aims at solving the many-body Schrödinger equation

• Nucleons are fermions, so the wave function must be anti-symmetric

• Nuclear potentials are non-perturbative and spin-isospin dependent

<latexit sha1_base64="FSs3NGY7bpFVtufxetxCinSPKFA=">AAACInicbVDLSgMxFM3UV62vUZdugkWoUEpGio+FUBGhywr2Ae0wZNJMG5p5kGSkZei3uPFX3LhQ1JXgx5i2A2rrgcDhnHO5uceNOJMKoU8js7S8srqWXc9tbG5t75i7ew0ZxoLQOgl5KFoulpSzgNYVU5y2IkGx73LadAfXE795T4VkYXCnRhG1fdwLmMcIVlpyzIsq7NQkc1Bh6FjFTjdUsjh0ro7hJbxx0KL3k3DMPCqhKeAisVKSBylqjvmuh0ns00ARjqVsWyhSdoKFYoTTca4TSxphMsA92tY0wD6VdjI9cQyPtNKFXij0CxScqr8nEuxLOfJdnfSx6st5byL+57Vj5Z3bCQuiWNGAzBZ5MYcqhJO+YJcJShQfaYKJYPqvkPSxwETpVnO6BGv+5EXSOClZp6XybTlfQWkdWXAADkEBWOAMVEAV1EAdEPAAnsALeDUejWfjzfiYRTNGOrMP/sD4+gYK96Dj</latexit>

H 0(x1, . . . , xA) = E0 0(x1, . . . , . . . , xA)
<latexit sha1_base64="m9ei2l+uJYxHHGTmQMmPE4n5UBM=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAgGVCWoAsZKLIxFog+pCZHjOq1Vxwm2U1GifAILv8LCAEKsjGz8DU6bAVqO5Kujc+6V7z1+zKhUlvVtLCwuLa+sltbK6xubW9vmzm5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7wMvfbIyIkjfiNGsfEDVGf04BipLTkmUf3HoUOuUvoCDqpEyI18INUZB49kbcPuqq8OplnVqyqNQGcJ3ZBKqBAwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjGRlJ5EkRniI+qSrKUchkW46OSiDh1rpwSAS+nEFJ+rviRSFUo5DX3fmG8tZLxf/87qJCi7clPI4UYTj6UdBwqCKYJ4O7FFBsGJjTRAWVO8K8QAJhJXOsKxDsGdPniet06p9Vq1d1yp1q4ijBPbBATgGNjgHdXAFGqAJMHgEz+AVvBlPxovxbnxMWxeMYmYP/IHx+QNTeZ1d</latexit>

xi ⌘ {ri, szi , tzi }

<latexit sha1_base64="YzykCFviGT5g01DiEcpFJtLrgRc="></latexit>
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NUCLEAR MANY-BODY METHODS

<latexit sha1_base64="GCgO9+fsw/eyWbG3ED4fJQXiLrI=">AAACQXicbZDNS8MwGMbT+TXnV9Wjl+AQJszRylAvwsSLxwnuA7ZS0izbsqVpSVLZKPvXvPgfePPuxYMiXr2YbWXothcCP573eUjyeCGjUlnWq5FaWV1b30hvZra2d3b3zP2DqgwigUkFBywQdQ9JwignFUUVI/VQEOR7jNS8/u14X3skQtKAP6hhSBwfdThtU4yUllyz3ixL6lq5gWvnm61AyfzApTPqzejmFF7DM7jE3VuS027XzFoFazJwEewEsiCZsmu+6DSOfMIVZkjKhm2FyomRUBQzMso0I0lChPuoQxoaOfKJdOJJAyN4opUWbAdCH67gRP2biJEv5dD3tNNHqivnd2Nx2a4RqfaVE1MeRopwPL2oHTGoAjiuE7aoIFixoQaEBdVvhbiLBMJKl57RJdjzX16E6nnBvigU74vZkpXUkQZH4BjkgA0uQQncgTKoAAyewBv4AJ/Gs/FufBnfU2vKSDKH4N8YP780lq2i</latexit>

 0(x1, . . . , xi, . . . , xj , . . . , xA) = � 0(x1, . . . , xj , . . . , xi, . . . , xA)

vij =
18X

p=1

v
p(rij)O

p
ij

<latexit sha1_base64="tIC60JK9IPztfo1tygBZnfxg2Pc="></latexit><latexit sha1_base64="tIC60JK9IPztfo1tygBZnfxg2Pc="></latexit><latexit sha1_base64="tIC60JK9IPztfo1tygBZnfxg2Pc="></latexit><latexit sha1_base64="tIC60JK9IPztfo1tygBZnfxg2Pc="></latexit>

<latexit sha1_base64="rNK6VWJbIGw/Tese4LxNVNFByTA="></latexit>

O
p=1,8
ij = (1,�ij , Sij ,L · S)⇥ (1, ⌧ij)



NUCLEAR MANY-BODY METHODS
• Hamiltonians and consistent currents are the main inputs to nuclear many-body methods

<latexit sha1_base64="4qtK4MZFyr4Ek42c4NCl3HNgNDw=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4KjNStS6EgghdVrAP6Awlk95pQzOZIckIpfYD3Pgrblwo4tYPcOffmGmLWB8HAodzzuXmHj/mTGnb/rAyC4tLyyvZ1dza+sbmVn57p6GiRFKo04hHsuUTBZwJqGumObRiCST0OTT9wUXqN29AKhaJaz2MwQtJT7CAUaKN1MkXqrduTbGOcCURPQ74HF92xLxmUnbxLMUxdor2BL9JAc1Q6+Tf3W5EkxCEppwo1XbsWHsjIjWjHMY5N1EQEzogPWgbKkgIyhtNjhnjA6N0cRBJ84TGE/X7xIiESg1D3yRDovvqp5eKf3ntRAdlb8REnGgQdLooSDjWEU6bwV0mgWo+NIRQycxfMe0TSag2/eVMCf/f/kUaR0XnpFi6KhUq5VkdWbSH9tEhctApqqAqqqE6ougOPaAn9GzdW4/Wi/U6jWas2cwumoP19gmpJZtf</latexit>

H| ni = En| ni

• These methods capitalize on high-performance computers to solve the Schrödinger equation 
with controlled approximation 

• Nuclear many-body calculations are continually battling against the “curse of dimensionality,” the 
rapid growth with complexity of computational resources needed.
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HARTREE-FOCK APPROXIMATION
Mean field approaches: the ground-state wave function is a single Slater determinant

Infinite nucleonic matter Finite nuclei — 16O
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<latexit sha1_base64="KWIRd5utS3qBbvxC8wKBbD5Zv8o="></latexit>

�0(r1, s1; . . . ; rA, sA) = A[�n1(r1, s1) . . .�nA(rA, sA)]

The single-particle states are consistent with the symmetry of the problem

<latexit sha1_base64="2GMQIMc9tY+zO7X6onW4cySSpWA=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKia12rgruHFZwT6gDWUynbRDJ5M4MxFK6E+4caGIW3/HnX/j9AUqeuDC4Zx7ufeeIOFMacf5tHIrq2vrG/nNwtb2zu5ecf+gqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61gdD31Ww9UKhaLOz1OqB/hgWAhI1gbqe0mvcw9K096xZJjl68859xDc1KpLkkZubYzQwkWqPeKH91+TNKICk04VqrjOon2Myw1I5xOCt1U0QSTER7QjqECR1T52ezeCToxSh+FsTQlNJqp3ycyHCk1jgLTGWE9VL+9qfiX10l16PkZE0mqqSDzRWHKkY7R9HnUZ5ISzceGYCKZuRWRIZaYaBNRwYSw/BT9T5pl2720L24rpZq3iCMPR3AMp+BCFWpwA3VoAAEOj/AML9a99WS9Wm/z1py1mDmEH7DevwCQi4+p</latexit>

1p1/2



The exact ground-state wave function can be expressed as a sum of Slater determinants
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CONFIGURATION-INTERACTION

<latexit sha1_base64="mRLSRRlJuhbPbiSPEgEwEI85eeA=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSkmkqAhCxY3LCPYBTQiT6aQdOpmEmYm0hP6LG3/FjQuluHHhvzhts9DWAxcO55zLzD1BwqhUlvVlrKyurW9sFraK2zu7e/vmwWFTxqnApIFjFot2gCRhlJOGooqRdiIIigJGWsHgbuq3noiQNOaPapQQL0I9TkOKkdKSb167jqS+VR76dsXtxkpW4NC/PYM30JVp5HOI9bhOn/p8MeObJatqzQCXiZ2TEsjh+OZEb+M0IlxhhqTs2FaivAwJRTEj46KbSpIgPEA90tGUo4hIL5vdOIanWunCMBZ6uIIz9fdGhiIpR1GgkxFSfbnoTcX/vE6qwisvozxJFeF4/lCYMqhiOC0MdqkgWLGRJggLqv8KcR8JhJWutahLsBdPXibN86p9Ua091Ep1K6+jAI7BCSgDG1yCOrgHDmgADJ7BK3gHH8aL8WZMjM95dMXId47AHxjfP4NwobA=</latexit>

 0(x1, . . . , xA) =
X

n

cn�n(x1, . . . , xA)

The occupation-number representation automatically encompass the fermion antisymmetry 

<latexit sha1_base64="VLxrgVTb9YPglHqOBIpgjP9TKms=">AAACU3icdVHNS8MwHE3r1DmdVj16CQ7Bg4xWhnoRBl48TnAfsNaSZukaTdOSpMKo+x9F8OA/4sWDZlvFuemDwOO930fyEqSMSmXbb4a5UlpdWy9vVDa3qts71u5eRyaZwKSNE5aIXoAkYZSTtqKKkV4qCIoDRrrBw9XE7z4SIWnCb9UoJV6MhpyGFCOlJd+6f3Jbkvq2KxAfMgIvoSuz2M8j34HuIFHyBKbfdIzn9PFd/mNAPSWi/7nFbN+q2XV7CrhMnILUQIGWb73ofpzFhCvMkJR9x06VlyOhKGZkXHEzSVKEH9CQ9DXlKCbSy6eZjOGRVgYwTIQ+XMGpOt+Ro1jKURzoyhipSC56E/Evr5+p8MLLKU8zRTieLQozBlUCJwHDARUEKzbSBGFB9V0hjpBAWOlvqOgQnMUnL5POad05qzduGrWmXcRRBgfgEBwDB5yDJrgGLdAGGDyDd/BpAOPV+DBNszQrNY2iZx/8gln9AqKPs9o=</latexit>

| 0i =
X

h1...,p1...

cp1...
h1...

|�p1...
h1...

i

<latexit sha1_base64="NkndjUovoDU1SxySqRFjZTl4Nss="></latexit>

|�p1...
h1...

i = a†p1
. . . ah1 . . . |�0i

<latexit sha1_base64="RLrvA7vSjPvvQgzCQffX77EytWM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cK9gOaWjbbSbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbD6g0j+WdGSfYjehA8pAzaqx0/+TXh7zn+orKgcBeueJW3RnIMvFyUoEc9V75y+/HLI1QGiao1h3PTUw3o8pwJnBS8lONCWUjOsCOpZJGqLvZ7OoJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa86mZcJqlByeaLwlQQE5NpBKTPFTIjxpZQpri9lbAhVZQZG1TJhuAtvrxMmmdV76J6fnteqbl5HEU4gmM4BQ8uoQY3UIcGMFDwDK/w5jw6L8678zFvLTj5zCH8gfP5A1IWklo=</latexit>

|�0i
<latexit sha1_base64="9rn/EDl9VFtIS/x/eBvaOPcjgrc=">AAACAXicbVBNS8NAEN34WetX1IvgJVgETyWpRT0WvHisYD+gjWGznTRLN5uwuxFKjBf/ihcPinj1X3jz37htc9DWBwOP92aYmecnjEpl29/G0vLK6tp6aaO8ubW9s2vu7bdlnAoCLRKzWHR9LIFRDi1FFYNuIgBHPoOOP7qa+J17EJLG/FaNE3AjPOQ0oAQrLXnm4UO/GdK7LPHOci8LvVreF5gPGXhmxa7aU1iLxClIBRVoeuZXfxCTNAKuCMNS9hw7UW6GhaKEQV7upxISTEZ4CD1NOY5Autn0g9w60crACmKhiytrqv6eyHAk5TjydWeEVSjnvYn4n9dLVXDpZpQnqQJOZouClFkqtiZxWAMqgCg21gQTQfWtFgmxwETp0Mo6BGf+5UXSrlWd82r9pl5p2EUcJXSEjtEpctAFaqBr1EQtRNAjekav6M14Ml6Md+Nj1rpkFDMH6A+Mzx+9kJcI</latexit>

|�p3

h2
i

<latexit sha1_base64="UsK6DuWXYavgq2ar4eYqqAmJd5M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhMVdJWwFiJhbFI9CE1JXJcp7HqOJbtIFUhKwu/wsIAQqz8ARt/g9tmgJYjXenonHt17z2BYFRpx/m2VlbX1jc2S1vl7Z3dvX374LCjklRi0sYJS2QvQIowyklbU81IT0iC4oCRbjC+mvrdeyIVTfitnggyiNGI05BipI3k2/DBa0X0LhN+HQq/kftZ5Ndg5NdzTyI+YsS3K07VmQEuE7cgFVCg5dtf3jDBaUy4xgwp1XcdoQcZkppiRvKylyoiEB6jEekbylFM1CCbfZLDU6MMYZhIU1zDmfp7IkOxUpM4MJ0x0pFa9Kbif14/1eHlIKNcpJpwPF8UpgzqBE5jgUMqCdZsYgjCkppbIY6QRFib8MomBHfx5WXSqVXd82rjplFpOkUcJXAMTsAZcMEFaIJr0AJtgMEjeAav4M16sl6sd+tj3rpiFTNH4A+szx+UY5mV</latexit>

|�p3p4

h2h3
i

The dimensionality explodes quickly
<latexit sha1_base64="vhl4DmDoDCI9uMh+R2ltEIQBdhE=">AAACC3icbVDLSsNAFJ3UV62vqEs30xahLiyJFHUjtLhxVSrYBzShTKaTduhkEmYmQgnZu/FX3LhQxK0/4M6/cdpmodUDFw7n3Mu993gRo1JZ1peRW1ldW9/Ibxa2tnd298z9g44MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcn1zO/eEyFpyO/UNCJugEac+hQjpaWBWXI8ysMgaaZJI4VX0PEFwkmzmCaV5mnjpNgopgOzbFWtOeBfYmekDDK0BuanMwxxHBCuMENS9m0rUm6ChKKYkbTgxJJECE/QiPQ15Sgg0k3mv6TwWCtD6IdCF1dwrv6cSFAg5TTwdGeA1FguezPxP68fK//STSiPYkU4XizyYwZVCGfBwCEVBCs21QRhQfWtEI+RTkPp+Ao6BHv55b+kc1a1z6u121q5bmVx5MERKIEKsMEFqIMb0AJtgMEDeAIv4NV4NJ6NN+N90ZozsplD8AvGxzdmmplK</latexit>✓
N

A

◆
=

N !

(N �A)!A!
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CONTINUUM QUANTUM MONTE CARLO 
The trial wave function can be expanded in the set of the Hamiltonian eigenstates

GFMC projects out the lowest-energy state using 
an imaginary-time propagation

| T i =
X

n

cn| ni H| ni = En| ni

<latexit sha1_base64="+WDMETYo2LsqaAGewetdMKRDDiM="></latexit>

lim
⌧!1

e�(H�E0)⌧ | T i = c0| 0i
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Fig. 4 (Pudliner, et al.)
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B. Pudliner et al., PRC 56, 1720 (1997)

J. Carlson Phys. Rev. C 36, 2026 (1987)

GFMC suffers from the fermion-sign problem, 
but it is “virtually exact” for light nuclear 
systems.



Configuration-Interaction
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COURSE OF DIMENSIONALITY

<latexit sha1_base64="mRLSRRlJuhbPbiSPEgEwEI85eeA=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgVSkmkqAhCxY3LCPYBTQiT6aQdOpmEmYm0hP6LG3/FjQuluHHhvzhts9DWAxcO55zLzD1BwqhUlvVlrKyurW9sFraK2zu7e/vmwWFTxqnApIFjFot2gCRhlJOGooqRdiIIigJGWsHgbuq3noiQNOaPapQQL0I9TkOKkdKSb167jqS+VR76dsXtxkpW4NC/PYM30JVp5HOI9bhOn/p8MeObJatqzQCXiZ2TEsjh+OZEb+M0IlxhhqTs2FaivAwJRTEj46KbSpIgPEA90tGUo4hIL5vdOIanWunCMBZ6uIIz9fdGhiIpR1GgkxFSfbnoTcX/vE6qwisvozxJFeF4/lCYMqhiOC0MdqkgWLGRJggLqv8KcR8JhJWutahLsBdPXibN86p9Ua091Ep1K6+jAI7BCSgDG1yCOrgHDmgADJ7BK3gHH8aL8WZMjM95dMXId47AHxjfP4NwobA=</latexit>

 0(x1, . . . , xA) =
X

n

cn�n(x1, . . . , xA)

Green’s function Monte Carlo 
<latexit sha1_base64="+WDMETYo2LsqaAGewetdMKRDDiM="></latexit>
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NEURAL NETWORK QUANTUM STATES

12

<latexit sha1_base64="zcQb5g9etLj73YFtRHwvizF93a8=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgKiRSql0IBSl0WcE+oA1lMp22QyeTMDMplNA/ceNCEbf+iTv/xmlaweeBC4dz7uXee4KYM6Vd993Kra1vbG7ltws7u3v7B/bhUUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bweRm4benVCoWiTs9i6kf4pFgQ0awNlLftlEd9RqKoWtUy0jfLrpOxfUqZQ/9Jp7jZijCCo2+/dYbRCQJqdCEY6W6nhtrP8VSM8LpvNBLFI0xmeAR7RoqcEiVn2aXz9GZUQZoGElTQqNM/TqR4lCpWRiYzhDrsfrpLcS/vG6ih1d+ykScaCrIctEw4UhHaBEDGjBJieYzQzCRzNyKyBhLTLQJq2BC+PwU/U9aF45Xdkq3pWK1toojDydwCufgwSVUoQ4NaAKBKdzDIzxZqfVgPVsvy9actZo5hm+wXj8AL3CSHw==</latexit>

H = E 
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Finding its exact solution of this equation is an exponentially hard problem
<latexit sha1_base64="iTPPjrzN49ZOjkBqIdSr67iEyFw="></latexit>

| i = c"""...| """ . . . i+ c#""...| #"" . . . i+ · · ·+ c###...| ### . . . i

The majority of quantum states of physical interest have distinctive features and intrinsic structures

Credit: G. Carleo

Hilbert Space

Physical States

Mean-field

NEURAL-NETWORK QUANTUM STATES
Let’s take a step back: spin problem

<latexit sha1_base64="iSQB1Yk3qqEmz2jHKUCni50rywA="></latexit>
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NEURAL-NETWORK QUANTUM STATES

<latexit sha1_base64="5N4V3sinVgnGdfAsa1/DfgPCFrA="></latexit>

cS ⌘ hS| i ⌘  (S) ' hS| ANN (✓)i

<latexit sha1_base64="Amn7xuJpKRwaICHWW0JLGusAkpw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSZN1HZXdOOygn1AE8pkOmmHTiZxZiKU0J9w40IRt/6OO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh+Grmd+6pVCwRt3qS0iDGQ8EiRrA2Ute/ZMPcz6f9cgXZtZrrOQgi26171bpriON5LjqDjo3mqIAlmv3yuz9ISBZToQnHSvUclOogx1Izwum05GeKppiM8ZD2DBU4pirI5/dO4YlRBjBKpCmh4Vz9PpHjWKlJHJrOGOuR+u3NxL+8XqajWpAzkWaaCrJYFGUc6gTOnocDJinRfGIIJpKZWyEZYYmJNhGVTAhfn8L/SbtqO+e2d+NVGtVlHEVwBI7BKXDABWiAa9AELUAABw/gCTxbd9aj9WK9LloL1nLmEPyA9fYJiySQRw==</latexit>n

<latexit sha1_base64="LNOVH6HLYoLkd8eA0LSP24Fs81E="></latexit>

 (S) ' hS| ̂(W)i ⌘  ̂(S;W)

<latexit sha1_base64="SSLQi7iE85z2odPhFV5KdP+1mtI="></latexit>

c#""... ⌘ h#"" . . . | i ⌘  (#"" . . . )

<latexit sha1_base64="JQNDGg4WwnfkVwP6Tdc4CoN2Exk="></latexit>
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 Artificial neural networks (ANNs) can compactly represent complex high-dimensional functions;

ANNs trained minimizing the energy, which is evaluated stochastically
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Giuseppe Carleo and Mathias Troyer demonstrated that RMBs outperform traditional Jastrows

NEURAL-NETWORK QUANTUM STATES

G. Carleo et al. Science 355, 602 (2017)
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PIONLESS EFT HAMILTONIAN
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We take as input a LO pionless-EFT Hamiltonian that we contributed developing

• NN potential: fit to np scattering lengths and 
effective radii and the deuteron binding energy 

<latexit sha1_base64="XF6JYKFCvf4nPuGelZ4trxuA7E0="></latexit>

HLO = �
X

i

~r2
i

2mN

+
X

i<j

vij +
X

i<j<k

Vijk

<latexit sha1_base64="EP4nzi5itThDhdF3lB9wOXPIgA8="></latexit>

v
CI
ij =

4X

p=1

v
p(rij)O

p
ij ,

• 3NF adjusted to reproduce the 3H 
binding energy.
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R. Schiavilla, AL, PRC 103, 054003(2021)
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 The ANN variational state is a product of mean-field state modulated by a flexible correlator factor 

• The mean-field part is a Slater 
determinants of single-particle orbitals 

NEURAL SLATER-JASTROW ANSATZ
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7775

• Each orbital is a FFNN that takes as 
input

• The Jastrow is a permutation-invariant 
function of the single-particle coordinates
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Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain fixed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).

*Equal contribution 1Department of Engineering Science, Uni-
versity of Oxford, Oxford, United Kingdom. Correspondence to:
<{ed, fabian, martin}@robots.ox.ac.uk>.

Proceedings of the 36 th
International Conference on Machine

Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).
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X � �M �NxM �N �

Input Output

x1
xM

Z
f(x1, …, xM)

�(x1)
�(xM)

Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. � and ⇢ can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cluding Ravanbakhsh et al. (2016), Zaheer et al. (2017) and
Qi et al. (2017a), have considered enforcing this property
using a technique which we term sum-decomposition, illus-
trated in Figure 1. Mathematically speaking, we say that a
function f defined on sets of size M is sum-decomposable

via Z if there are functions � : R ! Z and ⇢ : Z ! R such
that2

f(X) = ⇢
�
⌃x2X�(x)

�
(1)

We refer to Z here as the latent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant. Ravanbakhsh et al. (2016), Zaheer
et al. (2017) and Qi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g. max(·). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply when max(·) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We use R here for brevity – see Definition 2.2 for the fully

general definition.
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SAMPLING COORDINATES AND SPIN
The calculation of the observables involve integrating over 3A spatial and 2A spin-isospin variables
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We evaluate it stochastically using the Metropolis-Hastings Markov Chain Mote Carlo algorithm
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Spatial move Spin-isospin move

The observables are estimated by taking averages over the sampled configurations  
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STOCHASTIC RECONFIGURATION
The ANN is trained by performing an imaginary-time evolution in the variational manifold

19

During the optimization, then parameter are updated as
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p⌧+�⌧ = p⌧ � ⌘(S⌧ + ✏I)�1g⌧

The gradient of the energy is supplemented by a quantum Fisher information pre-conditioner
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ADAPTIVE STOCHASTIC RECONFIGURATION
We use an adaptive learning rate with 10-7 < η < 10-2 . It yields robust convergence patterns for all the 
nuclei and regulator choices that we have analyzed 

20

C. Adams, AL, et al, PRL 127, 022502 (2021)



To further elucidate the quality of the ANN wave function we consider the point-nucleon density
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1

4⇡r2
⌦
 V

��
X

i

�(r � |rinti |)
�� V

↵
,

Excellent agreement between the ANN and GFMC methods, which further corroborates the 
representative power of the ANN ansatz.

3H 4He

COMPARISON WITH QUANTUM MONTE CARLO

C. Adams, AL, et al, PRL 127, 022502 (2021)



COMPARISON WITH QUANTUM MONTE CARLO

• The ANN ansatz outperforms 
standard Jastrow correlations and 
encompasses the vast majority of 
spin-isospin correlations

22

• Remaining differences with the 
exact GFMC result are due to 
missing spin-isospin correlations

C. Adams, AL, et al, PRL 127, 022502 (2021)
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hRS| ANN
V i = eU(R,S) tanh[V(R,S)]hRS|�i

• The Jastrow ansatz cannot compensate the wrong nodes in the mean-field part of the wave function
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Visible orbitals on visible coordinates Visible orbitals on hidden coordinates

Hidden orbitals on visible coordinates Hidden orbitals on hidden coordinates

HIDDEN NUCLEONS
The “hidden fermion” approach was recently introduced to model fermionic wave functions

23
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J. R. Moreno, et al., PNAS 119 (32) e2122059119
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NUCLEAR PHYSICS APPLICATIONS

5

ber of nodes in the hidden layers in �F and ⇢F has been
increased from 16 to 24. After about 4800 optimization
steps, the parity-conserving ansatz yields energies that
are consistent with the HH method. Nevertheless, our
results indicate that enforcing time-reversal symmetry is
e↵ective in reducing the training time and augment the
expressivity of the hidden-nucleon ANN architecture.

Neural-network quantum states applications to nuclear
systems have so far been limited to light nuclei, with
up to A = 6 nucleons [26, 28, 29]. Here, we signifi-
cantly extend the reach of this methods by computing the
ground-state of 16O utilizing the hidden-nucleon ansatz.
In Ref. [31], the AFDMC method has been employed to
study this nucleus using as input the LO pionless-EFT
Hamiltonian of Eq. (1). The AFDMC trial wave function
takes the factorized form  T (R,S) ⌘ hRS|F|�i. The
Slater determinant of single-particle orbitals �(R,S) de-
termines the long-range behavior of the wave function.
The correlation operator is expressed as

F =
⇣ Y

i<j<k

F c

ijk

⌘⇣Y

i<j

F c

ij

⌘⇣
1 +

X

i<j

F op

ij

⌘
(8)

The spin-isospin independent three-body correlations
F c

ijk
act on all triplets of nucleons. Similarly, the cen-

tral two-body Jastrow F c

ij
is applied to all nucleon pairs,

while the spin-isospin dependent term, F op

ij
, appears in

a linearized form [47]. This approximation reduces the
computational cost of evaluating  T (R,S) from expo-
nential to polynomial in A but makes the trial wave func-
tion non extensive: if the system is split in two (or more)
subsets of particles that are separated from each other,
the F does not factorize into a product of two factors
in such a way that only particles belonging to the same
subset are correlated. As a consequence, the correlation
operator of Eq. (8) becomes less e↵ective for nuclei larger
than 16O, preventing the applicability of the AFDMC
method to medium-mass nuclei.

The AFDMC projects out the ground-state of the sys-
tem from the starting trial wave function performing an
evolution in imaginary time ⌧

| 0i / lim
⌧!1

| (⌧)i = e�H⌧ | T i . (9)

The fermion-sign problem is mitigated by means of the
constrained-path approximation, which essentially lim-
its the imaginary-time propagation to regions where the
propagated and trial wave functions have a positive over-
lap [16]. Contrary to the fixed-node approximation, the
constrained-path approximation does provide an upper
bound to the true ground-state energy of the system [48].
The accuracy of the trial wave function is critical to re-
duce this bias, as the constrained-path approximation
becomes exact when the trial wave function is coincides
with the ground-state one.

In Fig. 3, we display the ground-state energy of 16O as
a function of the number of hidden nucleons Ah for the
parity and time-reversal conserving ansatz of Eq. (6). For
comparison, the VMC energy of 16O obtained with the

FIG. 3. Ground-state energy of 16O as a function of the num-
ber of hidden nucleons Ah (solid blue points). The VMC
and AFDMC energies — the latter taken from Ref. [31] —
are shown by the green-dashed and orange solid lines. The
shaded areas represent the Monte Carlo statistical uncertain-
ties.

correlation operator of Eq. (8) is represented in Fig. 3
by the dashed green line, while the shaded area is the
Monte Carlo statistical uncertainty. The solid horizontal
line and the shaded area indicate the constrained-path
AFDMC energy and its statistical uncertainty as listed
in Ref. [31]. Already for Ah = 2, the hidden-nucleon wave
function matches the VMC value. By further increasing
Ah, the variational energy lowers until it becomes consis-
tent with the AFDMC value, within error bars, demon-
strating the accuracy of the hidden-nucleon ansatz even
in the p-shell region.

Unless a forward-walk propagation is used [49, 50],
within di↵usion Monte Carlo methods, expectation val-

FIG. 4. Point nucleon density of 16O as obtained with the
hidden nucleon ansatz (solid blue circles) compared with the
perturbatively-corrected AFDMC estimates of Eq. (10).

16O 16O

AL, et al., Phys.Rev.Res. 4 (2022) 4, 043178

We extend the reach of neural quantum states by computing the ground-state of 16O

In addition to its ground-state energy, we evaluate the point-nucleon density of 16O with Ah=16
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INFINITE PERIODIC SYSTEMS
• We extended our approach to periodic systems, such us liquid 4He and soft (gaussian) spheres
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➡ Periodic ANN by construction:

➡ Permutation invariant Deep-Sets ANN for computing bosons: 
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DILUTE NEUTRON MATTER
We have introduced a periodic hidden-nucleons ansatz to model low-density neutron matter
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slightly larger than the experimental value of �18.9(4)
fm, see [41] and references therein, while the e↵ective
range is well reproduced. The Hamiltonian also contains
a repulsive three-body force that ensures the stability of
nuclei.

We approximate the ground-state solution of the nu-
clear many-body problem with an NQS ansatz that be-
longs to the hidden-fermion family [42], recently general-
ized to continuum Hilbert spaces and applied to atomic
nuclei in Ref. [29]. In addition to the visible spatial and
spin coordinates of the A neutrons, R = {r1 . . . rA} and
S = {sz1 . . . szA}, the Hilbert space contains fictitious Ah

hidden-nucleon degrees of freedom. In this work we use
Ah = A = 14 so that the system is as flexible as possi-
ble, but in practice we have also found using as few as
8 hidden nucleons gives very similar results. The wave
function can be conveniently expressed in a block matrix
form as

 HN (R,S) ⌘ det


�v(R,S) �v(Rh, Sh)
�h(R,S) �h(Rh, Sh)

�
. (1)

As in Ref. [29], �v(R,S) is the A ⇥ A matrix represent-
ing visible single-particle orbitals computed on the visible
coordinates while the Ah ⇥ Ah matrix �h(Rh, Sh) yields
the amplitudes of hidden orbitals evaluated on the co-
ordinates of the Ah hidden nucleons. Finally, �h(R,S)
and �v(Rh, Sh) are Ah ⇥ A and A ⇥ Ah matrices giving
the amplitudes of hidden orbitals on visible coordinates
and visible orbitals on hidden coordinates, respectively.
All the above matrices are expressed in terms of deep
neural networks with di↵erentiable activation functions
— see Ref. [29] for additional details. To respect the
Pauli principle, the coordinates of the hidden nucleons
must be permutation-invariant functions of the visible
ones. We enforce this symmetry by using a Deep-Sets
architecture [43, 44] with logsumexp pooling. Addition-
ally, the discrete parity and time reversal symmetries, are
enforced in the same manner as Ref. [29].

Inspired by the success of quantum-chemistry NQS [32,
33], we augment the flexibility of the ansatz by perform-
ing a generalized backflow transformation to the visi-
ble coordinates of the hidden-nucleon matrix: (R,S) !
(R̃, S̃). We use the Deep-Sets architecture again to en-
force fermion anti-symmetry

(r̃i, s̃
z

i
) = ⇢bf

⇣
ri, s

z

i
, log

⇣X

j

exp(�bf(rj , s
z

j
)
⌘⌘

. (2)

To further augment the expressivity, separate ⇢bf and
�bf neural networks are used for each of the A visible
coordinates.

We simulate infinite neutron matter using 14 particles
in a box with periodic boundary conditions. Following
Ref. [45], the latter are imposed by mapping the spatial
coordinates onto periodic functions by

ri !
✓
sin

✓
2⇡ri
L

◆
, cos

✓
2⇡ri
L

◆◆
(3)

which ensures the wave function is continuous and di↵er-
entiable at the box boundary. Here L is the size of the
simulation periodic box, and the sin and cos functions
are applied element-wise to ri. Finite-size e↵ects due
to the tail corrections of two- and three-body potentials
are accounted for by summing the contributions given by
neighboring cells to the simulation box [46].

Evaluating the expectation values of quantum mechan-
ical operators, including the Hamiltonian, requires car-
rying out multi-dimensional integration over the spatial
and spin coordinates of the neutrons. To this aim, we
exploit Monte Carlo quadrature and sample R and S
from | HN (R,S)|2 using the Metropolis-Hastings algo-
rithm [47] — additional details can be found in the sup-
plemental material of Ref. [27]. The best variational
parameters defining the NQS are found by minimiz-
ing the system’s energy, which we carry out using the
R(oot)M(ean)S(quared)Prop(agation)-enhanced version
of the stochastic-reconfiguration optimization method in-
troduced in Ref. [29].

Results and discussion. We first benchmark the ex-
pressivity of the hidden-nucleon NQS for periodic sys-
tems by comparing the energy per particle of infinite
neutron matter against “conventional” variational Monte
Carlo (VMC), and both constrained-path and AFDMC
results. The variational wave function used in state-of-
the-art neutron-matter studies, see for example [7, 21],
contains a spin-independent Jastrow factor that multi-
plies a Slater determinant augmented by spin-dependent
backflow correlations. The constrained-path approxi-
mation, commonly employed to alleviate the AFDMC
fermion-sign problem [19], brings about a bias in the
ground-state energy estimate [6, 21]. Exact results can be
obtained by performing unconstrained propagations, but
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FIG. 1. NQS training data in neutron matter at ⇢ = 0.04
fm�3 (data points) compared with Hartree-Fock (dotted line),
conventional VMC (dashed line), constrained-path ADMC
(dash-dotted line) and unconstrained-path ADMC results
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The NQS ansatz converges to the 
unconstrained AFDMC energy, using a 
fraction of the computing time

• NQS: 100 hours on NVIDIA-A100 

• AFDMC: 1.2 million hours on Intel-
KNL 

The hidden-nucleon ansatz captures 
the overwhelming majority of the 
correlation energy
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Low-density neutron matter is characterized by fascinating emergent quantum phenomena, such 
as the formation of Cooper pairs and the onset of superfluidity.
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FIG. 2. Low-density neutron-matter /⇡EFT equation of state
as obtained with the hidden-nucleon NQS (solid blue circles)
compared with AFDMC calculations based on the AV18+UIX
(orange squares), NV1A-3bs (red triangles), and NV1A-3bs
(green triangles) Hamiltonians.

the statistical error grows exponentially with the imagi-
nary time.

As shown in Fig. 1 for ⇢ = 0.04 fm�3, after ' 2000
stochastic-reconfiguration steps, the NQS ansatz con-
verges to the virtually exact unconstrained AFDMC en-
ergy, using a fraction of its computing time: about
100 hours on NVIDIA-A100 GPUs vs approximately
1.2 million hours on Intel-KNL CPUs. Notice that the
constrained-path approximation violates the variational
principle. In contrast, variational Monte Carlo calcula-
tions based on the NQS never yield energies below that
of the Hamiltonian’s ground state. Comparing with the
Hartree-Fock approximation, it appears that the hidden-
nucleon ansatz captures the overwhelming majority of
the correlation energy.

In Fig. 2, we compare the /⇡EFT energies obtained with
the NQS ansatz against Fermi hypernetted chain/single-
operator chain calculations that take as input the so-
phisticated AV18+UIX Hamiltonian, consistent with the
celebrated APR equation of state [40]. For all densities
considered, /⇡EFT and AV18+UIX are in excellent agree-
ment, the maximum di↵erence being always below 0.30
MeV per particle — both of them provide energies much
below the non-interacting Fermi gas. These minor di↵er-
ences are likely because model “o” yields a slightly larger
nn scattering length than the experimental value and,
therefore, more attraction in neutron matter. The latter
is not compensated for by the three-body force, whose
repulsive contribution is at most 0.25 MeV per neutron.
Finite-size e↵ects at these densities are small but not
negligible, as the kinetic energy of a free Fermi gas at
⇢ = 0.04 fm�3 and the one computed with 14 neutrons
in a box di↵er by about 0.20 MeV per particle.

Once trained on the systems’ energy, the NQS

can be used to accurately evaluate a variety of
quantum-mechanical observables, such as the spin-singlet
and triplet two-body distribution functions defined in
Ref. [48]. Figure 3 shows these distributions at ⇢ = 0.01
fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel b). The sig-
nificant increase in the spin-singlet channel compared to
the non-interacting Fermi Gas indicates that the NQS
wave function can capture the emergence of the 1S0

neutron pairing, despite not being explicitly encoded in
the ansatz. Consistent with the behavior of the pair-
ing gap [13, 22], the enhancement is more prominent at
⇢ = 0.01 fm�3 than ⇢ = 0.04 fm�3. On the other hand,
at these densities, no pairing correlations are present in
the spin-triplet channel.
Conclusions – In this work, we have put forward an

NQS suitable to model the normal and superfluid phases
of infinite neutron matter in a unified fashion. We im-
prove the expressivity of the hidden-nucleon ansatz of
Ref. [29] by adding state-dependent generalized back-
flow correlations, whose inclusion has proven beneficial
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FIG. 3. Spin-singlet and triplet two-body distribution func-
tions at ⇢ = 0.01 fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel
b). The NQS calculations (solid symbols) are compared with
non-interacting Fermi Gas results (solid lines).
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ergy, using a fraction of its computing time: about
100 hours on NVIDIA-A100 GPUs vs approximately
1.2 million hours on Intel-KNL CPUs. Notice that the
constrained-path approximation violates the variational
principle. In contrast, variational Monte Carlo calcula-
tions based on the NQS never yield energies below that
of the Hamiltonian’s ground state. Comparing with the
Hartree-Fock approximation, it appears that the hidden-
nucleon ansatz captures the overwhelming majority of
the correlation energy.

In Fig. 2, we compare the /⇡EFT energies obtained with
the NQS ansatz against Fermi hypernetted chain/single-
operator chain calculations that take as input the so-
phisticated AV18+UIX Hamiltonian, consistent with the
celebrated APR equation of state [40]. For all densities
considered, /⇡EFT and AV18+UIX are in excellent agree-
ment, the maximum di↵erence being always below 0.30
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nn scattering length than the experimental value and,
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⇢ = 0.04 fm�3 and the one computed with 14 neutrons
in a box di↵er by about 0.20 MeV per particle.

Once trained on the systems’ energy, the NQS
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and triplet two-body distribution functions defined in
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nificant increase in the spin-singlet channel compared to
the non-interacting Fermi Gas indicates that the NQS
wave function can capture the emergence of the 1S0

neutron pairing, despite not being explicitly encoded in
the ansatz. Consistent with the behavior of the pair-
ing gap [13, 22], the enhancement is more prominent at
⇢ = 0.01 fm�3 than ⇢ = 0.04 fm�3. On the other hand,
at these densities, no pairing correlations are present in
the spin-triplet channel.
Conclusions – In this work, we have put forward an

NQS suitable to model the normal and superfluid phases
of infinite neutron matter in a unified fashion. We im-
prove the expressivity of the hidden-nucleon ansatz of
Ref. [29] by adding state-dependent generalized back-
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FIG. 3. Spin-singlet and triplet two-body distribution func-
tions at ⇢ = 0.01 fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel
b). The NQS calculations (solid symbols) are compared with
non-interacting Fermi Gas results (solid lines).
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COLD FERMI GASES
We have started using periodic-NQS to investigate properties of the two-components Fermi gas at 
unitarity and in the BCS- BEC crossover 

J. Kim, B. Fore, AL, et al. in preparation
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• We model the 3D unpolarized gas of 
fermions with the Hamiltonian
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• As with the two-body force, we take 
the Pöschl-Teller potential
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We consider periodic and NSQ ansätze of the general form
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�2(x1) �2(x2) · · · �2(xN )

...
...

. . .
...

�N (x1) �N (x2) · · · �N (xN )

3

7775

The antisymmetric part of the Slater-Jastrow (SJ) family of states can be written as
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 (X) = eJ(X)�(X),

;

The nodal structure can be improved by means of general neural back-flow transformations
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Inspired by quantum Monte Carlo studies of dilute neutron matter, we introduce a neural Pfaffian-
Jastrow ansatz
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In order for the above matrix to be skew-symmetric, the neural pairing orbitals are taken to be
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We employ a permutation-invariant message-passing neural network to iteratively build correlations 
into new one-body and two-body features from the original “visible” features.

3

FIG. 1: Schematic representation of the message-passing neural network.

completely real wave function. With the same intent, we
map the complex orbitals to equivalent real ones in our
calculations. Obtaining the values of ui, vi, and ✓i will
be discussed in more detail shortly. For now, it is im-
portant to note that they must be permutation-invariant
functions of all particles not indexed by i, and if they are
identically zero, the backflow orbitals �

BF
i (xj) reduce

to the original plane wave orbitals �
PW
i (xj). This con-

struction of �BF
i (xj) not only delivers comparable per-

formance to fully trainable orbitals, but also improves
stability and significantly reduces the number of param-
eters required.

should I write the backflow orbitals as
�
BF
i (xj , {xk}k 6=j) to be extra clear? or is this too

messy?
Inspired by quantum Monte Carlo studies of dilute

neutron matter [], we also consider a Pfa�an-Jastrow
(PJ) ansatz where the antisymmetric part is given by

�PJ(X) = pf

2
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0 �(x1,x2) · · · �(x1,xN )
�(x2,x1) 0 · · · �(x2,xN )

...
...

. . .
...

�(xN ,x1) �(xN ,x2) · · · 0

3
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.

(9)
The dimension of the above matrix must be even, which
is automatically satisfied by the assumption of an unpo-
larized gas. It is also crucial that the matrix is skew-
symmetric, i.e. the pairing orbitals must be antisym-
metric �(xi,xj) = ��(xj ,xi). While singlet and triplet

channels are often treated separately, as shown in Ref. [],
we capitalize on the generality of ANNs by defining

�(xi,xj) = ⌘(xi,xj)� ⌘(xj ,xi), (10)

where ⌘ is a multilayer perceptron (MLP), i.e. a dense
feedforward neural network. All of the MLPs mentioned
throughout this section have at least two hidden layers
with 16 nodes each. The activation function is GELU and
the weights/biases are initialized with glorot normal/ze-
ros unless otherwise specified — see Sec. II B for more
details on transfer learning.
It is possible to implement the aforementioned NQS

using X as direct inputs to the appropriate MLPs and
Deep-Sets [], but it is advantageous to devise new inputs
that already capture the majority of correlations. Taking
cues from Ref. [], we employ a permutation-equivariant
message-passing neural network (MPNN) to iteratively
build correlations into new one-body and two-body fea-
tures from the original “visible” features. The visible
features are chosen to be

vi = (si) , (11)

vij = (rij , krijk, sisj) , (12)

with the separation vectors rij = ri � rj and distances
krijk = rij replaced by their L-periodic surrogates

rij 7! (cos(2⇡rij/L), sin(2⇡rij/L)) , (13)

krijk 7! k sin(⇡rij/L)k. (14)

• Visible features

• Messages
<latexit sha1_base64="aglPJxJhshuiK1vihxAqVneeJe4="></latexit>
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J. Kim, B. Fore, AL, arXiv:2305.08831



COLD FERMI GASES

32

We benchmark the performances of the neural-network quantum states with DMC calculations

6

FIG. 2: Final converged energies per particle as a
function of the MPNN depth T . The interaction
parameters are set to v0 = 1 and µ = 5, which
translates to an e↵ective range of re = 0.4.

FIG. 3: mu = 40 point is still training

gies ⇠1-2% lower than DMC-BCS as the e↵ective range
is decreased from re = 0.4 (µ = 5) to re = 0.1 (µ = 20).
At re = 0.05 (µ = 40), we agree with DMC-BCS within
errors. check if this is true after training is done. Dis-
crepancies with BCS is certainly due to narrow width of
net

add plot of two-body densities

In Fig. 4, we explore the BCS-BEC crossover region
for a fixed e↵ective range re = 0.2. The cases closer to
unitarity were used to pretrain the cases further away.

FIG. 4

1/akF V0 µ DMC-BCS PJ
-2 1.591974 11.96225 0.882(1) 0.88518(4)
-1 1.758427 11.06247 0.801(1) 0.80350(4)
-0.2 1.942846 10.23012 0.578(1) 0.56725(4)
-0.1 1.970732 10.11637 0.510(1) 0.50146(4)
0 2.0 10.0 0.428(1) 0.42082(3)
0.1 2.030776 9.880801 0.328(1) 0.32191(4)
0.2 2.063204 9.758564 0.208(1) 0.20183(3)
0.5 2.172161 9.371025 -0.319(1) -0.3190(1)
1 2.408707 8.632898 -2.053(1) -2.0492(1)

TABLE II: Parameters for the two-body potential in
Eq. (2) giving di↵erent scattering lengths with the same

e↵ective range re = 0.2. Values in red need to be
retrained with better initial state (seem to get stuck in
local minima). Almost all values need to run for longer.

T 1 2 5

SJ-PW 0.5552(8) 0.5490(5) 0.5419(4)
SJ-BF 0.5069(2) 0.5044(3) 0.5014(4)
PJ 0.4381(2) 0.43665(8) 0.4374(2)

HF 0.898(1)
DMC-PW 0.540(1)
DMC-BCS 0.446(1)

TABLE III: replace with something more interesting,
based on figure 3?

IV. CONCLUSIONS AND PERSPECTIVES

This study introduces three novel NQS based on the
Slater-Jastrow and Pfa�an-Jastrow frameworks in which
correlations are encoded by a message-passing neural net-
work. All symmetries and boundary conditions are incor-
porated by design and parameter-space redundancies are
minimized. Our results reveal that the SJ ansätze can
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• Pfaffian - Jastrow

• Slater - Jastrow
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We proved that neural-network quantum state can model the BCS - BEC crossover better than DMC

J. Kim, B. Fore, AL, arXiv:2305.08831
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FIG. 6. Upper panel: Energy per particle in the BCS-BEC
crossover region as a function of the scattering length a for
a fixed e↵ective range kF re = 0.2. Lower panel: Di↵erence
between Pfa�an-Jastrow with backflow (PJ-BF) and DMC-
BCS benchmark energies. See Table II for the corresponding
values of v0 and µ.

(MPNN) to encode pairing and backflow (BF) correla-
tions. We evaluate its performance against comparable
Slater-Jastrow (SJ) ansätze with identical MPNN archi-
tectures. Our results indicate that increasing the depth
of the MPNN systematically improves the performance
of the SJ ansätze, but backflow correlations within the
single-particle picture are still insu�cient in capturing
all pairing correlations. However, we demonstrate that a
simple and compact PJ-BF ansatz surpasses the DMC-
BCS benchmark with ease.

Transfer learning has proven to be an essential tool in
this work. It enables the realization of the unitary limit
in a controlled manner, mitigating the risk of becoming
trapped in local minima. It also allows for the e�cient
exploration of regions beyond unitarity, unlocking new
avenues for studying the BCS-BEC crossover. Transfer
learning will remain a crucial part of our training pro-
cedure as we move to larger systems. All unpolarized
systems can be treated with a single architecture, while
the N ± 1 systems can be treated by introducing one
additional FNN to represent the unpaired single-particle
orbital. This modification is straightforward to imple-
ment, making the calculation of the gap more accessible
and enabling further advancements in our work.

Besides calculating the gap, our next steps include a
direct comparison with the STU Pfa�an wave function
of Ref. [32]. We also plan to perform a more careful
extrapolation to the re ! 0 limit since we have used rel-
atively large values of kF re for this initial investigation.
However, more hyperparameter tuning will be needed,
especially about the width of the hidden layers, since the
smaller values of re will require more flexibility.

Our Pfa�an-Jastrow-Backflow NQS displays immense
potential in the study of ultra-cold Fermi gases. Unlike
conventional methods, our PJ-BF ansatz is not subject
to biases arising from physical intuition or a lack thereof,
as it does not require specifying a particular form for the
pairing orbitals. For this reason, it can be readily applied
to other strongly-correlated systems, including molecules
and other strongly-correlated quantum systems. In stark
contrast to the commonly used geminal wave function,
our ansatz does not rely on ordering the spin of the inter-
acting fermions, and it is therefore amenable to Hamilto-
nians that exchange spin, such as those modeling nuclear
dynamics. In this regard, we anticipate calculations of
atomic nuclei and low-density isospin-asymmetric nucle-
onic matter and carry out detailed investigations on the
nature of nuclear pairing [56].
When the stochastic reconfiguration algorithm and

transfer learning techniques are combined with the en-
forcement of translational, parity, and time-reversal sym-
metries, highly non-perturbative correlations can be en-
coded in a small number of parameters by modern stan-
dards. This approach will pave the way for future devel-
opments in the study of many-body systems, as it o↵ers
a powerful tool for encoding correlations in a compact
and computationally feasible manner.

Note Added: A work very recently appeared in pre-
print [57] introduces neural backflow transformations in
a geminal wave function and studies the unitary Fermi
gas. We leave systematic comparisons between the two
approaches to future works while already observing that
the Pfa�an wave function is a strict generalization of the
Geminal state [32, 58].
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FIG. 4. Opposite-spin pair densities as a function of small
kF r at unitarity (v0 = 1) and µ = 5 (blue squares), µ = 10
(orange circles), and µ = 20 (green triangles).

fective range is decreased from kF re = 0.4 to kF re = 0.1.
At kF re = 0.05, our energy falls below the range of the
DMC-BCS error band, suggesting our approach is likely
to maintain its superior performance as re is decreased
further. To estimate the energy at zero e↵ective range,
we also perform simple linear fits — See Table I for the
extrapolated values. Note that our results have been ob-
tained by simulating a system of N = 14 particles for
benchmark purposes. In order to obtain energies closer to
the thermodynamic limit, further simulations with more
particles will be needed [12, 55].

In Fig. 4, we show the opposite-spin pair distribution
functions at unitarity for µ = 5, 10, and 20. Notice
how the peaks of the distributions at kF r = 0 grow
roughly quadratically with µ, demonstrating the pres-
ence of strong pairing correlations as we approach the
unitary limit µ ! 1. Clearly, the short-range character
of the distributions are important to capture at unitarity,
as they begin to converge around kF r & 0.4.

Fig. 5 presents a complementary set of opposite-spin
pair distribution functions in the crossover region with
fixed e↵ective range of kF re = 0.2. When we lean to-
wards the BCS phase 1/akF = �0.5, the long-range tail
of the density is enhanced compared to the unitary case
1/akF = 0. On the other hand, the tail is diminished in
the BEC phase 1/akF = �0.5, suggesting the initiation
of dimer formation. The di↵erences in the peaks of the
distributions are not as dramatic as in Fig. 4, but they
are consistent with the expected behavior in the BCS and
BEC regimes near unitarity.

Finally, we explore the BCS-BEC crossover region for a
fixed e↵ective range kF re = 0.2 in Fig. 6. See Table II for
the values of the interaction parameters v0 and µ, as well
as the corresponding DMC-BCS benchmarks and the PJ
ansatz results. The cases closer to unitarity were used

FIG. 5. Opposite-spin pair densities in the crossover region
for the BCS phase 1/akF = �0.5 (blue squares), unitarity
1/akF = 0 (orange circles), and BEC phase 1/akF = 0.5
(green triangles). The e↵ective range of all cases are fixed
kF re = 0.2. See Table II for the corresponding values of v0
and µ.

1/akF v0 µ DMC-BCS PJ-BF

-1 0.879214 11.06247 0.801(1) 0.7930(2)
-0.5 0.933216 10.55715 0.705(1) 0.6937(3)
-0.2 0.971423 10.23012 0.578(1) 0.5671(3)
-0.1 0.985366 10.11637 0.510(1) 0.5014(4)
0 1.0 10.0 0.428(1) 0.4208(3)
0.1 1.015388 9.880801 0.328(1) 0.3218(3)
0.2 1.031602 9.758564 0.208(1) 0.2017(3)
0.5 1.086081 9.371025 -0.319(1) -0.3244(4)
1 1.204354 8.632898 -2.053(1) -2.0566(6)

TABLE II. Energies per particle and parameters for the two-
body potential in Eq. (2) giving di↵erent scattering lengths
with the same e↵ective range kF re = 0.2.

to pretrain the cases further away. In the BCS regime,
our PJ ansatz consistently yields energies ⇠ 0.01EFG

lower than those obtained from DMC-BCS, albeit with
slightly inferior performance in the BEC regime. We at-
tribute this e↵ect to the need for increased flexibility in
capturing the short-range behavior of pairs in the BEC
regime. Simply increasing the size of feedforward neural
network ⌫ that defines the pairing orbital should allevi-
ate this discrepancy. In any case, the PJ ansatz gives
lower energies than DMC-BCS for all scattering lengths
tested.

IV. CONCLUSIONS AND PERSPECTIVES

In this study, we propose a novel neural-network quan-
tum state based on the Pfa�an-Jastrow (PJ) frame-
work that utilizes a message-passing neural network
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Even with just one hidden-nucleon we do better than AFDMC for medium-mass nuclei

40Ca



CONCLUSIONS
Neural network quantum states are extending the reach of conventional QMC methods

• Favorable scaling with the number of fermions;

• Universal and accurate approximations for fermion wave functions; 

• Suitable for confined and periodic systems; 

35

• Scalable to leadership-class hybrid CPU/GPU computers 



PERSPECTIVES
• NQS calculations of medium-mass stable and exotic nuclei relevant to FRIB and ATLAS 

experiments; 
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• Compute low-density isospin-asymmetric nucleonic matter: the flexibility of NQS will allow 
us to see self-emerging clustering in the low-density region;

• High-precision electroweak transitions, including magnetic moments and beta-decay rates;



PERSPECTIVES
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• Relevant for: fusion, lepton-nucleus scattering, and collective neutrino oscillation; 

• Access “real-time” dynamics: the prototypal exponentially-hard problem in many-body theory
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