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For each wave
,
there is a wave equation of which

the W.f. Is a solution

{ ex . electromagnetic wave, follow Maxwell equation}
D.Eso

,
☐✗ E- = - 2B ;

0.13=0 ; QB=µoEo It
classical wave eq .

It 2¥, = c.2221 Jt

2×2

Halter waves follow the sohu.idiug.ee equation :

• we conside a free particle ( no external forces) :

1=9 : -4-2 22
Em 5×2

✗ ' × 't / = iti ? 4k ,t )
at

Meaning Born's statistical interpellation :

141×+112dx : Pwbab. of finding a particle between × ,
✗+dx at

time t

• FREE PARTICLE :
we guess a possible solution : ilkx- wt )

PLANE WAVE if Kitt = Al

is it a Sol ?

+ hit K2 [ A ei
'K× - wt'

g , AWA eilkx
- wt ]

Em
wave eq.fi ✗±vt

{ eiklx - whet) this is a wave
/

→ Ek: aw → F
ans

E i with v=¥=fÉfEm

it is telling us that for a free particle,
the sche

. lq.is related to a classical
KIN , ENERGY = TOTAL ENERGY accounting of ENERGY
The square of the wave function absolute value gives :

probability / [ unit of length] ⑤f finding the Partick ' 14k ,-412



SUMMARY

• FREE PARTICLE SCHRODINGER EQUATION :

- ti 22 fix .tl = ih ? YK.tl
Eve 5×2 at

• Xx .tl = A
eilkx - wt )

plane wave

tikshw
Eve

• FUNDAMENTAL PARTICLE- WAVE p=I=-hk
EQS A

Es hV=tnW

✗ (✗ it ) , # e.
ÉIPX- Et )



PHYSICAL CONDITIONS : WELL BEHAVED WAVE FUNCTIONS

The probability of finding a particle between

✗ - ✗ tdx :
←Plxldx = ✗* Hit )YH,t ) -

DX

PROBABILITY DENSITY
The probability of observing it between × , and ✗2 is :

13=1×24*4 . dx
✗ I

• The particle must exist somewhere → this condition

Is imposed NORMALIZING the w .f [
the extreme ofintegi
are too

[Ylx ,t1* 41×41=1
e. g.
trepieseutapaclick

-
as

to be physically acceptable a wife. must be normalizable

RW
. f%× / A /2. eilkx-wtl-ilkx-w-1.lu =

- as

* important pcopecty of sche. e9 .
is that it preserves the normalit .

at all times [ Griffith eq ,
1121 and following ]

→ we can undestaud it using the unceitaiutypaua!
pie . The problem with this wave is that cannot represent
a particle whose w.fi is non 240 in a limited region
of space . A localized wavefunction of this type is
called

w.avep.acket@SM00THNESSiW.f. smooth , 1 dear . smooth , if not

the kit . could be as



What are expectation Values :

For a panicle in a state 4
,
the expectation value of ✗ is :

< × > = fdx × 4*1×141×1

- what does it mean? It does not mean that if you measure the position of a

particle over and ◦ Vee fxdx 1412 Is the avenge of the faults that you obtain

< × > is the avenge of measurements performed on particles ALL in state

4 . Which means : -

you prepare a whole lnsambk Of particles
each in the same state Y and measure the positions of all of them

< ✗ S is then the average of these results

The expectation value is the average of repeated measurements on
an ensambk of identically prepared systems ; NOT the

average of repeated measurements on the same system .

• we say the open-101 I
"

fepiesents
"

position ; to

calculate its expectation value we sandwich the

appropriate operator between ✗ and ✗* & integrate

< Q > = fdx ✗* QX

OPERATOR : Is an instruction to do something on the function that

follows it ; the position operator tells you to multiply by '
×
'

the mom . Opec tells you to differentiate w respect to ×
.



Well Defined Observables : Eigenvalues

given an operator Q^
,
the function fix ) is an

eigenfunction of the operator , if and only if the

operator acting on the function yields a constant

times the same function :

Oi$ = $ fix)
b b

eigenfunction Eigenvalue

In general , an operator will have multiple eigenvalues

EIGENVALUES
,
EIGENVECTORS

* How does it work for Mattias ?

We say r is au eigenvector of M if : Mr=④r
1

is a number, eigenvalue

Example :⑧
-

as 0 0
-

1. • a . / → 1:11:| .0 92 0

1,1 , 1 (A)
what are the eigenvalues : 0

, 0,0 (B)

Al
, 92,93 ¢ CD



Heisenberg Uncertainty Relation :

The meee fact that a phenomenon has a wave

nature implies inherent uncertainty in its particle
properties .

What do we mean by " uncertainty " in an observable ?

That if we measure many times the same obs
.

,

the number I find Valles in a range of values

UNCERTAINTY → MEASURE HOW TAK DEVIATIONS ARE

FROM THE HEAN AVERAGE VALUE

HEISENBERG UNCERTAINTY PRINCIPLE :

→ Because of a particle wave's nature
,
it is theoretically

impossible to know precisely both its position

along an axis and its momentum component

along that axis

• DX and DP× Cannot be 7-eco simultaneously

Apx , DX ≥ Ey I Heisenberg Nobel prize 1932)



Examples to better understand the uncertainty principles :

mm ,

,

this wave if infinite and regular

well defined wavelength I
← →

1'# p=h
g.

; Any idea on Dp ?

Apx is 0 ; but we don't know anything about its position

DX = as

wave is regular ovec a finite region
Not everywhen I andp not well}( defined-MN
Dp -1-01-I

DX is finite
Better known position .

we further restricted the region where

-I- the wave is regular and we can

Ax is small define I ,p



HAMILTONIAN :

In classical mechanics the total energy :

kin -1 potential is called : Hamiltonian

Hamiltonian = Kin .tn + pot . en

Hlxip ) = p2
Em

+ V14

the Hamiltonian operator obtained by the canonical substit
.

p→ - in 2.*
is

14=-421×2 + VK.tl

→ we saw the sche
. eq , for a free particle :

• - V22 Ya .tl = it ? ✗ Intl
5×2 It

- general expression : ÑYix,t ) = ihfgtxlx.tl
- ÑµYi× , tl-VH.tl/Vlxit1=ihfgtYcx,t ) this iscalled TIME

DEP
.
SCHRODINGER

EQ



Class of pcoblenns

→ STATIONARY STATES :

If the potential does not dep . on -1 ; then the sche
. eq

can be solved by :

• ☒ (✗ it / = ya, . ¢1T ,
Sepa'aᵗ"" of variables {

① temporal

② spatial

it 41×1%+1011-1 = - ti
? $ It) 2%41×1 + VH1 41×10/11-1

we can dw / 41×10111-1

it 1 2- fit )= - tita, ?É*⇒ + VI.× '

Ott] Jt

each of these teams needs to be = constant

2 independent equations : we denote it

TEMPORAL PART : ih 1¥, dgq.lt!
BY €

- i#tht
• first order diff . : 0/1-11= l
equation

'

/ É¥ / = [TJ
-1

l freq
= w → C=hiW=F



for the Sp . pact we solve :
this Is called TIME INDEP

.

sCHRÑD
, egA

- hit F HH) 1- UHIYHI = FYHI
Em 5×2

↓

1-1^41×1=841×1 → we want to find
eigenvalues and

eigenstates
foe out operator :

Ñ

-if
the wf . dep. out

stationary state : fix ,-11=41×1 e. £
the prob . density

,
which is does hot dep . On

physical property : 181×5111? 4*1×141×1 → t

for stationary states
,
the whereabouts of the particle

do not change with time
-

why stationary states are cool :

classically an election I charged particle / orbiting in an atom

should constantly lose en . in the form of em .

Jordi atlon
.

In Q.tl . the election is a stationary cloud
.

Its prob . density
"

is

%::÷.ge?:::.::::.::;::..:ene*.awell defined const .

Q.tl . explains atom stability

u


