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Summary

Use microscopic theory of superconductivity → calculate the current
response J = KA [Rainer and Sauls (1995)]

Apply boundary value conditions on Electromagnetic field at the
specular vacuum-metal interface,

Predict the observed δf = fs – fn with a precision of order several
10Hz over the temperature range 0 . T ≤ Tc , including the negative
frequency shift anomalies observed very near Tc [Bafia et al. (2021)]

The non-monotonic dependence of the quality factor on the
quasiparticle scattering rate is studied.
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Current Response of an SRF Cavity

~J(~r , t) = – c
4π

∫ t

–∞
K (t – t ′) ~A(~r , t ′)dt ′

K (t – t ′,~r –~r ′) ≡ Θ(t – t ′) K (t – t ′)δ(~r –~r ′) (1)

the local limit i.e. K (ω, q) ≈ K (ω)
Sufficient disorder : reduces the coherence length, ξ, increases the London
penetration depth: q ≤ 1/λL � 1/ξ0

(
∇2 + ω2

c2 – K (ω)
)
~A(~r ,ω) = 0 , (2)

Specular Boundary conditions: the continuity of ~A and ∂n~A
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Response function, conductivity, penetration depth

• The imaginary part of K is proportional to the dissipative conductivity σ1

Im(K (ω)) = – 4πω
c2 σ1(ω) , (3)

• The real part of K is proportional the penetration depth

Re(K (ω)) = 4πω
c2 σ2(ω) h̄ω�2∆(T )−−−−−−−−→

T→T –c

1
λL(T , τ)2 , (4)

The pair formation time τ0 ≡ h̄/2πkB Tc

• Clean limit τ > τ0 and near Tc : λL(T , τ) ' λL0/
√

1 – T /Tc

λL0 = c/ωp is the pure London length
• Dirty limit τ < τ0:
λL(T , τ) ' λL(T )

√
1 + τ0/τ ' λL(T )

√
1 + ξ0/` where ` = vF τ and

ξ0 ≈ vF τ0
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Boundary conditions for cylindrical cavities

• SRF cavities: Tesla geometry
• For analytic calculations we consider cylindrical cavities of radius R and
length L and adjust for the geometric factor G .

TM010 is the lowest energy mode
~E (~r ,ω) = (iω/c) A0 J0(ωρ/c) ẑ ,
~B(~r ,ω) = A0 (ω/c) J1(ωρ/c) ϕ̂.

 Pump (TE011, TM010) and signal (TM020) EM fields
• TE011 mode • TM010 mode • TM020 mode

Magnetic field

Electric field
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L

Eigenvalue equation:

Λ($) ≡
√

K ($) – ($/c)2 =
($

c

) J1($R/c)
J0($R/c)

$ ≡ ω + δω – iω/2Q Q is the quality factor

δω = 2π(fs – f0) fs – f0 frequency shift with respect to ideal metal
(5)
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Impedance, Resistance and Reactance

Z /Z0 ≡ E||(R)/H||(R) = J0($R/c)
J1($R/c) = $

c Λ($)–1

Z = R + iX (6)

The change in the reactance upon cooling through the superconducting
transition generates a shift in the resonance frequency,

δf ≡ fs – fn = f
2G (Xn – Xs) , (7)

while the surface resistance below Tc determines the quality factor,

Qs = G
Rs

, (8)
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Frequency shift, theory and experiment
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experiment (black) : [Bafia et al. 2021] reports Rn ' 7.1 × 10–3Ω,

corresponding to τ = 0.28 ps, from τ = π f
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theorey (red) : τ = 0.26ps
f = 2.6 GHz
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Nitrogen dopped cavities

See ref.Ueki et al, arXiv:2207.14236

τ0 ≡ h̄/2πkB Tc ,

Tc [K] vf [108 cm/s] τ0 [ps] ξ0 [nm] λL0 [nm] ∆0 [meV]
9.33 0.257 0.131 38.0 33.0 1.55

f [GHz ] τ [ps] `[nm] τ/τ0 Rn[mΩ]∗ τRn [ps]
0.65 0.173 45.092 1.327 4.37 0.184
1.30 0.224 58.235 1.713 5.45 0.236
2.60 0.257 66.700 1.963 7.10 0.279
3.90 0.249 64.730 1.905 8.96 0.262

* Rn from D. Bafia [private communication].
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The origin of the anomalous frequency shift

dissipative conductivity and the normal metal skin-depth

Im(K (ω)) = – 4πω
c2 σ1(ω) h̄ω�2∆(T )−−−−−−−−→

T→T –c
– 1

2λn(ω, τ)2 , (9)

λn(ω, τ) ≡ δn(ω, τ)/2

δ(ω) ≡ c/
√

2πσDω =
λL0√
ωτ/2

. (10)

the penetration depth

Re(K (ω)) = 4πω
c2 σ2(ω) h̄ω�2∆(T )−−−−−−−−→

T→T –c

1
λL(T , τ)2 , (11)
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Explaining anomalous frequency shift

in the limit δω/ω � 1 and 1/Q � 1 for |T – Tc | � Tc

fs – f0 = – f
Reff

Re


(

1
λL(T , τ)2 – i

2λn(ω, τ)2

)– 1
2


fn – f0 = –(f /Reff)λn = –2(f /Reff) δn (12)

where Reff = R GTesla/Gcyl and R is the radius of a cylindrical SRF cavity
with a TM010 mode (for f = 2.6 GHz).

Competition between the normal-state penetration depth λn and the
London penetration depth λL.
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The negative frequency shift near Tc
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Figure: f = 2.6 GHz cavity
Minumum frequency shift: –2.39 kHz at T = 0.9982 Tc

dip extends over |δT | ≈ 4× 10–3 Tc .
λL ≈ λL0/

√
1 – T /Tc

When λL exceeds λn the fequency shift is negative.
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Quality factor
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← Dirty Clean →

2π∆τ/~ = τ/τ∆

Q

f = 2.6GHz cavity T /Tc = 0.15
τ∆ ≡ h̄/2π∆(T ),
τ/τ∆ � 1: dirty normal state, pair-breaking suppression of ns ∝ 1/λ2

τ/τ∆ � 1 : clean limit, beyond local approximation
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Conclusion

The origin of anomalies in frequency shift is shown to be the
competition between the normal metal skin depth and the London
penetration depth which diverges as T → T –

c .

An analytic approximation to the full current response, valid for
|T – Tc | � Tc , accounts for the negative frequency shift near Tc .

δf anomaly is good way to characterize disorder in Nb resonators

The pair-breaking effect of disorder leads to the non-monotonic
dependence of the quality factor on the quasiparticle scattering rate.
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Future work

Recent results: wider anomalous frequency shift up to δT /Tc ≈ 0.1.
inhomogeneous impurites? [Ngampruetikorn and Sauls (2019)]
nonlocal effects?
TLS contribution?
extended impurites?

ties [20]. In this paper, we present the results obtained from
five cavities named 1DE19, 1AC2, 1DE18, 1RI4 and 1RI2.
These cavities underwent baseline treatments [21,22]. Then,
cavity 1DE18 was coated with an 18 nm layer of Al2O3 us-
ing thermal atomic layer deposition (ALD) at 120 °C. This
ALD coating served as an insulating layer, preventing the
growth of the native oxide layer after subsequent heat treat-
ment [23, 24]. Finally, all five cavities underwent mid-T
heat treatment with different recipes (see Table 1). In addi-
tion, one conical sample with each cavity treated. Three of
these samples, treated with 1DE19, 1AC2 and 1RI2, were
analyzed using time-of-flight secondary ion mass spectrom-
etry (TOF-SIMS) to determine the concentration of oxygen
impurities present at a depth of up to 250 nm.

EFFECT OF MID-T HEAT TREATMENT
ON df VS. T AND Q0 VS. EACC

As expected, the local minimum after crossing Tc, the
so-called dip, is observed in the df vs. T curves of our mid-T
heat treated cavities. To have a comparable feature, we have
plotted the frequency shift, f(T) versus reduced temperature
scale, T/Tc0, relative to the normal conducting frequency,
fNC, serving as a reference and Tc0 defines 9.27 K. Q0 shows
df vs. T/Tc0 and Q0 vs. Eacc for cavity 1DE18 before and
after mid-T heat treatment. In Fig. 1 (a), the frequency be-
havior of the coated cavity shows no dip before the mid-T
heat treatment, but a sharp transition from the superconduct-
ing to the normal conducting regime, as typical for cavities
without mid-T heat treatment. After heating the cavity for
3 h at 300 °C, a dip with high magnitude, Δfdip = fNC – fmin,
near Tc, and higher magnitude of total frequency shift, Δf0=
f(T=0) – fNC, are observed. These changes clearly demon-
strate the impact of mid-T heat treatment on the behavior of
df vs. T. Figure 1 (b) illustrates RF performance of 1DE18
in three steps, after the baseline treatment, after the coating
of 18 nm Al2O3 and after the mid-T heat treatment. The
Q0 vs. Eacc curves show the typical behavior of a European
XFEL cavity, even after coating, and that after mid-T heat
treatment. To further analyze the dip features, we define ΔTc
as a temperature difference of points A and B in Fig. 1 (a),
which is ΔTc= Tc,max – Tc,min. Point A and B are given by
the intersection of fNC extrapolated to lower T and the mea-
sured frequency response of the cavity. The intersection at
the lower temperature gives the Tc,min, while the intersection
at the higher temperature is the Tc,max. Definitions of dip
features in this section is used in the subsequent section,
enabling us to establish meaningful correlations between the
dip and performance characteristics.

Δf0, Δfdip AND Q0, max CORRELATIONS
In this section, we explore the significance of oxygen con-

centration in relation to the frequency dip observed near
Tc in mid-T heat-treated SRF cavities. We investigate how
the evolution of frequency features is influenced by skilful
adjustments in the duration and temperature of mid-T heat
treatment, allowing us to understand better the impact of

Figure 1: (a) Frequency shift versus reduced temperature
scale and (b) Q0 versus Eacc of 1DE18. The relative uncer-
tainty for the measurement of the quality factor is below 10%.
Points A and B define as (Tc,max/Tc0, fNC=0) and (Tc,min/Tc0,
fNC=0), respective

heat factors on the oxygen profile. This, in turn, leads to an
overall improvement in the quality factor. We have utilized
five mid-T heat treated cavities, each prepared using differ-
ent recipes, which are thoroughly summarized in Table 1.
Figure 2 illustrates the frequency shift of these cavities. Part
(a) of the figure presents the entire range of frequency shifts,
while part (b) magnifies the region near Tc to highlight the
dip features the RF corresponding to different recipes. The
extrapolated frequency shift in Fig. 2 (a) is plotted relative
to the penetration depth at 0 K, achieved by fitting df vs. T
below the dip distribution down to low temperatures. With
using the dependency of the frequency shift on the penetra-
tion depth which can be explained by Slater’s theorem [25]
and the penetration depth itself is dependent on temperature
by Gorter-Casimir model [26], tending towards a constant
value at lower temperatures. From our observation, we cate-
gorize the total frequency shifts, denoted as Δf0, into three
ranges. The first range, with Δf0 approximately ranging in
11-12 kHz, comprises cavities 1DE19 and 1AC2 treated at
approximately 300 °C for around 3 h. The second group,
with Δf0 ranging from 17-18 kHz, consists of the coated
cavity 1DE18 treated at 300 °C for 3 h and the cavity 1RI4
with the same duration but at a lower temperature of 250 °C.
Finally, 1RI3 with Δf0 around 23 kHz.
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EM linear response function K (~q,ω)

Current response K [Rainer and Sauls 1995] in local limit

K (ω; τ , T ) = 4πω
ic2 (σ1 + iσ2) = πσD

ic2τ

∫ +∞

–∞
dεI (ε,ω; τ , T )

I (ε,ω; τ , T ) ≡
{

tanh
(
ε – ω/2

2T

)
1

DR
+ + DR– + 1/τ

(
ε2 + ∆2 – ω2/4

DR
+DR–

+ 1
)

– tanh
(
ε+ ω/2

2T

)
1

DA
+ + DA– + 1/τ

(
ε2 + ∆2 – ω2/4

DA
+DA–

+ 1
)

+

[
tanh

(
ε+ ω/2

2T

)
– tanh

(
ε – ω/2

2T

)]
1

DR
+ + DA– + 1/τ

(
ε2 + ∆2 – ω2/4

DR
+DA–

+ 1
)}

DR/A
± ≡

√
∆2 – (ε± ω/2± iδ)2 (13)

where σD = ne2τ/m∗ is the Drude result for the d.c. conductivity
the normal state conductivity σn(ω) = σD/(1 – iωτ)
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