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Most contemporary quantum computing efforts have focused 
on encoding quantum information in two-level systems, called 
qubits. Processing information on d-dimensional systems or 
qudits, provides a larger Hilbert space to store and process 
information which can reduce circuit complexity as well as 
improve the information density of the processor. 

A preferred decomposition can be obtained by performing a 
change of coordinates 0 ↔ 2  with transition matrix, 𝑇.

1. Construct similar symmetry arguments for other common 
qutrit gates or sections of other qutrit gates
2. Find analytical form for Hadamard decomposition for a qudit

All qudit operations (or gates) can be represented by a unitary 
matrix. Before an algorithm can be implemented on a quantum 
computer, the gates must be decomposed into elementary 
operations which are executable on the quantum hardware. 
Gate decomposition for qubits is well known and is equivalent to 
performing a Euler angle decomposition on the transformation. 
For qudits, the process is more convoluted since not all 
transitions are possible. In transmon qudits, for example, only 
transitions between adjacent energy levels are allowed. In 
general, many decompositions exist for a given unitary gate. 
The goal of this work is to find a hardware efficient gate 
decomposition scheme for an arbitrary unitary. 

The Hadamard gate (𝐻 ) is an essential 
component of most quantum algorithms. 𝐻 
can be conveniently constructed in terms 
of three SU(2) rotations [1]:

The decomposition consists of two rotations in the { 1 , |2⟩} 
subspace and one rotation in the { 0 , |1⟩} subspace.  However, 
higher levels typically have shorter coherence times and so a 
decomposition involving more low-energy levels is preferred. 

Fig.2 Decomposition visualization for Hadamard gate into SU(2) rotations (dark blue), 
generalized phase gates (cyan) and T matrices (orange). The process takes the Hadamard into 
the transformed coordinates (top), applies the transformation to each constituent operation 
(middle) and then returns to the standard basis (bottom). 

This 𝑇 matrix scheme produces a decomposition with two 0 ↔
|1⟩ transitions and only one 1 ↔ |2⟩ transition. 
For transmons, this decomposition is more hardware efficient 
since low energy states are less susceptible to decoherence.
The phase gates can be applied virtually in software and so the 
additional phase gate will not contribute to the duration of the 
pulse sequence. [2] 
This scheme can be easily extended to ququart and beyond. The 
generalized 𝑇 matrix takes 𝑚 → 𝑛 − 𝑚 	for	𝑛 ≥ 𝑚.
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Example: Qutrit Hadamard Gate
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