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A Vlasov-Poisson solver together with experimental tests done with Fermilab’s IOTA 

(Integrable Operable Test Accelerator) will be very useful in improving the accelerator 

beam intensity, quality and prediction. The need for such a code has long been noted in 

the beam dynamics community.

Continuing from the work started last year with the development of a 2D particle tracker 

and 2D density distribution program, we continue and proceed in the development of a 

4D particle tracker and 4D density distribution program. The conservation of the 

system’s emittance and density will be investigated.

The accelerator 4D particle distribution of a simulated 10000 particles through 10000 

turns was successfully mapped as shown below in the figures taken every 2000 turns. 

The rotation of the particles in the accelerator can be clearly seen as one advances 

through the figures. 

Accelerator particle distribution from initial position to the 10,000th turn through the accelerator.

The next steps in the project is to continue to integrate the use of parallel computing 

schemes to increase the speed of the density distribution program while still striving to 

conserve the emittance and density of the system.

The transfer matrix for the sextupole:

𝑀𝑠𝑒𝑥𝑡(𝑋) = 𝑥, 𝑥2 + (0, 𝑘2𝑥
2)

The initial position of the particles is at position O. The position P is where the 

sextupole is located.

The transfer map used to track the particles:

𝑋𝑛+1 ≡ 𝑇 𝑋𝑛 = 𝑀𝑃𝑂 ∗ 𝑀𝑠𝑒𝑥𝑡 ∗ 𝑀𝑂𝑃(𝑥, 𝑥
′)𝑛
𝑇

The beam density is transported by the inverse map: 

𝜌𝑛+1 = 𝜌(𝑇−1 𝑋𝑛 )

𝑇−1 𝑋𝑛 = 𝑀𝑂𝑃
−1 ∙ 𝑀𝑠𝑒𝑥𝑡

−1 ∙ 𝑀𝑃𝑂
−1 𝑋𝑛

𝑀𝑠𝑒𝑥𝑡
−1 = 𝑋 − ∆𝑋
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Introduction and Purpose Conclusions and Future Work

Continuing work started last year, four dimensions were represented in both the x and y 

directions consisted of the particle distance from the point of reference and its 

momentum. 

The methods and equations used last year for the 2D case can be updated to apply to 

the 4D case by switching out the 2D X which was (x, x’) for the 4D X which now stands 

for (x, x’, y, y’).

The particles were mapped and the density distribution were then defined and analyzed 

using the open source programming language Python.

Methods Used
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The output from the 4D density is shown in the array of figures below. The figures start 

at the initial x- and y-position and are captured at 100, 200, and then at 280 turns.

Density distribution of the particles in both the x- and y-positions at different turns.                             System emittance.
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