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e Heavy Quark Effective Theory (HQET) is an EFT for heavy quark
Useful for mg > /\QCD

e From the QCD Lagrangian we can obtain

L = hyiv - Dh, + Bvimz

. —, Y
mQ—{—I‘V-DILDL

hy is the heavy quark field and D} = D* — (v - D)v*
Forv=(1,0): D'=D
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HQET

e Heavy Quark Effective Theory (HQET) is an EFT for heavy quark
Useful for mg > /\QCD

e From the QCD Lagrangian we can obtain

L = hyiv - Dh, + Bvimz

. —, Y
mQ—{—I‘V-DILDL

hy is the heavy quark field and D} = D* — (v - D)v*
Forv=(1,0): D'=D

e Expanding in powers of iv - D/2mg gives

_ _ D2 — 0,3GP 1
£HQET = hviV : th - C2hv7th - CFth B hv +0 (
2mgq 4mg
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HQET

e Using HQET observables can be written as a series

Observable = i Z C{I(M)M
mQ

n=0 j

where ( O}(p)) ~ Ncp and p ~ mq
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HQET

e Using HQET observables can be written as a series

Observable = Z Z c{,(u)w
n=0 j mQ
where ( O}(p)) ~ Ncp and p ~ mq
o (1) are perturbative and ( O(u)) are non-perturbative

e Since as(u) becomes smaller for large 1 and AQcb/mg is small

expect to achieve good precision with just a few terms
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e Using HQET observables can be written as a series

Observable = i Z C{r(ﬂ)w
mQ

n=0 j

where <O{,(u)) ~ Ngcp and p~ mgq

o (1) are perturbative and ( O(u)) are non-perturbative

e Since as(u) becomes smaller for large 1 and AQcb/mg is small
expect to achieve good precision with just a few terms

e To improve the precision we can

- calculate c/(p) to higher powers in as

- include ( O%(p)) with larger n,
assuming you can extract them from data or use Lattice QCD
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HQET

Using HQET observables can be written as a series

Observable = i Z C{r(ﬂ)w
mQ

n=0 j

where <O{,(u)) ~ Ngcp and p~ mgq

ch(n) are perturbative and { O%(1)) are non-perturbative

Since as(p) becomes smaller for large 1 and AQcb/myg is small
expect to achieve good precision with just a few terms

To improve the precision we can

calculate c}(11) to higher powers in s

include ( O% () ) with larger n,

assuming you can extract them from data or use Lattice QCD
What ( O{,(,u)> do we encounter?
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What ( O/(11) ) do we encounter?

e What { O}(u)) do we encounter?

Strong interaction operators made of quarks and gluons
Local: e.g. G(0)---q(0)
Non-Local: e.g.  g(0)---q(tn) n light-cone vector
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What ( O/(11) ) do we encounter?

e What { O}(u)) do we encounter?

Strong interaction operators made of quarks and gluons
Local: e.g. G(0)---q(0)
Non-Local: e.g.  g(0)---q(tn) n light-cone vector

e The general matrix element:  (£(p¢)| Oh(1)]i(p;))
O}(11) can be local or non-local; p;, ps independent or not
List options in increased complexity
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Local operators

e Local operator between vacuum and a state: Decay constant

(0lgy"yshy|P(v)) = —iy/mpfpvH
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Local operators

e Local operator between vacuum and a state: Decay constant

(0lgy"yshy|P(v)) = —iy/mpfpvH

e Diagonal matrix element of local operator: HQET parameter

(B|b D? b|B) = 2Mpg?

™
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Local operators

e Local operator between vacuum and a state: Decay constant

(0lgy"yshy|P(v)) = —iy/mpfpvH

e Diagonal matrix element of local operator: HQET parameter

(B|b D? b|B) = 2Mp?

™

e Non-diagonal matrix element of local operator: Form factor
(D(pr)|e"b|B(pi)) = fi(a*)(pi + pe)* + £-(°)(pi — pr)*

where pr — p; = q
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Non-local operators

e Non-local operator between vacuum and a state: LCDA

(MR (O [0, ] ax(en) 0) = —iF () [ do €', ()

Gil Paz (Wayne State University) Recent developments in HQET



Non-local operators

e Non-local operator between vacuum and a state: LCDA

(MR (O [0, ] ax(en) 0) = —iF () [ do €', ()

e Diagonal matrix element of a non-local operator: Shape function

) = o 337c / " dt e (B(v)|B(0) [0, tn](tn)] B(v))

— 00

Gil Paz (Wayne State University) Recent developments in HQET



Non-local operators

e Non-local operator between vacuum and a state: LCDA

(MR (O [0, ] ax(en) 0) = —iF () [ do €', ()

e Diagonal matrix element of a non-local operator: Shape function

S) = 5 ags [ A€ BWIBO)10.enlo(en)|B(v)

e Non-diagonal matrix element of a non-local operator:
Non-local Form factor

(K™ (pr)|5L(0)y” - -+ Gapbi(tn)|B(pi))
[Khodjamirian, Mannel, Pivovarov, Wang, JHEP 09, 089 (2010)]
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Example: |V,| and B — X (7,

e Semileptonic b — ¢ transition

G _
2L C(p) Vo Ty(1 = A®)p ev™(1 = ~°)b

%e -
ff \/§
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Example: |V,| and B — X (7,

e Semileptonic b — ¢ transition

G _
2L C(p) Vo Ty(1 = A®)p ev™(1 = ~°)b

Hoee =
eff \/§
e Using the optical theorem can calculate B — X, ¢ 7y as an OPE
e
oo+ %
m
b

Gil Paz (Wayne State University) Recent developments in HQET



Example: |V,| and B — X (7,

e Semileptonic b — ¢ transition

G _
2L C(p) Vo Ty(1 = A®)p ev™(1 = ~°)b

Hoee =
eff \/§
e Using the optical theorem can calculate B — X, ¢ 7y as an OPE
e
oo+ %
m
b

e co(Op) is a free quark decay. At tree level same as 1 — e Ter,
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Example: |V,| and B — X (7,

e Semileptonic b — ¢ transition
GF - _
Hesr = —= C1 (1) Veo Lyu(1 — 7 )we e9*(1 = ~°)b
V2
e Using the optical theorem can calculate B — X, ¢ 7y as an OPE
e
SURP. T
mp

c0(Op) is a free quark decay. At tree level same as 1 — e er,

¢/ perturbative in as
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Example: |V,| and B — X (7,

Semileptonic b — ¢ transition

Gr _ )
Hefr = ﬁCl(u) Vb 0vu(1 — ¥ vp ev*(1 — 4°)b

Using the optical theorem can calculate B — X, ¢ 7y as an OPE

(O
e alon s O
my

c0(Op) is a free quark decay. At tree level same as 1 — e er,

c,-j perturbative in ag

(O;) are non perturbative, can be extracted from experiment

(Op) = (B|bb|B) =1 _

(O5™) = (B|b(iD)*b|B) = i3

(0)*®) = (B|bo,, G"b|B) = u% can be extracted from Mg« — Mg
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Example: |V,| and B — X (7,

e Using the optical theorem can calculate B — X. (7 as an OPE

(0h) | j(0)) | ;(0h) , (O
~ J J J J
[~ co(Oo) + ¢ e e SR e SR e S
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Example: |V,| and B — X (7,

e Using the optical theorem can calculate B — X. (7 as an OPE
o) (0] e e
(O , 400 40 0
mp mp mp mp

[~ co(Op) + c2j

- 1/m): One operator
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Example: |V,| and B — X (7,

Using the optical theorem can calculate B — X. (7 as an OPE

(0h) | j(0)) | ;(0h) , (O
~ J J J J
[~ co(Oo) + ¢ e e SR e SR e S

1/m): One operator

1/mp: No operators

1/m?: Two operators

[Blok, Koyrakh, Shifman, Vainshtein PRD 49, 3356 (1994)]
[Manoar, Wise PRD 49, 1310 (1994)]
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Example: |V,| and B — X (7,

Using the optical theorem can calculate B — X. £, as an OPE

(0h) | j(0)) | ;(0h) , (O
~ J J J J
[~ co(Op) + ¢ m +c m + ¢ m + cs s +

1/m): One operator

1/mp: No operators

1/m?: Two operators

[Blok, Koyrakh, Shifman, Vainshtein PRD 49, 3356 (1994)]
[Manoar, Wise PRD 49, 1310 (1994)]

1/m3: Two operators

[Gremm, Kapustin, PRD 55, 6924 (1997)]

[Mannel, Turczyk, Uraltsev JHEP 1011, 109 (2010)]:
1/mf: Nine operators

1/m2: Eighteen operators
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Example: |V,| and B — X (7,

Using the optical theorem can calculate B — X. (7 as an OPE

(0h) | j(0)) | ;(0h) , (O
~ J J J J
[~ co(Oo) + ¢ e e SR e SR e S

1/m): One operator

1/mp: No operators

1/m?: Two operators

[Blok, Koyrakh, Shifman, Vainshtein PRD 49, 3356 (1994)]
[Manoar, Wise PRD 49, 1310 (1994)]

1/m3: Two operators

[Gremm, Kapustin, PRD 55, 6924 (1997)]

[Mannel, Turczyk, Uraltsev JHEP 1011, 109 (2010)]:
1/mf: Nine operators

l/mz: Eightgen operators

All above: ¢} at O(a?).
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Example: |V,| and B — X (7,

Using the optical theorem can calculate B — X. (7 as an OPE

(0h) | j(0)) | ;(0h) , (O
~ J J J J
[~ co(Oo) + ¢ e e SR e SR e S

1/m): One operator

1/mp: No operators

1/m?: Two operators

[Blok, Koyrakh, Shifman, Vainshtein PRD 49, 3356 (1994)]
[Manoar, Wise PRD 49, 1310 (1994)]

1/m3: Two operators

[Gremm, Kapustin, PRD 55, 6924 (1997)]

[Mannel, Turczyk, Uraltsev JHEP 1011, 109 (2010)]:
1/mf: Nine operators

l/mz: Eightgen operators

All above: ¢} at O(a2). Are these all the possible operators?
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e Are these all the possible operators?
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Are these all the possible operators?

Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
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Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series
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Interlude

Are these all the possible operators?

Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.
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Interlude

Are these all the possible operators?

Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.
For 1/m9, 1/m3, 1/m3 these are all the possible operators
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Interlude

e Are these all the possible operators?

e Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

- By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

- NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
e See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.

- For 1/m?, 1/m?, 1/m} these are all the possible operators
- 1/m}: 9 operators at O(a?)
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e Are these all the possible operators?

e Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

- By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

- NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
e See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.

- For 1/m?, 1/m?, 1/m} these are all the possible operators
- 1/m}: 9 operators at O(a2) = 11 operators at O(«s) or higher
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Interlude

e Are these all the possible operators?

e Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

- By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

- NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
e See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.

- For 1/m?, 1/m?, 1/m} these are all the possible operators

- 1/m}: 9 operators at O(a2) = 11 operators at O(«s) or higher
- 1/m3: 18 operators at O(a?)
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Interlude

e Are these all the possible operators?

e Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

- By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

- NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
e See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.
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Interlude

e Are these all the possible operators?

e Question answered in [Gunawardna, GP JHEP 1707 137 (2017)]

- By mapping the problem to diagonal HQET local matrix elements

- List such operators, in principle, to arbitrary dimension

- NRQED and NRQCD bilinear ops., in principle, to arbitrary dimension
e See also [Kobach, Pal PLB 772 225 (2017)] using Hilbert series

e Are these all the possible operators? No.

- For 1/m?, 1/m?, 1/m} these are all the possible operators

- 1/m}: 9 operators at O(a2) = 11 operators at O(«s) or higher
- 1/m3: 18 operators at O(a2) = 25 operators at O(as) or higher

e O(as) operators are unknown but extremely small
For example: as (Aqcp/mp)* ~ 0.2 (0.1)* ~ 1075
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Dimension 8 NRQCD Lagrangian

e The dimension 8 NRQCD Lagrangian
[Gunawardna, GP JHEP 1707 137 (2017), Kobach, Pal PLB 772 225 (2017)]
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Dimension 8 NRQCD Lagrangian

e The dimension 8 NRQCD Lagrangian
[Gunawardna, GP JHEP 1707 137 (2017), Kobach, Pal PLB 772 225 (2017)]

L 2 pi g 2 ipi g i 1pi 1pi E
dim=8 wt{leg[Ds{D»E}]+CX2g{Dv[DvE]}+C (D', [D', [D/, E]]]

LNRQCD = X3
4 4 4
mp mp mp
(D', eikEigk (T2, T i _ijk gj gk sab i _ i
) ,{D', REIBf {T?, TP}y ,{D', REIBf 5Py D'c - (D x E — E x D)D
+icxsa & +icxan & +icxsg
2M4 m# m?
p P
kD', E'D 2{o B,T?,[D', E], T} 20 - Bo[D', E'],
tiexeg 3 t X728 —————— 7 tXp& ——
m 2M m
P p
reye, 2 LETDN o BLTE} 2EjD o Bl 2{BT?, (D' o - E], T}
C C
X8a & BYvE X8b & mf, X9a & By
2 BilD', o - E], 2 {EiT? [0 - D, B, T} 2 Eilo - D, B'l,
+exop & 2 + X102 & y texwb8
m 2M m
p P
,{BiT? [0 D, E,T"} ,Bilo - D,E, , ek ol Bl Dy, EF, {T2, T}
+c —a 2 4c = P iE
X112 & ME X11b & mg X122 & Mt
. oo E DL EN. o L[ELIDLEN . LB, (D X E+E X D)]
texip gt ——— g tixi3g ———— tixug ———————
mp mp mp
. »[E', (D x B+ B x D) 2o B, {D',E'}] ,[B',{D, o - E}] ,[E', {o - D,B'}]
+icxi58 7 + cx168 2 toxir8 5 toxws 5 P
mp mp mp mp
- 25 operators
- cxp start at O (as)
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Dimension 9 HQET operators

e Spin independent Dimension 9 HQET operators at O(a?)
[Gunawardna, GP JHEP 1707 137 (2017)]
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Dimension 9 HQET operators

e Spin independent Dimension 9 HQET operators at O(a?)
[Gunawardna, GP JHEP 1707 137 (2017)]

—— (H|hiD*1iDH2 D3 iDH4 iDH5 iDH6 h|H) = al; ) o MHTH2H3HAHEHG |

2My
+a§2 55 (MHTH2MH3HE AN | [HLH3H2H4 G K ) Jra(1!;)36 (MHLH2ME3H6 IaRS 4 MF1E4MH2HIMHS1E) 4

+a§§{25 MA1H3 [H2H5 [H4R6 | 353)126 (MH1IH3MH2HE A4S | HLES [H2H3 ARG 4 aﬁ),% MHLH4 215 A3 HE |

(9) B 1g (2 16 [ H3 15 (M2 4 [TH3 1 (9) 5 (2 16 [ H3 (9) 116 [TH2 43 (4 1
+al4126(|—|14|'|26|'|35+|'|15|-|24|-|36)+3126|‘|15|'|26|'|34+al6’23|'|16|'|23|'|45+

_*_3(1%)24 MA1HE H2K4 [H3H5 | 352)25 MH1H6 H2K5 [H3H4 | b(9) . (MHLE2[H3H6 14 15 o [HLIHATIHEHG 12 H3) |

+b(9)4 (MHLH2MAHG Y13 1S 4 RTHIMEHE  H2 e ) | (9) o THLH2MIHBHG (13 Ha

+b(9)26 (MMLP3MR2HG e 15 | PLHS G 12 H3) | ) IPIH3HaNG Y12 1S5

+b§4) (MHLRAMH2HE 13 Hs | RIS H3KG B2 e ) 4 p(0)  i1HanEsse 2 ks b(9) R e
*bge 5y (MPLHEIIH2H3  la 1S | LR OIARS 12 1i3) 4 p(O)  (MHLH6 142144 3 H5 y [RLIG [IA31S 12 ha )

*bgs)za MH1H6 [H2K5 13 Ha | b§96)34 MH1HE [H3K4A  H2 K5 C(9) MHLH6 12 K3 | H4 | 15
v v v
Where [N# = gh¥ — yHy
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Power corrections

e 1/m},1/m} matrix elements extracted from B — X /(7
[Gambino, Healey, Turczyk PLB 763, 60 (2016)]
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Power corrections

e 1/m},1/m} matrix elements extracted from B — X /(7
[Gambino, Healey, Turczyk PLB 763, 60 (2016)]

Table 2
Default fit results: the second and third columns give the central values and stan-
dard deviations.

mkin 4.546 0.021 r 0.032 0.024
me(3 GeV) 0.987 0.013 r —0.063 0.037
e 0.432 0.068 r3 —0.017 0.025
u 0.355 0.060 T4 —0.002 0.025
03 0.145 0.061 rs 0.001 0.025
pis —0.169 0.097 6 0.016 0.025
m 0.084 0.059 7 0.002 0.025
iy —0.019 0.036 rs —0.026 0.025
i3 —0.011 0.045 r9 0.072 0.044
My 0.048 0.043 o 0.043 0.030
s 0.072 0.045 It 0.003 0.025
s 0.015 0.041 2 0.018 0.025
iy —0.059 0.043 3 —0.052 0.031
g —0.178 0.073 T4 0.003 0.025
) —0.035 0.044 ris 0.001 0.025
x2/dof 0.46 e 0.001 0.025
BR(%) 10.652 0.156 7 —0.028 0.025
10%|Vep | 4211 0.74 rig —0.001 0.025
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Power corrections

e 1/m},1/m} matrix elements extracted from B — X /(7
[Gambino, Healey, Turczyk PLB 763, 60 (2016)]

Table 2
Default fit results: the second and third columns give the central values and stan-
dard deviations.

mkin 4.546 0.021 r 0.032 0.024
me(3 GeV) 0.987 0.013 r —0.063 0.037
e 0.432 0.068 r3 —0.017 0.025
u 0.355 0.060 T4 —0.002 0.025
03 0.145 0.061 rs 0.001 0.025
pis —0.169 0.097 6 0.016 0.025
m 0.084 0.059 7 0.002 0.025
iy —0.019 0.036 rs —0.026 0.025
i3 —0.011 0.045 r9 0.072 0.044
My 0.048 0.043 o 0.043 0.030
s 0.072 0.045 It 0.003 0.025
s 0.015 0.041 2 0.018 0.025
iy —0.059 0.043 3 —0.052 0.031
g —0.178 0.073 T4 0.003 0.025
) —0.035 0.044 ris 0.001 0.025
x2/dof 0.46 e 0.001 0.025
BR(%) 10.652 0.156 7 —0.028 0.025
10%|Vep | 4211 0.74 rig —0.001 0.025

e “The higher power corrections have a minor effect on |Vp| ...
There is a —0.25% reduction in |Vcp|"
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Perturbative corrections

e Can improve theoretical predictions by calculating

c,J; to higher orders in as
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Perturbative corrections

e Can improve theoretical predictions by calculating
c} to higher orders in as

e “Technology” improved to O(a?)
e Example: using four-loop relation between the pole and MS masses

the extract HQET parameters from B and D meson masses
[Takaura, EPJ Web Conf. 274, 03003 (2022) arXiv:2212.02874]
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Perturbative corrections: Four-loop HQET propagator

e “Technology” improved to O(a?): Four-loop HQET propagator
[Lee, Pikelner JHEP 02, 097 (2023) arXiv:2211.03668]
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Perturbative corrections: Four-loop HQET propagator

e “Technology” improved to O(a?): Four-loop HQET propagator
[Lee, Pikelner JHEP 02, 097 (2023) arXiv:2211.03668]

Lo <> <

D e o

Red solid lines: massless propagators, double lines: HQET propagator
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Four loop HQET heavy-to-light anomalous dimension

e This four-loop calculation was used to find the four-loop HQET heavy
to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
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Four loop HQET heavy-to-light anomalous dimension

e This four-loop calculation was used to find the four-loop HQET heavy
to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]

- o a) 8 5 5\, Caf, o 49\ 10

77(&1):73CFE+CF(Q> [7(“;(3” 75) 5 (2 2) ?Tpnl]
AP 8 , 32, 37

+CF(E> [70,.-(36(3+§7r -3 +§)

CrCa 8 . 592, 6%\ C% 4, 130, 1451
4 (1426, — - - — Y4 (29 - -
T3 STl 12 3\t g g

- gc,Tmesscx Az, 235) + St n,(leo— Ta2_ ‘%") “O(Tm,) ]

+ ( ) [c‘ (muug, —168¢2 - @wici 4394, + %rﬁ - % iy %1{2 - %)
70;0,,<5660< 192¢% — 4576 723+ 1275Cs + ;ggg 6 l;:«u 23998”2 - 3??)
+C3C% (T“ —42¢3 - ﬂwlg 39047:; + % 6 %1{4 + %«? - '?;ﬂ>
+CrCY (492@ wa0ch 4 a1, M B Ty 17‘;’4‘?”)
+s.1M<3ng +iw2(1—16(1 4°2n5+ 299 14 3" s)

+402Tpn,( §U 5— —7#43 —24¢; — i—?w‘ + %Swz - 132)

7012:0_4TFYL]( 736 _, 18980 1138 , 9404 , 32093)
3

109665 — 726 + g6 — —pemt - St = S

128 20792 874 o 56, 5240 , 27269

o o4 2 8T 56, 2, 27260

CrC ,nf(508<;5+ G e S g T e T 16 >
_ 20 _ 44,20 5

32dun1(15{s+ 726, — 86— 2535” +grttgm—d
+EC}(T,.7./) (326(37 U +3 162 206)
_ 200 np)? 764,32, T6L

5 CiCalTiny) (2272@ oy G- T

8
- ety (166~ )] + 0la) 33

Gil Paz (Wayne State University) Recent developments in HQET 19



Four loop HQET heavy-to-light anomalous dimension

e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
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e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
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Four loop HQET heavy-to-light anomalous dimension

e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
as

)2—6.292698 (%)3—13.878042 (%)4

For np = 4: 5 = —°=~2.487726 (
Qo T T

s
e This anomalous dimension can be used to calculate fg/fp

Tjo

0 o
I;B — mp (as(mc)> {1+~~as+~oa§+~~a§+[~ 1GeV] (1 _ 1>+..}

fo mg \ ol (my) Me Mb

Gil Paz (Wayne State University) Recent developments in HQET 20



Four loop HQET heavy-to-light anomalous dimension

e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
as

)2—6.292698 (%)3—13.878042 (“—)4

For np = 4: 5 = —°=~2.487726 (
Qo T T

s

e This anomalous dimension can be used to calculate fg/fp

Tjo
P O (m)\ 25 1 1
'8 _ [MD (O‘ (m )> ’ {1+~~as+~a§+~a§+[~ 1GeV] ( - >+}

fo mg \ ol (my) Me Mb
f
= 0.669 - (1 +0.039 +0.020 + 0.032 + [~ 0.46))
D
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e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
as
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e “Convergence of the perturbative series is questionable”
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Four loop HQET heavy-to-light anomalous dimension

e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
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e “Convergence of the perturbative series is questionable”
e Without power correction: fg/fp = 0.736, with fg/fp = 1.04
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e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]
as

)2—6.292698 (%)3—13.878042 (“—)4

For np = 4: 5 = —°=~2.487726 (
Qo T T
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e This anomalous dimension can be used to calculate fg/fp
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e “Convergence of the perturbative series is questionable”
e Without power correction: fg/fp = 0.736, with fg/fp = 1.04
e Lattice: fg/fp = 0.896 4+ 0.009
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Four loop HQET heavy-to-light anomalous dimension

e Four-loop HQET heavy to light anomalous dimension
[Grozin, JHEP 02, 198 (2024) arXiv:2311.09894]

2 3 4
For np = 4: 5 = —“=-2.487726 (=) "~6.202698 (=) —13.878042 (=* )
s s s T
e This anomalous dimension can be used to calculate fg/fp

Tjo

(4) T 2™
s _ [mo (O‘S (mc)> ’ {1+~~as+~~a§+~a§+[~ 1GeV] (1 - 1>+~}

fo mg \ ol (my) Me Mb
f
= 0.669 - (1 +0.039 +0.020 + 0.032 + [~ 0.46))
D

e "Convergence of the perturbative series is questionable”
Without power correction: fg/fp = 0.736, with fg/fp = 1.04
Lattice: fg/fp = 0.896 + 0.009

“The effect of the (poorly known) 1/mc , correction is large.”
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Recent developments in HQET:
Non-local matrix elements
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HQET Non local matrix elements

e Non local matrix elements arise in many process: e.g. proton pdf
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e Non local matrix elements arise in many process: e.g. proton pdf
e In B decays such as B — K*~ we encounter

The B meson light-cone distribution amplitude (LCDA)
Fourier transform of (B|b(0) [0, tn]qs(tn)|0)
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HQET Non local matrix elements

e Non local matrix elements arise in many process: e.g. proton pdf
e In B decays such as B — K*~ we encounter

The B meson light-cone distribution amplitude (LCDA)

Fourier transform of (B|b(0) [0, tn]qs(tn)|0)

e B meson LCDA also arises when the B meson is in the final state

E.g. W,Z — B~y [Grossman, Konig, Neubert, JHEP 04, 101 (2015)]
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HQET Non local matrix elements

Non local matrix elements arise in many process: e.g. proton pdf

In B decays such as B — K*v we encounter
The B meson light-cone distribution amplitude (LCDA)
Fourier transform of (B|b(0) [0, tn]qs(tn)|0)

B meson LCDA also arises when the B meson is in the final state
E.g. W,Z — B~y [Grossman, Konig, Neubert, JHEP 04, 101 (2015)]

Such processes were recently considered in
[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]
[Ishaq, Zafar, Rehman, Ahmed, arXiv:2404.01696]
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QCD LCDA of Heavy Mesons from boosted HQET

[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]
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QCD LCDA of Heavy Mesons from boosted HQET

[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]

e The process W* — B 4~ has three scales
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hard scale Q > heavy quark scale mq
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QCD LCDA of Heavy Mesons from boosted HQET

[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]

e The process W* — B £ v has three scales
hard scale Q > heavy quark scale mg > QCD scale Aqcp

e Match the QCD LCDA

<H(pH)|Q(0)7i+75 [07 tn+]‘](tn+) |0> = _ian-q- . pH/O du eiutn+'pH¢(u,; u)
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QCD LCDA of Heavy Mesons from boosted HQET

[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]

e The process W* — B £ v has three scales
hard scale Q > heavy quark scale mg > QCD scale Aqcp

e Match the QCD LCDA
1
<H(pH)|Q(0)7“+75 [07tn+]Q(tn+)|0> = _ian-q- . pH/ du eiut"+'pH¢(u,; u)
0

to a perturbative function convoluted with HQET LCDA
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QCD LCDA of Heavy Mesons from boosted HQET

[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]

e The process W* — B =4 v has three scales
hard scale Q > heavy quark scale mg > QCD scale Aqcp

e Match the QCD LCDA
1
(H(pw)|Q(0),~°[0,tn]q(tn+)[0) = —ifun. - pu / du ™™ PEP(u; p)
0
to a perturbative function convoluted with HQET LCDA

(L RO 20,14t )J0) = —iFuuli)ny v [ do 0y i)
0
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QCD LCDA of Heavy Mesons from boosted HQET

[Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023) arXiv:2305.06401]

e The process W* — B =4 v has three scales
hard scale Q > heavy quark scale mg > QCD scale Aqcp

e Match the QCD LCDA
(H(pn)|Q(0)h, v°[0,tn ]q(tn)|0) = —ifun, - pu /Ol du €™+ PH ¢ (u; p)
to a perturbative function convoluted with HQET LCDA
(LR O1710, 00t )10) = =i Py - [ oy i

e Factorization allows to resum large logs between
Aqcp and mg and mq and the hard scale @
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QCD LCDA of Heavy Mesons from boosted HQET

3.0

1 D meson  — mppy(ump; i)
] 2.5 ]

B meson — mpey(ump; ) |

mpps(umg; () mpey (umps; jie)

4; — ¢(u; ) , 2.0 — olu; )
[ — o(u; mw) ] - d(u;mp)
15 — ol )

w0 00 02 04 06 08 10
u u

- Starting with HQET LCDA at soft scale pus = 1 GeV (red, solid)
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QCD LCDA of Heavy Mesons from boosted HQET

3.0
6 = 1
f B meson  — mpe(ump; jis) | D meson  — mpp.(ump; ps)
L 1 2.
57 mppy(umgs; ) ] 5 mppy (ump; 1)
a — d(u; ) — lus pic)
t — o(u; mw) — ¢(u;mp)
I3 e
50 — ¢(u; mw)
N

10 00 02

o4 06 08

- Starting with HQET LCDA at soft scale pus = 1 GeV (red, solid)
- Evolved in HQET to the matching scale yu (red, dotted)
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QCD LCDA of Heavy Mesons from boosted HQET

B meson — mpe(ump; i) | D meson  — mppy(ump; i)

] 2.5

mppy(umgs; ) mpp (ump; i)

s — (u; ) — lu; e

[ — o(u; mw) - ¢luymp)
=3
% { — o(u;my)

0.0 0.2 04 0.6 0.8 10 00 02 o4 06 0.8 1.0

- Starting with HQET LCDA at soft scale pus = 1 GeV (red, solid)
- Evolved in HQET to the matching scale yu (red, dotted)
- Matched to ¢(u) (green, solid)
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QCD LCDA of Heavy Mesons from boosted HQET

B meson  — mppy(ump; ) | D meson  — mpp(ump; i)

mppy(umgs; ) 25 mpp (ump; i)
— o(u; p1y)

— ¢(u;my)

— o(u; pre)
- d(u;mp)

— o(u;my)

0.0 0.2 04 0.6 08 0 00 02 04 06 08 10

Starting with HQET LCDA at soft scale us = 1 GeV (red, solid)
Evolved in HQET to the matching scale p (red, dotted)
Matched to ¢(u) (green, solid)

Evolved in QCD to the hard scale myy (blue, solid)
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QCD LCDA of Heavy Mesons from boosted HQET

3.0,
6 R ]
[ B meson — mppy (ump; i) | D meson  — mppy (ump; i)
[ ] 2. ]
57 mppy(umgs; ) ] 5 mpoy (ump; jue)
4; — (s ) — o(u; pte)

— o(u;mw) - d(u;mp)

— o(u;my)

00 02 04 0.6 0.8 10 00 02 04 06 0.8 1.0

Starting with HQET LCDA at soft scale us = 1 GeV (red, solid)
Evolved in HQET to the matching scale p (red, dotted)
Matched to ¢(u) (green, solid)

Evolved in QCD to the hard scale myy (blue, solid)

The branching ratio

Br(W - By) = (258021, 108, #408, +018 4081 o2m8 ) g0
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QCD LCDA of Heavy Mesons from boosted HQET

B meson — mppi(ump;ps) |

D meson — mpey(ump; ps)

mppy(umgs; ) 25 mpp (ump; i)
— o(u; p1y)

— ¢(u;my)

— o(u; pre)
- d(u;mp)

— o(u;my)

00 02 04 0.6 0.8 1.0 0.0 02 04 0.6 038 1.0

- Starting with HQET LCDA at soft scale pus = 1 GeV (red, solid)
- Evolved in HQET to the matching scale yu (red, dotted)

- Matched to ¢(u) (green, solid)

- Evolved in QCD to the hard scale my, (blue, solid)

e The branching ratio

Br(W - By) = (258021, 108, #408, +018 4081 o2m8 ) g0

dominated by low scale HQET LCDA parameters: Ag, 3
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W+ — BTite
[Ishaq, Zafar, Rehman, Ahmed, arXiv:2404.01696]
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W+ — BTete—
[Ishaq, Zafar, Rehman, Ahmed, arXiv:2404.01696]
e Using the scale hierarchy my ~ mp > Aqcp

oo
MW+ = Bt ) =e Zv”ﬂ/ dwTﬂ(w,mb,q2, /LF)(PE(w, pr)+ O (mb_l)
0

where T, is the perturbative hard-scattering kernel
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W+ — BTete—
[Ishaq, Zafar, Rehman, Ahmed, arXiv:2404.01696]
e Using the scale hierarchy my ~ mp > Aqcp

oo
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[Ishaq, Zafar, Rehman, Ahmed, arXiv:2404.01696]
e Using the scale hierarchy my ~ mp > Aqcp

oo
MW+ = Bt ) =e Zv“ﬂ/ dwT#(w,mb,q2, ,LLF)(I)E(LU, pr)+ O (mb_l)
0

where T, is the perturbative hard-scattering kernel

e Calculating T, at O(as)

[ [W*-> B I*I7]

TLO for W+ B* pty~ -
----- VIO for W+ o B* ity |

O for W+ B+ ete~

----- INIO for W* - B e*e-

2.x1071 L0 for W B* r+1~
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e The theoretical prediction is
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e The theoretical prediction is sensitive to

1 [®dw
)\B:/o U¢B(w)

e This paper uses Ag = 0.35+ 0.15 GeV
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e The theoretical prediction is sensitive to
1 * dw
o= S
A 0
e This paper uses Ag = 0.35+ 0.15 GeV

Searching for B* — (+u,y Belle got \g = 0.3673:25 GeV
[Gelb et al. [Belle] PRD 98, 112016 (2018)]
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W+ — BT eti-

e The theoretical prediction is sensitive to
1 [®dw
g :/0 w Pg(w)

e This paper uses Ag = 0.35+ 0.15 GeV
Searching for B* — (+u,y Belle got \g = 0.3673:25 GeV
[Gelb et al. [Belle] PRD 98, 112016 (2018)]

BVOW* S B utu) ‘ ‘ ‘ BrVO(W* Bfrr7)

020 025 030 035 0.40 045 050 020 025 030 035 0.40 045 0.50

Ap[GeV] Ap[GeV]
e Observing the process at the LHC could constrain \g
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Recent developments in HQET:
Local non-diagonal matrix elements
(Form factors)
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Local non-diagonal matrix elements (Form factors)

e In the SM, B — D transitions are described by two form factors
and B — D* transitions are described by four form factors
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Local non-diagonal matrix elements (Form factors)
e In the SM, B — D transitions are described by two form factors

and B — D* transitions are described by four form factors

e At the leading power in heavy quark symmetry all of these form
factors are described by one universal Isgur-Wise function &

e Including 1/m. 1/my, power corrections there are three functions
and the number grows at higher powers

HQET ord
QET order All
l/m%b 1
l/mcib 3
1/m; 20
2
l/mc,b 32

Table from [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PoS ICHEP2022, 758 (2022)]
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Local non-diagonal matrix elements (Form factors)

e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting that reduces these numbers
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Local non-diagonal matrix elements (Form factors)

[Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,

PRD 106, 096015 (2022), arXiv:2206.11281]

suggested supplemental power-counting that reduces these numbers
The QCD Lagrangian before the 1/m¢q expansion is

L = hyiv- Dh, + h,ilp, i h,

2mg +iv-D
where D! = D — (v - D)v*. For v =(1,0): D' =D

The postulated power counting is in powers of i[p :

Currents involve one i[p|

Lagrangian insertions involves two i[p|'s

Many subleading contributions arise from Lagrangian insertions

The paper conjectures that terms entering at third order or higher
should be suppressed

The paper calls this residual chiral (RC) expansion
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Local non-diagonal matrix elements (Form factors)

e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting: residual chiral expansion
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Local non-diagonal matrix elements (Form factors)

e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting: residual chiral expansion

IW functions

HQET ord
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e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting: residual chiral expansion

IW functions

HQET ord
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Local non-diagonal matrix elements (Form factors)

e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting: residual chiral expansion

IW functions
HQET ord
QET order All RC Expansion
0
l/m?b 1 1
l/mcib 3 3
1/mg 20 1
2
l/mc,b 32 3

R(D™)) =Br(B — DY 75,)/B(B — DX (1), (=e,p
e The paper obtained R(D) = 0.288(4)
HFLAV 2024 SM: R(D) = 0.298(4), experiment R(D) = 0.342(26)
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Local non-diagonal matrix elements (Form factors)

e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting: residual chiral expansion

IW functions

HQET ord
QET order All RC Expansion
0
l/m?b 1 1
l/mcib 3 3
1/mZ 20 1
2
1/mZ, 32 3

R(D™)) =Br(B — DY 75,)/B(B — DX (1), (=e,p
e The paper obtained R(D) = 0.288(4)
HFLAV 2024 SM: R(D) = 0.298(4), experiment R(D) = 0.342(26)
e The paper obtained R(D*) = 0.249(3)
HFLAV 2024 SM: R(D*) = 0.254(5), experiment R(D*) = 0.287(12)
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Local non-diagonal matrix elements (Form factors)

e [Bernlochner, Ligeti, Papucci, Prim, Robinson, Xiong,
PRD 106, 096015 (2022), arXiv:2206.11281]
suggested supplemental power-counting: residual chiral expansion

IW functions

HQET ord
QET order All RC Expansion
0
l/m?b 1 1
l/mcib 3 3
1/mZ 20 1
2
1/mZ, 32 3

R(D™)) =Br(B — DY 75,)/B(B — DX (1), (=e,p
e The paper obtained R(D) = 0.288(4)
HFLAV 2024 SM: R(D) = 0.298(4), experiment R(D) = 0.342(26)
e The paper obtained R(D*) = 0.249(3)
HFLAV 2024 SM: R(D*) = 0.254(5), experiment R(D*) = 0.287(12)
e [Bernlochner, Papucci, Robinson, arXiv:2312.07758]
applied the same method to A, — Aclv
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Recent developments in HQET:
New directions
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New theoretical framework for heavy quark resonances

e New framework using on-shell recursion techniques to express
resonant amplitude as a product of on-shell subamplitudes

[Manzari, Robinson, arXiv:2402.12460]
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New theoretical framework for heavy quark resonances

e New framework using on-shell recursion techniques to express
resonant amplitude as a product of on-shell subamplitudes

[Manzari, Robinson, arXiv:2402.12460]
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e Left: Toy example calculation in this framework
Right: Belle data with a D; resonance
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Study of F-wave Bottom Mesons in HQET

e Study of F-wave Bottom Mesons in HQET
[Garg, Upadhyay, PTEP 2022, 093B08 (2022) arXiv:2207.02498]

e Info from, e.g., D mesons, used to calculate B meson properties

Gil Paz (Wayne State University) Recent developments in HQET

33



Study of F-wave Bottom Mesons in HQET

e Study of F-wave Bottom Mesons in HQET
[Garg, Upadhyay, PTEP 2022, 093B08 (2022) arXiv:2207.02498]
e Info from, e.g., D mesons, used to calculate B meson properties

e Adding L = 3 with sq = 1/2 gives 7/2 and 5/2 angular momentum

Gil Paz (Wayne State University) Recent developments in HQET 33



Study of F-wave Bottom Mesons in HQET

Study of F-wave Bottom Mesons in HQET

[Garg, Upadhyay, PTEP 2022, 093B08 (2022) arXiv:2207.02498]

Info from, e.g., D mesons, used to calculate B meson properties
Adding L = 3 with sg = 1/2 gives 7/2 and 5/2 angular momentum
Adding the light quark spin 1/2 to 5/2 gives J = 2 and J = 3 doublet

Gil Paz (Wayne State University) Recent developments in HQET 33



Study of F-wave Bottom Mesons in HQET

Study of F-wave Bottom Mesons in HQET

[Garg, Upadhyay, PTEP 2022, 093B08 (2022) arXiv:2207.02498]

Info from, e.g., D mesons, used to calculate B meson properties
Adding L = 3 with sg = 1/2 gives 7/2 and 5/2 angular momentum
Adding the light quark spin 1/2 to 5/2 gives J = 2 and J = 3 doublet
Adding the light quark spin 1/2 to 7/2 gives J = 3 and J = 4 doublet

Gil Paz (Wayne State University) Recent developments in HQET 33



Study of F-wave Bottom Mesons in HQET

Study of F-wave Bottom Mesons in HQET

[Garg, Upadhyay, PTEP 2022, 093B08 (2022) arXiv:2207.02498]

Info from, e.g., D mesons, used to calculate B meson properties
Adding L = 3 with sg = 1/2 gives 7/2 and 5/2 angular momentum
Adding the light quark spin 1/2 to 5/2 gives J = 2 and J = 3 doublet
Adding the light quark spin 1/2 to 7/2 gives J = 3 and J = 4 doublet

Table 2: Obtained masses for 1F bottom mesons
Masses of 1F Bottom Mesons (MeV)
JP Non-Strange Strange
Calculated | [10] | [23] | Calculated | [10] | [23]
27 (13F) 6473.6 6412 | 6387 6518.28 6501 | 6358
3t (1F3) 6478.93 6420 | 6396 6523.21 6515 | 6369
3T(LF}) 6447.76 | 6391 | 6358 6506.05 6468 | 6318
4+t (13 Fy) 6450.14 6380 | 6364 6508.01 6475 | 6328

Ref. [10] [Ebert, Faustov, Galkin, EPJ C 66, 197-206 (2010)]
Ref. [23] [Godfrey, Moats, Swanson, PRD 94, 054025 (2016)]

Gil Paz (Wayne State University) Recent developments in HQET 33



Analysis of 2S singly heavy baryons in HQET

e Analysis of 2S singly heavy baryons in HQET
[Vishwakarma, Upadhyay, arXiv:2208.02536]
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Analysis of 2S singly heavy baryons in HQET

e Analysis of 2S singly heavy baryons in HQET

[Vishwakarma, Upadhyay, arXiv:2208.02536]

Info from, e.g., 2S baryons: =.(2970) and A,(6070), and HQET is
used to calculate 2S baryon properties

Q-c Q=b

JP Baryons Calculated [17] 5] Calculated [17] [45] [5]

A 2766.6 + 2.4 2769 6093 6089 A4 (6070)

=) 2942 2959 Z.(2970) 6267 6266 6208
%+ P 2901 2901 6246 6213

= 3028 2983 6369 6329 6328

Q 3154 3088 6487 6450 6438

* 2948 2936 6262 6226
gt g 3074 3026 6381 6342 6343

* 3190 3123 6507 6461 6462

- Ref. [17] [Ebert, Faustov, Galkin, PRD 84, 014025 (2011)]
- Ref. [45] [Kakadiya, Shah, Rai, IJMPA 37, 2250053 (2022)]
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arXiv:2404.16191

e Mention but will not discuss a Lattice paper

e “Position-space renormalization schemes for four-quark operators
in HQET" [Lin, Detmold, Meinel, arXiv:2404.16191]
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Conclusions

e Arguably, this year marks the 35th anniversary of HQET
Isgur, Wise,
“Weak Decays of Heavy Mesons in the Static Quark Approximation,”
Phys. Lett. B 232, 113-117 (1989)

e HQET is a mature field where

- Some perturbative corrections are known to fourth order

- Some non-perturbative power corrections are known fourth order
e Reviewed recent (since BEACH 2022) developments in HQET

e Theoretical progress mirrors the experimental progress

e Non-perturbative effects are the leading source of uncertainty

e More work to do!
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