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phases of gauge theories is complex
matching of anomalies (’t Hooft) constrains  
any IR fantasy one might have 
  

old story, eg massless QCD: pions!; preons; Seiberg dualities…



the big picture:
problem of determining the IR 

phases of gauge theories is complex
matching of anomalies (’t Hooft) constrains  
any IR fantasy one might have 
  

old story, eg massless QCD: pions!; preons; Seiberg dualities…

there are new ’t Hooft anomalies,  
thus new constraints on IR behavior, 
that were missed in the 1980s, 
involving higher form symmetries 

the new stuff:

Gaiotto, Kapustin, Komargodski,Seiberg: 2014-…            [GKKS+]
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the hype:



this talk:
1. HOW MIXED ANOMALIES BETWEEN CHIRAL  
(invertible or not) AND CENTER SYMMETRY (“1-form”) 
ARISE IN HILBERT SPACE OF GAUGE THEORY ON 
TORUS  

2. WHAT THEY IMPLY

any hype aside, this is exciting from a general QFT point of view
as it gives a new nonperturbative tool to study gauge theories



1. generalized anomalies between discrete symmetries (parity or 
chiral symmetry) and center symmetry (“1-form”) can be 
understood using canonical quantization on  with appropriate 
background fields (= twisted b.c. or “’t Hooft fluxes”)

𝕋3

the main points to make

2. quite unusually, they imply exact degeneracies in the Hilbert 
space at any finite size , thus also in the infinite volume limit!𝕋3

3. such degeneracies occur for anomalies involving both    
invertible and “noninvertible” symmetries



will use “old-fashioned” language, one that was around by 1980 

not focused on applications, but on gaining simple understanding 

study examples; no pretense of generality, no theorems

comments/disclaimers/excuses:

there are many details that I can’t explain in an hour 



plan

1. reminder of old-fashioned “poor man’s” language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“’t Hooft fluxes” or “’t Hooft twisted b.c.”  
 “2-form background field for 1-form symmetry”) 

(“1-form symmetry”) 

2. the basic anomaly: periodicity anomaly [à la ’t Hooft/van Baal -> GKKS+] θ−

3. examples of mixed anomalies & implications 
3.1 invertible symmetry in SU(N) with adjoint quarks (like super-YM)
3.2 noninvertible symmetry in  with two-index S/AS Dirac quarksSU(N) × U(1)



1. reminder of old-fashioned language (~1980) 

use Hamiltonian quantization  on :  
 gauge, states  invariant under time-independent gauge transforms (Gauss’ law)

𝕋3

A0 = 0 Ψ[A]



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij

only acts on winding Wilson loops in fundamental

Ŵi = trF𝒫 e
i

Li
∫
0

̂Aidxi

̂TiŴj
̂T−1
i = ei 2π

N δij Ŵj

 - time-direction version familiar from deconfinement transition in pure YM  

- modern language:  1-form symmetry, only acts on line operators, 
not on local gauge invariants like 

ℤ(1)
N

tr FμνFλσ . . .



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

only acts on winding Wilson loops in fundamental

Ŵi = trF𝒫 e
i

Li
∫
0

̂Aidxi

̂TiŴj
̂T−1
i = ei 2π

N δij Ŵj

because of the fact that the center elements commute with all elements of the
group, and with any link variable in particular.

The reason that center symmetry is so important is that if this symmetry

• is broken explicitly, e.g. by matter fields in the fundamental representation of the
gauge group, or

• is broken spontaneously, which happens at high temperature, and may happen if
there are matter fields in the adjoint representation of the gauge group, or

• is trivial, i.e. the center subgroup consists only of the unit element, as in the
exceptional group G2.

Then the static quark potential cannot be linear asymptotically; it must become flat.
Let’s see why matter fields in the fundamental representation, or in any rep-

resentation of the gauge group of N-ality k = 0, must break the center symmetry
explicitly. A matter field in color representation r couples to the gauge field via a
term in the action

c
X

x;l

/yðxÞUðrÞl ðxÞ/ðxþ l̂Þ þ c.c.; ð3:21Þ

where the superscript r means that the link variables are in the r-representation.
Under the global center symmetry transformation

/yðx; t0ÞUðrÞ0 ðx; t0Þ/ðx; t0 þ 1Þ! zk/yðx; t0ÞUðrÞ0 ðx; t0Þ/ðx; t0 þ 1Þ: ð3:22Þ

So if the N-ality k of the representation of the matter field is non-zero, the matter
action breaks the global ZN center symmetry. But matter fields of N-ality k = 0 are
exactly the fields associated with string-breaking. Suppose we have two static
color charges, in the fundamental representation of the gauge group. In order to
break the electric flux tube which forms between these sources, by the process
pictured in Fig. 3.2, there must be dynamical particles which can bind to the

zzzzzzzz zzzz z
0

t x

t

Fig. 3.6 The global center transformation. Each of the indicated links in the time direction, on
the timeslice t = t0, is multiplied by the same element z of the center subgroup. The lattice action
of a pure gauge theory is left unchanged by this operation

32 3 What is Confinement?

on lattice,   multiplies by  shown  
link fields in direction 1 (for all )

̂T1 z = ei 2π
N

x3, x4

- all nonwinding closed loops invariant 
- winding loops transform by z

1

2

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

Ψ̂adj → ̂TiΨ̂adj
̂T−1
i so transformed field has same b.c. (  and  phases cancel)̂T ̂T−1

if matter representation has nontrivial N-ality (transforms under center),  
the story changes; need to mention two cases for my examples:

if the SU(N) theory has adjoint fields only,  remains a symmetry, sinceℤ(1)
N

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

Ψ̂adj → ̂TiΨ̂adj
̂T−1
i so transformed field has same b.c. (  and  phases cancel)̂T ̂T−1

if the SU(N) theory has adjoint fields only,  remains a symmetry, sinceℤ(1)
N

in SU(N=2k) with two index (S/AS) quarks only  is a symmetry  
, so transformed field obeys different b.c., only when

 transformed under   is consistent

ℤ(1)
2 ⊂ ℤ(1)

N
Ψ̂S/AS → ̂Ti Ψ̂S/AS

̂Tt
i

Ψ̂S/AS → ̂T
N
2
i Ψ̂S/AS ( ̂T

N
2
i )t ℤ(1)

2

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

if the SU(N) theory has adjoint fields only,  remains a symmetry, sinceℤ(1)
N

Ψ̂adj → ̂TiΨ̂adj
̂T−1
i so transformed field has same b.c. (  and  phases cancel)̂T ̂T−1

in  with quarks in (N,1)  [or (S/AS,1)…]  remains a symmetry, 
with   phase compensated by opposite  phase in 

SU(N) × U(1) ℤ(1)
N̂Ti(x) ℤN ℤN U(1)

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij

in SU(N=2k) with two index (S/AS) quarks only  is a symmetry  
, so transformed field obeys different b.c., only when

 transformed under   is consistent

ℤ(1)
2 ⊂ ℤ(1)

N
Ψ̂S/AS → ̂Ti Ψ̂S/AS

̂Tt
i

Ψ̂S/AS → ̂T
N
2
i Ψ̂S/AS ( ̂T

N
2
i )t ℤ(1)

2



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

physically, in each case: center symmetry =>  

stability of some flux tubes



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

in each of these cases, the appropriate  obey ̂Ti

[ ̂Ti, Ĥ] = 0 so we can label states in  Hilbert space  𝕋3

|E, e1, e2, e3⟩ = |E, ⃗e⟩by “electric flux” quantum numbers

̂Ti |E, ⃗e⟩ = |E, ⃗e⟩ ei 2π
N ei , three (mod N) integers

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

[ ̂Ti, Ĥ] = 0 |E, e1, e2, e3⟩ = |E, ⃗e⟩

1.2 electric flux sectors in Hilbert space on  𝕋3

value of  is changed by one unit by acting with  on state:ei Ŵi
̂Ti (Ŵi | ⃗e⟩) = (Ŵi | ⃗ei⟩) ei 2π

N (ei+1)

’t Hooft ’81; Luscher ’82; van Baal ’84;  Gonzalez-Arroyo; Korthals Altes ‘80s+…

Witten ’82, ’00: use for tr(−1)F

- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3 ̂TlŴk ̂T−1
l = ei 2π

N δkl Ŵk

-  commute with Hamiltonian, generate 1-form ;  eigenvalues ̂Tl Z(1)
N

̂Tl ei 2π
N el ∈ ZN

⃗e⃗m
boundary conditions on T3 eigenvalues of , generating 1-form ̂Tl ZN

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

“flux” label is due to ’t Hooft 
does not necessarily imply 
nonzero gauge field strength!  
 (dynamical issue, twist of b.c.)

̂Tl |ψ ⃗e⟩ = |ψ ⃗e⟩e 2πi
N el

(mod N) … 
discrete “magnetic flux”

(mod N) … 
discrete “electric flux”

in pure YM, at  as , only one electric flux 
sector ( ) has finite energy, while all others have 
energy  with coefficient given by the k-string 
tension; studied much on and off the lattice:  
 ’t Hooft ’80, Lüscher ’82, van Baal, Witten,… 

θ ≠ π, L → ∞
⃗e = 0

∼ L



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“’t Hooft fluxes” or “’t Hooft twisted b.c.”  
 “2-form background field for 1-form symmetry”) 

(“1-form symmetry”) 

“whenever you have global symmetry, it pays to introduce a background gauge field for it”
(Seiberg)



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“’t Hooft fluxes” or “’t Hooft twisted b.c.”  
 “2-form background field for 1-form symmetry”) 

(“1-form symmetry”) 

0-form symmetry (usual one, acting on local operators) has 1-form gauge field (link-based)
1-form symmetry has 2-form gauge field (plaquette based)

in fact, QCD(adj) has SU(n_f) x Z_{2 N n_f} exact chiral symmetry
and a Z_N “1-form” center symmetry  - not visible to the naked eye, 

well known to the lattice folks, but thought - apart from some theoretical studies -
largely irrelevant   (- but is not!)

mod N integer, one per spacetime direction
“1-form”!

Z_N “1-form” global center symmetry: 

- only acts on fundamental representation Wilson line operators, infinite or wrapping around T^4 

- only preserved in theories with zero N-ality representations: pure YM, QCD(adj)
- explicitly broken in theories with massless or light fundamentals (emergent if heavy)
- in theories with two-index tensors only (AS, S) a Z_2 1-form center is exact, etc. 

moral: QCD(adj) has SU(n_f) x Z_{2 N n_f} x Z_N exact global symmetry

“1-form”“0-form”
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1 Introduction

Pe
i
H
dx1A1 ! e

i
2⇡n1
N Pe

i
H
dx1A1

Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.

– 1 –
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Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.

– 1 –

now, make   

x-dependent: 
zμ eiBμν(x)

plaquette based 
(2-form) -valuedℤN
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Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.

– 1 –

eiBμν(x)
plaquette based 
(2-form) -valuedℤN

for 1-form gauge field,  is gauge invariant∮ Aμdxμ
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Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.
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eiBμν(x)
plaquette based 
(2-form) -valuedℤN

for 2-form abelian/  gauge field, ℤN ∮ Bμνd2σμν

is gauge invariant; on  we can introduce  
curvature-free background for  2-form field

𝕋3

ℤN



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“’t Hooft fluxes” or “’t Hooft twisted b.c.”  
 “2-form background field for 1-form symmetry”) 

(“1-form symmetry”) 

∮ dx1dx2B12 =
2πm3

N
(mod2π)

∮ dx2dx3B23 =
2πm1

N
(mod2π)

∮ dx3dx1B31 =
2πm2

N
(mod2π) x3

-planex1, x2

for 2-form abelian/  gauge field, ℤN ∮ Bμνd2σμν

is gauge invariant; on  we can introduce  
curvature-free background for  2-form field

𝕋3

ℤN



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“1-form symmetry”) 

summary:  
in a gauge theory with 1-form symmetry
on , introduce a background field, , labeling 
the background (= ’t Hooft twist of b.c.; no details…analogy w/ background Wilson loop)

𝕋3 ⃗m

 Hilbert space basis is: |E, ⃗e⟩ ⃗m , with*   ̂Ti |E, ⃗e⟩ ⃗m = |E, ⃗e⟩ ⃗m ei 2π
N ei

(* at θ = 0)
in thermodynamic limit, usually only  have finite energy while dependence 
on b.c., , is expected to be irrelevant, at least for gapped theories

⃗e = 0
⃗m

[check e.g. Teper, Stephenson 1989…]



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“1-form symmetry”) 

3. examples of mixed anomalies & implications 
3.1 invertible symmetry in SU(N) with adjoint quarks (like super-YM)
3.2 noninvertible symmetry in  with two-index S/AS Dirac quarksSU(N) × U(1)

2. the basic anomaly: periodicity anomaly [à la ’t Hooft/van Baal—> GKKS+] θ−



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“1-form symmetry”) ’t Hooft ’81; Luscher ’82; van Baal ’84;  Gonzalez-Arroyo; Korthals Altes ‘80s+…

Witten ’82, ’00: use for tr(−1)F

- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3 ̂TlŴk ̂T−1
l = ei 2π

N δkl Ŵk

-  commute with Hamiltonian, generate 1-form ;  eigenvalues ̂Tl Z(1)
N

̂Tl ei 2π
N el ∈ ZN

⃗e⃗m
boundary conditions on T3 eigenvalues of , generating 1-form ̂Tl ZN

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

“flux” label is due to ’t Hooft 
does not necessarily imply 
nonzero gauge field strength!  
 (dynamical issue, twist of b.c.)

̂Tl |ψ ⃗e⟩ = |ψ ⃗e⟩e 2πi
N el

(mod N) … 
discrete “magnetic flux”

(mod N) … 
discrete “electric flux”

torus Hilbert space, with or without twists, 

splits into  electric flux sectors  N3

consider a unit “magnetic flux” (twist) in one plane (12, say) only: 

⃗m = (0,0,1)

⃗m = (0,0,1)

⃗m = (0,0,1)

2. the basic anomaly: periodicity anomaly [à la ’t Hooft/van Baal—> GKKS+] θ−



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“1-form symmetry”) 

2. the basic anomaly: periodicity anomaly [à la ’t Hooft/van Baal—> GKKS+] θ−

’t Hooft ’81; Luscher ’82; van Baal ’84;  Gonzalez-Arroyo; Korthals Altes ‘80s+…

Witten ’82, ’00: use for tr(−1)F

- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3 ̂TlŴk ̂T−1
l = ei 2π

N δkl Ŵk

-  commute with Hamiltonian, generate 1-form ;  eigenvalues ̂Tl Z(1)
N

̂Tl ei 2π
N el ∈ ZN

⃗e⃗m
boundary conditions on T3 eigenvalues of , generating 1-form ̂Tl ZN

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

“flux” label is due to ’t Hooft 
does not necessarily imply 
nonzero gauge field strength!  
 (dynamical issue, twist of b.c.)

̂Tl |ψ ⃗e⟩ = |ψ ⃗e⟩e 2πi
N el

(mod N) … 
discrete “magnetic flux”

(mod N) … 
discrete “electric flux”

Crucial observation (’t Hooft ~ 1980)


, the  generator in the direction 

orthogonal to the (12) plane of the twist

has fractional winding number Q =  

̂T3 Z(1)
N

m3

N
(mod Z)torus Hilbert space, with or without twists, 


splits into  electric flux sectors  N3

⃗m = (0,0,1) ⃗m = (0,0,1)

consider a unit “magnetic flux” (twist) in one plane (12, say) only: 
⃗m = (0,0,1)



̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N m3 ei2π ∫T3 tr( ̂Ad ̂A+...)

Crucial observation (’t Hooft)


, the  generator in the direction orthogonal to the (12) plane of the twist


has winding number Q =  


[  is a gauge transform, a map from torus to gauge group, so winding makes sense]

̂T3 Z(1)
N m3

N
(mod Z)

T3

3d CS action, , normalized to shift 


by unity under a unit-winding gauge transformation, 

so   invariant

SCS = ∫ tr(AdA + . . . )

ei2πSCS

however, CS action shifts by  under fractional winding
m3

N

ei2πSCS

- have to accept (ask later…backup slide)



̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N m3 ei2π ∫T3 tr( ̂Ad ̂A+...)

Crucial observation (’t Hooft)


, the  generator in the direction orthogonal to the (12)  plane of the twist


has winding number Q =  


̂T3 Z(1)
N m3

N
(mod Z)

- have to accept (ask later…backup slide)

- fractional winding explained by ’t Hooft ~ 1980

- as an equation in Hilbert space (*) appears first in unpublished Ch. 3 of van Baal’s PhD thesis, 1984

- Eq. (*): Hilbert space expression of what GKKS ~2014 call  -periodicity anomaly (GKKS study Euclidean path integral)θ

at the time, (*) significance as an anomaly and implications for spectrum, incl. in TD limit, missed!

U1(ei2πSCS[A]Ψ[A]) = ei(2π+θ) (ei2πSCS[A]Ψ[A])U1Ψ[A] = eiθ Ψ[A]

(*)

- hence  is “operator shifting  by ”      (  is operator of unit-winding gauge transform)ei2πSCS θ 2π U1

- Eq. (*) says that when  (mod N), shifting  by  and center symmetry do not commutem3 ≠ 0 θ 2π

we care because  shifts of  can be part of physical symmetry (simplest: parity in pure-YM )2π θ θ=π



1. reminder of old-fashioned language (~1980) 
1.1 center symmetry in gauge theories on 𝕋3

1.2 electric flux sectors in Hilbert space on  𝕋3

1.3 “magnetic” fluxes on 𝕋3

(“1-form symmetry”) 

3. examples of mixed anomalies & implications 

3.1 invertible symmetry in  with adjoint quarks (like super-YM)SU(N)
3.2 noninvertible symmetry in  with two-index S/AS Dirac quarksSU(N) × U(1)

2. the basic anomaly: periodicity anomaly [à la ’t Hooft/van Baal—> GKKS+] θ−

3.0 will not discuss parity in pure-YM , see Cox, Wandler, EP 2106 for Hilbert space 
+ relation to GKKS Euclidean path integral (for lack of time) 

θ=π



SU(N) with  adjoint Weyl quarks, for definiteness take SYM,  below: nf nf = 1

Since the adjoint fermions obey (3.6), the Z
(1)
N center-symmetry generators T̂i commute with

the Hamiltonian.
Classically, the nf Weyl fermions have a U(nf ) (0-form) global chiral symmetry. However,

in the quantum theory, this is broken by the triangle anomaly to
Z2nfN×SU(nf )

Znf
. In what

follows, we shall only consider the discrete chiral symmetry which is defined as the center of
the full unbroken chiral symmetry, that is Z2nfN . The classical U(1) ∈ U(nf ) chiral current
operator ĵµf = λ̂a †σ̄µλ̂a, with a sum over a and flavour understood, has an anomaly given by
the (Heisenberg picture) operator equation

∂µĵ
µ
f = ∂µ(λ̂

a †σ̄µλ̂a) = 2nfN∂µK̂
µ . (3.48)

This allows one to define a conserved but gauge variant current which we label Ĵµ
5 for historical

reasons:31

Ĵµ
5 = ĵµf − 2nfNK̂µ . (3.49)

The corresponding U(1) charge operator, Q̂5 =
∫

d3xĴ0
5 =

∫

d3xĵ0f − 2nfN
∫

d3xK̂0, com-
mutes with the Hamiltonian but is not gauge invariant. However, the unitary operator rep-
resenting a Z

(0)
2nfN

subgroup of the chiral symmetry is gauge invariant32

X̂
Z
(0)
2nfN

= e
i 2π
2nfN Q̂5

= e
i 2π
2nfN

∫
d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫

d3xĵ0f contains a trace
in its definition, the fermion part of the chiral symmetry operator commutes with the 1-form
center symmetry generators T̂j . Hence, the algebra between X̂

Z
(0)
2nfN

and the T̂j is exactly the

same as between V̂2π and Z
(1)
N symmetry generators T̂j of eqn. (3.26)

T̂j X̂
Z
(0)
2nfN

= e−i 2πN mj X̂
Z
(0)
2nfN

T̂j. (3.51)

This implies that the discrete chiral symmetry transformation results in a shift $e → $e− $m.
We can now return to our example of $m = (0, 0, 1). We have, as in the pure gauge theory,

that T̂1,2 commute with the Hamiltonian and the chiral symmetry generator X̂
Z
(0)
2nfN

. Similar

to (3.40), the interesting part of the algebra is

[T̂3, Ĥ] = 0, [X̂
Z
(0)
2nfN

, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)

As Ĥ commutes with T̂3, as before, we can label energy eigenstates as |E, e3〉. Clearly, the
algebra (3.52) then requires that

X̂
Z
(0)
2nfN

|E, e3〉 = |E, e3 − 1〉 . (3.53)

31See [71] for the calculation of the relevant field-current and current-current equal-time commutators.
32The discussion that follows parallels the one in the charge q > 1 Schwinger model [13]. In particular, the

algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫
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5 =

∫

d3xĵ0f − 2nfN
∫

d3xK̂0, com-
mutes with the Hamiltonian but is not gauge invariant. However, the unitary operator rep-
resenting a Z

(0)
2nfN

subgroup of the chiral symmetry is gauge invariant32

X̂
Z
(0)
2nfN

= e
i 2π
2nfN Q̂5

= e
i 2π
2nfN

∫
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X̂2N = ei 2π
2N Q̂5 = ei 2π

2N ∫ d3x ̂j0
f e−i2π ∫ d3xK̂0

gauge invariant operator 

of  discrete R-symmetryZ(0)

2N

̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N ei2π ∫T3 tr( ̂Ad ̂A+...) ⟹ ̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N

 ∫ d3xK̂0 = SCS mixed 0-form/1-form anomaly

Qtop. =
1

32π2 ∫ d4x Fa
μνFa

λσϵμνλσ =: ∫ d4x ∂μKμ ∫ d3xK0 ≡ SCSnotation: with

classical chiral U(1)   “R-symmetry”λ → eiαλ

3.1

on  with :𝕋3 m3 = 1

(nf = 1)



Ex 3.1: SYM on twisted  - invertible chiral/center anomalyT3

Hilbert space with spatial ‘t Hooft twist ; SYM has two global symmetries, 

 and , 1-form and 0-form, invertible (=normal unitary operators on Hilbert space)


commute with Hamiltonian, but not with each other: 

n12 = m3 = 1
̂T3 X̂2N

̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N X̂2N |E, e3⟩ = |E, e3 − 1⟩
action of chiral symmetry changes  flux of state but not energy e3

all energy levels on the twisted  are N-fold degenerate, 

exact degeneracy at any finite volume, provided !

T3

n12 = m3 = 1

unusual in QFT! 

different from topological order (e.g.  in superconductors) 

where degeneracy only in “topological scaling limit”

ℤ2

  [Cox, Wandler, EP 2106] 



Ex 3.1: SYM on twisted  - invertible chiral/center anomalyT3

Hilbert space with spatial ‘t Hooft twist ; SYM has two global symmetries, 

 and , 1-form and 0-form, invertible (=normal unitary operators on Hilbert space)


commute with Hamiltonian, but not with each other: 

n12 = m3 = 1
̂T3 X̂2N

̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N X̂2N |E, e3⟩ = |E, e3 − 1⟩
action of chiral symmetry changes  flux of state but not energy e3

as volume goes to infinity, if theory confines (center unbroken) clustering ground states are the 
lowest energy degenerate flux states, related by broken discrete chiral symmetry 

here, a consequence of the mixed anomaly, not SUSY!

degeneracy does not require SUSY, similar degeneracies in non-SUSY QCD(adj) 

exact degeneracies less severe if gauge group has smaller center… SP, Spin, E6, E7 

  [Cox, Wandler, EP 2106] 

[Cox, Wandler,  
EP 2106] 

⟨E, e3 | trλλ |E, e3⟩ = ei 2π
N ⟨E, e3 + 1 | trλλ |E, e3 + 1⟩gaugino bilinear phase in different flux sectors:

all energy levels on the twisted  are N-fold degenerate, 

exact degeneracy at any finite volume, provided !

T3

n12 = m3 = 1



Ex 3.2:  S/AS Dirac  - noninvertible chiral/center anomalySU(N) × U(1)+
  [Anber, EP 2305] 

revealing a mixed anomaly between Z(1)
N

and Z̃�

2(N±2) symmetries (anomalies involving

noninvertible symmetries have previously been considered in 1+1 dimensions, see [30–

35] and references therein). This anomaly implies that the states in these special sectors

must be 2-fold degenerate3 on arbitrary size T3. Such degeneracies could be seen by

examining the condensates in realistic lattice simulations.

This paper is organized as follows. In Section 2, we demonstrate the origin of the

noninvertible symmetry by carefully examining SU(N) ⇥ U(1) QCD-like theories put

on T3 with general flux backgrounds and build the noninvertible operator of Z̃�

2(N±2).

Then, we show that this symmetry has a ’t Hooft anomaly with the Z(1)
N

symmetry. In

Section 3, we discuss the implication of this anomaly in the magnetic sectors selected by

Z̃�

2(N±2) and exhibit the exact degeneracy. In the Appendix, we show the equivalence of

our operator construction to the “half-gauging” of a discrete subgroup of the magnetic

one form symmetry U(1)(1)m , used in [11, 12] to construct a properly normalized defect

yielding consistent Euclidean correlation functions. We conclude with a brief discussion

in Section 4.

2 Noninvertible symmetries and their anomalies

Consider SU(N) ⇥ U(1) gauge theory with a single-flavor massless Dirac fermion in

a representation R. We use n, TR, and dR to denote the N -ality, Dynkin index, and

the dimension of R, respectively, and focus mostly on TR = N ± 2 for the two-index

symmetric (S)/antisymmetric (AS) representations of N -ality n = 2 and dimension

dR = N(N±1)
2 for S/AS. Yet, our construction can be easily generalized to theories with

several flavors and fermions in higher representations. Classically, the theory is endowed

with a U(1)� global chiral symmetry. The fermion charges (both are left-handed Weyl)

under (SU(N), U(1), U(1)�) are

 R ⇠ (R, 1, 1),  R̄ ⇠ (R̄,�1, 1) . (2.1)

The theory with the gauged U(1) has a Z(1)
N

1-form electric symmetry, acting on both

SU(N) and U(1) Wilson loops, as well as a U(1)(1)m 1-form magnetic symmetry which

distinguishes the di↵erent U(1)-flux sectors.

We use A and a for the 1-form gauge fields of SU(N) and U(1), respectively. The

corresponding field strengths are F and f . The anomaly equation for the chiral U(1)�
current is

@µj
µ

�
� 2TR@µK

µ

SU(N) �
2dR
8⇡2

✏µ⌫��@
µa⌫@�a� = 0, (2.2)

3Similar to the exact finite-volume degeneracies due to invertible 0-form/1-form anomalies [36].
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ai ! ai � @i�, with �(x+ êiLi) = �(x) + 2⇡ni . (2.15)

To study the transformation properties of (2.14) under U(1) transformations (2.15), we

note that, with � from (2.15), �2⇡
R
T 3 d3xK0(a) transforms as

�
1

4⇡

Z

T3

d3x✏ijkai@jak

����
a�d�

a

=
nx

2

Z
dydz(@yaz�@zay)+

X

cyclic

(x ! y ! z ! x) . (2.16)

Since, recalling (2.5, 2.7),
Z

dydz(@yaz � @zay) = �2⇡(myz +
nnyz

N
), (2.17)

we find

�2⇡

Z

T3

d3xK0(a)

����
a�d�

a

= �
1

4⇡

Z

T 3

d3x✏ijkai@jak

����
a�d�

a

= �⇡nx(myz +
nnyz

N
)

+
X

cyclic

(x ! y ! z ! x) . (2.18)

7For use below, we also recall from (2.11) that the generator tj of the global Z(1)
N in the j-th direction

acts on the U(1) gauge field as a nonperiodic gauge transformation, i.e. is obtained from (2.15) upon
replacing nj ! �

n
N , where, we remind the reader, n is the N -ality of the matter representation.

– 7 –

gauge invariant under large SU(N) gauge transforms (exactly as in SYM) 

in the absence of dynamical U(1) fields,  is anomaly free invertible (i.e. acts as a normal 
unitary operator) global symmetry

ℤ2TR
⊂ U(1)χ



SU(N) CS U(1) CS

+ boundary terms [depend on U(1)], due to twists of b.c. (not shown)

derivative. Integrating (2.12), we finally obtain that Q�(x0 = L0) = Q�(x0 = 0), where

Q� =

Z

T3

d3x
⇥
j0
�
� 2TRK

CS(A)� 2dRK
0(a)

⇤

+
dR
4⇡

(mxy +
n

N
nxy)

2

4
LyZ

0

dy

Ly

LzZ

0

dzaz(x = 0, y, z) +

LxZ

0

dx

Lx

LzZ

0

dzaz(x, y = 0, z)

3

5

+
X

cyclic

(x ! y ! z ! x) . (2.13)

The last line above indicates that there are two more terms obtained from the term on

the second line by cyclic rotation of x, y, z. Again, this is the operator Q� in the sector

of Hilbert space with U(1) fluxes mij and Z(1)
N

fluxes nij.

Exponentiating (2.13), we find the (non-gauge-invariant) operator representing

Z�

2TR
:

X2TR = e
i

2⇡
2TR

Q� . (2.14)

Let us now study the gauge transformation properties of X2TR . First, we note that

because of the gauge invariance of (2.3), the invariance of (2.14) under SU(N) (large and

small) gauge transformations is manifest. Next, consider U(1) gauge transformations

with periodic7 ei�:
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dy
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dx
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+
X

cyclic

(x ! y ! z ! x) . (2.13)

The last line above indicates that there are two more terms obtained from the term on

the second line by cyclic rotation of x, y, z. Again, this is the operator Q� in the sector

of Hilbert space with U(1) fluxes mij and Z(1)
N

fluxes nij.

Exponentiating (2.13), we find the (non-gauge-invariant) operator representing

Z�

2TR
:
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i
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2TR

Q� . (2.14)

Let us now study the gauge transformation properties of X2TR . First, we note that
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N
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N
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7For use below, we also recall from (2.11) that the generator tj of the global Z(1)
N in the j-th direction

acts on the U(1) gauge field as a nonperiodic gauge transformation, i.e. is obtained from (2.15) upon
replacing nj ! �

n
N , where, we remind the reader, n is the N -ality of the matter representation.
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X2TR
[A, a − dλ] = X2TR

[A, a] e−i2π[nx
dR
TR

(μyz + 2
N mx) + cyclic(x → y → z)]

changes:X2TR

∮ dydzByz =
2πmx

N
(mod2π)winding number of U(1) trfm

integer (quantized U(1) 
magnetic flux in yz plane)

background for ℤ(1)
N



define noninvertible  operator = sum over large U(1) gauge transformsZ̃(0)
2TR

-  acts as a unitary gauge invariant operator in sectors of Hilbert space  X̃2TR

dR

TR
(μyz +

2
N

mx) ∈ ℤ

- all other sectors are annihilated by  ; thus it is a kind of projection operator - no inverseX̃2TR

 other ways…appear equivalent∃
[Karasik; Iqbal, García Extebarria 2022]

[Choi, Lam, Shao; Cordova, Ohmori 2022]

Z(0)
2TR

operator not gauge invariant for : nx,y,z ≠ 0

X2TR
[A, a − dλ] = X2TR

[A, a] e−i2π[nx
dR
TR

(μyz + 2
N mx) + cyclic(x → y → z)]

X̃2TR
= ei 2π

2TR
Qχ ∑

nx∈ℤ

e−i2πnx
dR
TR

(μyz+ 2
N mx) × (cyclic(x → y → z))

“noninvertible” discrete  chiral symmetryℤ2TR



revealing a mixed anomaly between Z(1)
N

and Z̃�

2(N±2) symmetries (anomalies involving

noninvertible symmetries have previously been considered in 1+1 dimensions, see [30–

35] and references therein). This anomaly implies that the states in these special sectors

must be 2-fold degenerate3 on arbitrary size T3. Such degeneracies could be seen by

examining the condensates in realistic lattice simulations.

This paper is organized as follows. In Section 2, we demonstrate the origin of the

noninvertible symmetry by carefully examining SU(N) ⇥ U(1) QCD-like theories put

on T3 with general flux backgrounds and build the noninvertible operator of Z̃�

2(N±2).

Then, we show that this symmetry has a ’t Hooft anomaly with the Z(1)
N

symmetry. In

Section 3, we discuss the implication of this anomaly in the magnetic sectors selected by

Z̃�

2(N±2) and exhibit the exact degeneracy. In the Appendix, we show the equivalence of

our operator construction to the “half-gauging” of a discrete subgroup of the magnetic

one form symmetry U(1)(1)m , used in [11, 12] to construct a properly normalized defect

yielding consistent Euclidean correlation functions. We conclude with a brief discussion

in Section 4.

2 Noninvertible symmetries and their anomalies

Consider SU(N) ⇥ U(1) gauge theory with a single-flavor massless Dirac fermion in

a representation R. We use n, TR, and dR to denote the N -ality, Dynkin index, and

the dimension of R, respectively, and focus mostly on TR = N ± 2 for the two-index

symmetric (S)/antisymmetric (AS) representations of N -ality n = 2 and dimension

dR = N(N±1)
2 for S/AS. Yet, our construction can be easily generalized to theories with

several flavors and fermions in higher representations. Classically, the theory is endowed

with a U(1)� global chiral symmetry. The fermion charges (both are left-handed Weyl)

under (SU(N), U(1), U(1)�) are

 R ⇠ (R, 1, 1),  R̄ ⇠ (R̄,�1, 1) . (2.1)

The theory with the gauged U(1) has a Z(1)
N

1-form electric symmetry, acting on both

SU(N) and U(1) Wilson loops, as well as a U(1)(1)m 1-form magnetic symmetry which

distinguishes the di↵erent U(1)-flux sectors.

We use A and a for the 1-form gauge fields of SU(N) and U(1), respectively. The

corresponding field strengths are F and f . The anomaly equation for the chiral U(1)�
current is

@µj
µ

�
� 2TR@µK

µ

SU(N) �
2dR
8⇡2

✏µ⌫��@
µa⌫@�a� = 0, (2.2)

3Similar to the exact finite-volume degeneracies due to invertible 0-form/1-form anomalies [36].
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Likewise, we also find the U(1) gauge transformation of the boundary terms in (2.13)

LyZ

0

dy

Ly

LzZ

0

dzaz(x = 0, y, z) +

LxZ

0

dx

Lx

LzZ

0

dzaz(x, y = 0, z)

����
a�d�

a

= �4⇡nz , (2.19)

along with two identical relations obtained by cyclic permutations of x, y, z.

Thus, combining the U(1) gauge transformations (2.18, 2.19), with the expression

for Q� from (2.13), we find the transformation of X2TR

X2TR [a� d�] = X2TR [a] e
�i2⇡

dR
TR
[nx(myz+

nnyz
N )+ny(mzx+

nnzx
N )+nz(mxy+

nnxy
N )] , (2.20)

showing explicitly that the operator (2.14) is not U(1) gauge invariant.

Thus, following [17, 18], to make X2TR gauge invariant, we sum over nx, ny, nz,

obtaining the noninvertible Z̃�

2TR
operator

X̃2TR = e
i

2⇡
2TR

Q�
X

nx,ny ,nz2Z

e
�i2⇡

dR
TR
[nx(myz+

nnyz
N )+ny(mzx+

nnzx
N )+nz(mxy+

nnxy
N )] , (2.21)

with Q� from (2.13). This equation shows that the operator is noninvertible and deter-

mines the sectors not annihilated by X̃2TR . To see this, we use the Poisson resummation

formula

X

nx2Z

e
�i2⇡

dR
TR

(myz+
nnyz
N )nx =

X

lx2Z

�

✓
dR
TR

(myz +
nnyz

N
)� lx

◆
. (2.22)

For X̃2TR to act nontrivially, i.e., not be set to zero, it must be that in each two-plane,

the fluxes mij, nij, i < j, have to obey

dR
TR

(myz +
nnyz

N
) = lx, lx 2 Z (plus cyclic) . (2.23)

It is easy to see that such integer-valued combinations of fluxes always exist (we shall

see examples below). In the Appendix, we construct the operator X̃2TR using the

“half-gauging” procedure of refs. [11, 12].

To summarize, here we have constructed a symmetry operator X̃2TR of the non-

invertible chiral symmetry. The operator of the noninvertible symmetry acts as a

projection operator: it annihilates sectors of the torus Hilbert space whose fluxes do

not obey (2.23) and acts as unitary operator in each flux sector obeying (2.23).8

8In backgrounds with mij , nij chosen to yield integer li (2.23), the operator can simply be defined
by (2.14), since, as (2.20) shows, for such values of li, it is gauge invariant.

– 8 –

, when (+ cyclic)

= 0, otherwise

 in x-directionZ(1)
N

mixed anomaly! 
as in SYM, if phase not unity   
—>  degeneracy! 
*exact on any torus* 
*between  flux sectors*Z(1)

N

commutation relation with  (easily computable from all above!): Z(1)
N

for us, on , noninvertible   operator is: 𝕋3 Z̃(0)
2TR

 summary, Ex.2:

lx ≡
dR

TR
(μyz +

2
N

mx) ∈ ℤ

Tx X̃2TR
T−1

x = X̃2TR
e−i2π( mx

N − 2
N lx)

lx ≡
dR

TR
(μyz +

2
N

mx) ∈ ℤ
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Likewise, we also find the U(1) gauge transformation of the boundary terms in (2.13)

LyZ

0

dy

Ly

LzZ

0

dzaz(x = 0, y, z) +

LxZ

0

dx

Lx

LzZ

0

dzaz(x, y = 0, z)

����
a�d�

a

= �4⇡nz , (2.19)

along with two identical relations obtained by cyclic permutations of x, y, z.

Thus, combining the U(1) gauge transformations (2.18, 2.19), with the expression

for Q� from (2.13), we find the transformation of X2TR

X2TR [a� d�] = X2TR [a] e
�i2⇡

dR
TR
[nx(myz+

nnyz
N )+ny(mzx+

nnzx
N )+nz(mxy+

nnxy
N )] , (2.20)

showing explicitly that the operator (2.14) is not U(1) gauge invariant.

Thus, following [17, 18], to make X2TR gauge invariant, we sum over nx, ny, nz,

obtaining the noninvertible Z̃�

2TR
operator

X̃2TR = e
i

2⇡
2TR

Q�
X

nx,ny ,nz2Z

e
�i2⇡

dR
TR
[nx(myz+

nnyz
N )+ny(mzx+

nnzx
N )+nz(mxy+

nnxy
N )] , (2.21)

with Q� from (2.13). This equation shows that the operator is noninvertible and deter-

mines the sectors not annihilated by X̃2TR . To see this, we use the Poisson resummation

formula

X

nx2Z

e
�i2⇡

dR
TR

(myz+
nnyz
N )nx =

X

lx2Z

�

✓
dR
TR

(myz +
nnyz

N
)� lx

◆
. (2.22)

For X̃2TR to act nontrivially, i.e., not be set to zero, it must be that in each two-plane,

the fluxes mij, nij, i < j, have to obey

dR
TR

(myz +
nnyz

N
) = lx, lx 2 Z (plus cyclic) . (2.23)

It is easy to see that such integer-valued combinations of fluxes always exist (we shall

see examples below). In the Appendix, we construct the operator X̃2TR using the

“half-gauging” procedure of refs. [11, 12].

To summarize, here we have constructed a symmetry operator X̃2TR of the non-

invertible chiral symmetry. The operator of the noninvertible symmetry acts as a

projection operator: it annihilates sectors of the torus Hilbert space whose fluxes do

not obey (2.23) and acts as unitary operator in each flux sector obeying (2.23).8

8In backgrounds with mij , nij chosen to yield integer li (2.23), the operator can simply be defined
by (2.14), since, as (2.20) shows, for such values of li, it is gauge invariant.
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, when (+ cyclic)

= 0, otherwise

 in x-directionZ(1)
N

mixed anomaly! 
as in SYM, if phase not unity   
—>  degeneracy! 
*exact on any torus* 
*between  flux sectors*Z(1)

N

commutation relation with  (easily computable from all above!): Z(1)
N

 summary, Ex.2:

- degeneracy due to mixed center/noninvertible chiral seen on 
  torus with specific flux sectors (not seen in others!); holds at any size 

- infinite volume limit expected independent of b.c.,  
- degeneracy should persist: implies symmetry breaking
first (only?) class of 4d examples of anomaly involving noninvertible + dynamical consequence! 

  [Anber, EP 2305] 

lx ≡
dR

TR
(μyz +

2
N

mx) ∈ ℤ

Tx X̃2TR
T−1

x = X̃2TR
e−i2π( mx

N − 2
N lx)

lx ≡
dR

TR
(μyz +

2
N

mx) ∈ ℤ

obtained using only pedestrian old-fashioned tools…

for us, on , noninvertible   operator is: 𝕋3 Z̃(0)
2TR



focus on even N: no state mapped to itself, all states doubly degenerate!

̂T3 ̂P0 = ̂P0 ̂T†
3

 expect  flux to have finite E at , others  θ = 0 e3 = 0 L → ∞ Eflux = σL

dihedral    D2Ndeformed

What about real infinite-  world ?T3

vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a

i +
1

8π
B̂a

i )(Π̂
a
i +

1

8π
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 1:

if confinement? 

Studying a gauge theory on torus with twisted b.c.  
(=in 2-form  background fields for the 1-form symmetry) 
is a powerful probe of the dynamics, especially in the presence of anomalies.
Mixed anomaly of invertible or noninvertible chiral symmetries with center symmetry implies exact 
degeneracy of flux sectors, which remains in infinite volume limit. 

Cartoon picture to remember: 
A.) no anomaly: lowest energy in  flux sector e3 ≠ 0 → σL → ∞

torus with 2-form background (any),  
upon increasing size to ∞

confining 
string tension 
(lattice!)

higher flux  
sectors decouple at   L → ∞

[Teper, Stephenson; 
 González-Arroyo,…1990s]

 summary:



 summary:

Mixed anomaly of invertible or noninvertible chiral symmetries with center symmetry implies exact 
degeneracy of flux sectors, which remains in infinite volume limit. 

Cartoon picture to remember: 

torus with 2-form background  
(the one revealing anomaly!),  
upon increasing size to ∞

B.) anomaly: lowest energies of  flux sectors remain equale3 = 0, e3 = 1
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  e.g.  and  states of finite E at θ = π |e3 = 0⟩ |e3 = 1⟩ L → ∞
  parity breaking vacua|0⟩, |1⟩

COMMENT 1:

if confinement? 
clustering: if center preserved, parity broken:

 as in dYM [Unsal, Yaffe 2008+… coming up],…, lattice [Kitano et al 2021] ?interchanged by chiral symmetry   ∀L < ∞

Studying a gauge theory on torus with twisted b.c.  
(=in 2-form  background fields for the 1-form symmetry) 
is a powerful probe of the dynamics, especially in the presence of anomalies.

for  valued anomalyℤ2

(or parity, in pure YM at ) θ = π
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B.) anomaly: lowest energies of  flux sectors remain equale3 = 0, e3 = 1

focus on even N: no state mapped to itself, all states doubly degenerate!
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vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
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Ĥ → Ĥθ ≡ V̂θĤV̂ †
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For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π
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Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
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i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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Ĥ → Ĥθ ≡ V̂θĤV̂ †
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the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π
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(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =
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  e.g.  and  states of finite E at  

clustering: if parity preserved, center must be broken   
still double   degeneracy at any volume

θ = π |e3 = 0⟩ |e3 = 1⟩ L → ∞

4d Georgi-Glashow  w/ real triplet vev ; IR-free CFT at , at any L!SU(2) → U(1) v ≫ 1/L θ = π

if no confinement?

COMMENT 1:

What about real infinite-  world ?T3

Example: 

two vacua exchanged 


   by -center̂T3

interchanged by chiral symmetry   ∀L < ∞

Studying a gauge theory on torus with twisted b.c.  
(=in 2-form  background fields for the 1-form symmetry) 
is a powerful probe of the dynamics, especially in the presence of anomalies.

for  valued anomalyℤ2



 outlook:

- there is a lot of more mathematically oriented work on noninvertible 
symmetries, does it also allow more pedestrian ways (so I can look at)?

- some puzzles about infinite volume limit vs finite torus dynamical 
calculations in supersymmetry, notably the ones presented by the gaugino 
condensate computed with ’t Hooft fluxes (works with Anber, EP 2210, 2307;…)

- the exact degeneracies may be useful for lattice studies (twists are trivially 
put on lattice) especially if they ever approach  regime of pure YM or 
tackle exact chiral symmetries

θ ∼ π

 what I worry about presently…:

…beyond me, but interesting:

- is it useful for constraining/studying real world (real or imagined, e.g. BSM) theories? 

- what are the most general consistency conditions following from all possible 
anomalies in a given theory? (as we saw, things were missed 1980 -> 2014!)



technical back up slides
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 global symmetry, but only acting on transition functions in i-th direction  
     … strange…  what more physical does it act on?
Zq⟹

⟹ Ω1 = gRΩ1g−1
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a quick intro to poor man’s twisted bundle

AT = Ω2(AB − id)Ω−1
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1

ψT = Ωq
2 ψB

ψR = Ωq
1 ψL

⟹ Ω1(L2)Ω2(0) = eiα Ω2(L1)Ω1(0)

for U(1),nonzero q: 

for U(1) and q=0, any eiα

AR = gR(AR − id)g−1
R

AL = gL(AR − id)g−1
L

⟹ Ω1 = gRΩ1g−1
L

for SU(N)+adjoint:
eiα = ei 2π

N n12

for SU(N)+fund: eiα = 1

For q’s allowing , all b.c. invariant under: eiα ≠ 1 Ωi → ei 2π
q li Ωi, li ∈ Z(mod q)

e . g . , W1 = tr(ei ∫R
L A Ω1)winding Wilson loops! : W1 → ei 2π

q l1W1

eiα = ei 2π
q n12



Crucial observation (’t Hooft)


, the  generator in the direction 

orthogonal to the (12) plane of the twist

has winding number Q =  

̂T3 Z(1)
N

n12

N
(mod Z)

is multiplied by ei2πkl/N upon the action of C[!k, ν].

For the discussion that follows, it will be useful to define the three generators of the
1-form center symmetry, T̂i, by their action on vectors in H as follows:

T̂1 |A〉 = |C[(1, 0, 0), 0] ◦ A〉
T̂2 |A〉 = |C[(0, 1, 0), 0] ◦ A〉
T̂3 |A〉 = |C[(0, 0, 1), 0] ◦ A〉 ,

(3.14)

where (1, 0, 0), etc., denote the components of !k. The above definition is somewhat
open-ended as the C[!k, 0] used to define T̂i can be multiplied by any small gauge trans-
formation and still satisfy (3.12). Moreover, the operators T̂i must map physical states
to physical states. Note however, that for any gauge transformation U , the transforma-
tion U ′ = T †

i UTi satisfies the conditions of (3.7) and hence is a gauge transformation.
Thus, for any physical states |ψ〉 and any gauge transformation U we have

ÛTi |ψ〉 = T̂iÛ
′ |ψ〉 = e−iθν T̂i |ψ〉 . (3.15)

This demonstrates that T̂i map physical states to physical states and that they are well
defined on physical states.

Before we continue, we comment on the relation to the modern understanding of p-form
symmetries in d spacetime dimensions. These symmetries are represented by topological
operators defined on codimension-(p+1) surfaces in spacetime [4]. While this property
is not immediately obvious from (3.14), we note that one can, instead, use canonical
momenta and coordinates to define the unitary operator T̂i by an exponential of an
integral of an operator over a 2-surface in R3. We will not need such a definition here,14

as (3.14) suffices for our purposes.

5. When the spatial boundary conditions are twisted by a nonzero !m, the operators T̂i,
and the related15 Ĉ[!k, ν] have fractional winding number T3 → G [31]. The winding
number is familiar from Skyrmion physics

Q[C] =
1

24π2

∫

T3
tr (CdC−1)3 . (3.16)

and its fractional nature in the !m $= 0 background can be explicitly demonstrated as
follows. Consider the topological charge on the Euclidean T4,

Q =
1

8π2

∫

trF ∧ F =
1

64π2

∫

d4xF a
µνF

a
λσε

µνλσ =

∫

d4x∂µK
µ , (3.17)

14An analogous definition can be explicitly seen in the 2d Schwinger model, where the 1-form symmetry

is generated by a local operator, as in e.g. [14], or using the Kogut-Susskind lattice Hamiltonian [53]. For a

related continuum discussion, see also [54] and the appendix of [55].
15The operators Ĉ are defined analogously to (3.14) by their action on |A〉 via the functions C[!k, ν], as in

(3.11).
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tion U ′ = T †

i UTi satisfies the conditions of (3.7) and hence is a gauge transformation.
Thus, for any physical states |ψ〉 and any gauge transformation U we have

ÛTi |ψ〉 = T̂iÛ
′ |ψ〉 = e−iθν T̂i |ψ〉 . (3.15)

This demonstrates that T̂i map physical states to physical states and that they are well
defined on physical states.

Before we continue, we comment on the relation to the modern understanding of p-form
symmetries in d spacetime dimensions. These symmetries are represented by topological
operators defined on codimension-(p+1) surfaces in spacetime [4]. While this property
is not immediately obvious from (3.14), we note that one can, instead, use canonical
momenta and coordinates to define the unitary operator T̂i by an exponential of an
integral of an operator over a 2-surface in R3. We will not need such a definition here,14

as (3.14) suffices for our purposes.

5. When the spatial boundary conditions are twisted by a nonzero !m, the operators T̂i,
and the related15 Ĉ[!k, ν] have fractional winding number T3 → G [31]. The winding
number is familiar from Skyrmion physics

Q[C] =
1

24π2

∫

T3
tr (CdC−1)3 . (3.16)

and its fractional nature in the !m $= 0 background can be explicitly demonstrated as
follows. Consider the topological charge on the Euclidean T4,

Q =
1

8π2

∫

trF ∧ F =
1

64π2

∫

d4xF a
µνF

a
λσε

µνλσ =

∫

d4x∂µK
µ , (3.17)

14An analogous definition can be explicitly seen in the 2d Schwinger model, where the 1-form symmetry

is generated by a local operator, as in e.g. [14], or using the Kogut-Susskind lattice Hamiltonian [53]. For a

related continuum discussion, see also [54] and the appendix of [55].
15The operators Ĉ are defined analogously to (3.14) by their action on |A〉 via the functions C[!k, ν], as in

(3.11).
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for a 4d field configuration twisted by   (denoted C) in time 

and  in space: 

T3
n12

 Q =  
n12

N
(mod Z)

a direct calculation (only requires cocycle conditions, 

good gauge choice, not explicit form of C=T_3), then gives

= winding of , as map ̂T3( ⃗x) T3 → SU(N)

idea only  (details are plentiful… see eg appx of 2106 paper w/ Cox, Wandler)

considering 4d field configuration is a clutch (’t Hooft); 

equiv., can explicitly construct  and compute winding… ̂T3( ⃗x)
[García Pérez, González-Arroyo ‘92; Selivanov-Smilga ’00; Wandler-EP 2211]

( )



’t Hooft: center-symmetry generator “along”  has fractional  winding #⃗m T3 → G
 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

a picture (J. Greensite’s demand) to illustrate fractional winding

(explicit  form of  from Wandler, EP ’22)̂T3(x, y, z)

    (holds in our “good” constant-  gauge )Γi

angle , only φ ∈ (0,π)

 angle , full range ψ

(full range)


