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Motivation

What is the sensitivity of a large solenoidal 

magnet to gravitational waves?
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gµ⌫ = ⌘µ⌫ + hµ⌫
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gµ⌫ = ⌘µ⌫ + hµ⌫

h(t) ∼ he−2πift

Focus on high 
frequencies

Noise spectral density 
(How much noise is in 

the detector?)
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gµ⌫ = ⌘µ⌫ + hµ⌫

Focus on high 
frequencies

Small subset of ideas, see 
[Aggarwal+ 2020]

[Berlin, Blas, D'Agnolo, Ellis, Harnik, 
Kahn, Schütte-Engel, Wentzel 2023] 
Broadband shown, high frequency 

noise suppressed if resonant
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First approach: hF2

B0

Goal: exploit large stored energy 
in a magnetic field 
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B0

Axion detection with solenoidal geometry [Sikivie, Sullivan, Tanner 2014] 
Earlier suggestion by Romalis & Thomas, see [Svrcek, Witten 2006]

Familiar use 
 gaγγaFF̃

First approach: hF2
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B0

Familiar use 
 

Exploit direct analogy for GW 
 

gaγγaFF̃

hF2

Axion haloscopes are GW telescopes 

Expand  for  

[Berlin, Blas, Tito D’Agnolo, Ellis, Harnik, Kahn, Schutte-Engel 2021] 
[Domcke, Garcia-Cely, NLR 2022]

S ⊃ ∫ d4x −g (−
1
4

F2) gμν = ημν + hμν

First approach: hF2
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Familiar use 
 

Exploit direct analogy for GW 
 

Generates AC magnetic field 

gaγγaFF̃

hF2

BEM
h ∼ hB0(ωL)2

Leading gauge invariant contribution, 
full solenoidal calculation in 

[Domcke, Garcia-Cely, Lee, NLR 2024]

First approach: hF2

B0

Jr

Jµ

Jz

L
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gµ⌫ = ⌘µ⌫ + hµ⌫

Losing sensitivity 
∝ f −2

Compute full response for EFR, SQUID 
noise limited, broadband readout (ideal 

for transients - see Yoni Kahn’s talk)

As for axion, improves with resonant 
readout (also true for MAGO 2.0)

First approach: hF2

Will lose sensitivity before  
(See Josh Foster’s talk)

ωL ∼ 1
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Why  ?Bh ∼ (ωL)2

TT gauge: , but  

Proper detector frame: ,  

h ∼ ei(k⋅x−ωt) ∼ ω0 B0 ∼ ?

B0 ∼ ω0 h ∼ ω2

PDF advocated in [Berlin+ 2021],  
see also [Fortini and Gualdi 1982], 
[Marzlin 1994], [Rakhmanov 2014]
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Why  ?Bh ∼ (ωL)2

TT gauge: , but  

Proper detector frame: ,  

h ∼ ei(k⋅x−ωt) ∼ ω0 B0 ∼ ?

B0 ∼ ω0 h ∼ ω2

PDF advocated in [Berlin+ 2021],  
see also [Fortini and Gualdi 1982], 
[Marzlin 1994], [Rakhmanov 2014]

PDF: locally inertial frame along a geodesic  

 contribution is  

Locally flat coordinates   must vanish 
 

See [Domcke, Garcia-Cely, Lee, NLR 2024]

x0

ω0 ημν

⇒ 𝒪(ω)
0 = Γμ

νρ(x0) ∼ ∂g(x0)
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Why  ?Bh ∼ (ωL)2

TT gauge: , but  

Proper detector frame: ,  

Couples to an EM modes 

h ∼ ei(k⋅x−ωt) ∼ ω0 B0 ∼ ?

B0 ∼ ω0 h ∼ ω2

Bh ∼
ω2h

ω2 − ω2
EM + i(ωωEM/QEM)2

∼ ω2h

ω ≪ ωEM ∼ 500 MHz
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Mechanical Coupling

Solenoidal Magnet: 

 B0 =
NI
LB0

L
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Mechanical Coupling

B0

L
+

¢
L

Solenoidal Magnet: 

 

GW oscillates the magnet length 

B0 =
NI
L

L → L + hL
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Mechanical Coupling

B0

L
+

¢
L

Solenoidal Magnet: 

 

GW oscillates the magnet length 
 

Generates AC magnetic field 

B0 =
NI
L

L → L + hL

Bmech
h ∼ hB0 ≫ BEM

h
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Mechanical Coupling

B0

L
+

¢
L

Solenoidal Magnet: 

 

GW oscillates the magnet length 
 

Generates AC magnetic field 

B0 =
NI
L

L → L + hL

Bmech
h ∼ hB0 ≫ BEM

h

A static magnet 
is a Weber bar!
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Where is the ω2

PDF: GW generates a force density 

 [fg]i =
1
2

ρ··hTT
ij xj

··hTT ∼ ω2h
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Where is the ω2

PDF: GW generates a force density 

 

Force density  displacements in solenoid,  
find  by Navier-Cauchy equation 

 

[fg]i =
1
2

ρ··hTT
ij xj

⇒
U(r) = r′ − r

ρ ··U = (λ + μ)∇(∇ ⋅ U) + μ∇2U + fg
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Where is the ω2

PDF: GW generates a force density 

 

Force density  displacements in solenoid,  
find  by Navier-Cauchy equation 

Recompute  from Biot-Savart, find 

[fg]i =
1
2

ρ··hTT
ij xj

⇒
U(r) = r′ − r

B
Bh ∼ hB0
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Where is the ω2

PDF: GW generates a force density 

 

Key: GW is coupling to mechanical not EM modes 

[fg]i =
1
2

ρ··hTT
ij xj

Bh ∼
ω2h

ω2 − ω2
Mech + i(ωωMech/QMech)2

∼ h

ω ≫ ωMech ∼ 5 kHz ∼ csωEM
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gµ⌫ = ⌘µ⌫ + hµ⌫

Mechanical Coupling

B0

Losing sensitivity 
∝ f −2
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As for axion, improves with resonant 
readout (also true for MAGO 2.0)

Compute full response for EFR, SQUID 
noise limited, broadband readout (ideal 

for transients - see Yoni Kahn’s talk)
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Important Questions

1. Could we probe a signal from the early Universe? 
Would have to exploit an EM and mechanical resonance
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aLIGO also has sensitivity 
to a few kHz
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B0

24

Important Questions

2. Is a static magnet the optimal Weber bar? 
Hierarchy of energy densities: UWeber

M ≫ USolenoid
B ≫ UWeber

E

1. Could we probe a signal from the early Universe? 
Would have to exploit an EM and mechanical resonance
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Important Questions

2. Is a static magnet the optimal Weber bar? 
Hierarchy of energy densities: UWeber

M ≫ USolenoid
B ≫ UWeber

E

1. Could we probe a signal from the early Universe? 
Would have to exploit an EM and mechanical resonance
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Conclusion

[Domcke, Ellis, NLR]

NICK RODD   |   Dark Wave Lab Workshop   |   16 April 2024

Static magnets can have leading sensitivity 
to high-frequency gravitational waves 
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Sensitivity to h
For a stochastic signal described by , reach (ω̄h, Qh)

h ≃ Sn(ω̄) [ ω̄h

TQh ]
1/4

≃ Sn(ω̄) Hz ( f̄
1 Mhz )

1/4

( T
1 year )

−1/4

( Qh

1 )
−1/4
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Backgrounds
For a broadband readout

<latexit sha1_base64="pTxwSEQcihGRL0Mvh8kdmG9y5J4=">AAAB+nicdVDLSgMxFL1TX7W+prp0EyyCqzIjvpYFNy4r2Ie0Q8mkaRuaZIYkowxjP8WNC0Xc+iXu/BszbQWfB0IO59x7c3PCmDNtPO/dKSwsLi2vFFdLa+sbm1tuebupo0QR2iARj1Q7xJpyJmnDMMNpO1YUi5DTVjg+z/3WDVWaRfLKpDENBB5KNmAEGyv13HLWVQLVlR0gmMQqnfTcilc99nKg38SvTm+vAnPUe+5btx+RRFBpCMdad3wvNkGGlWGE00mpm2gaYzLGQ9qxVGJBdZBNV5+gfav00SBS9kiDpurXjgwLrVMR2kqBzUj/9HLxL6+TmMFZkDEZJ4ZKMntokHBkIpTngPpMUWJ4agkmitldERlhhYmxaZVsCJ8/Rf+T5mHVP6keXR5VatfzOIqwC3twAD6cQg0uoA4NIHAL9/AIT86d8+A8Oy+z0oIz79mBb3BePwC2y5Rj</latexit>
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 tonne & M = 45 T = 2 K

 kg & M = 1 T = 10 mK
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Comparison of Stored Energies 

Elastic:  

 

Magnetic:  

 

Electric:  

1
2 mω2x2

UM ∼ 2 ⋅ 1012 J × h2 ( f
10 kHz )

2

( M
1000 kg ) ( L

1 m )
2

1
2μ0

B2V

UB ∼ 4 ⋅ 107 J × h2 ( B0

10 T )
2

( L
1 m )

3

1
2 CV2

UE ∼ 5 ⋅ 105 J × h2 ( C
10−8 F ) ( E

10 MV/m )
2

( L
1 m )

2

Taking typical values used by AURIGA
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 profileBh

Response to  &  in the y-z planeh+ k̂ = x̂
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Proper Detector Frame

<latexit sha1_base64="9icsLxnyiVvsj6D/Zz7DLqNkg4I="></latexit>

h00 = !2F (k · r)b · r, bj ⌘ rih
TT
ij

��
r=0

,

h0i =
1

2
!2 [F (k · r)� iF 0(k · r)]

⇣
k̂ · r bi � b · r k̂i

⌘
,

hij = �i!2F 0(k · r)
�
|r|2 hTT

ij

��
r=0

+ b · r �ij � birj � bjri
�
,

F (⇠) = (ei⇠ � 1� i⇠)/⇠2 = �1/2 +O(⇠)

TT gauge: GW is a plane wave ∼ ei(k⋅r−ωt)

Proper Detector Frame: more involved

See [Berlin, Blas, Tito D’Agnolo, Ellis, Harnik, Kahn, Schutte-Engel 2021], 
[Domcke, Garcia-Cely, NLR 2022], [Domcke, Garcia-Cely, Lee, NLR 2024]
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Proper Detector Frame

TT gauge: GW is a plane wave ∼ ei(k⋅r−ωt)

Proper Detector Frame: more involved

See [Berlin, Blas, Tito D’Agnolo, Ellis, Harnik, Kahn, Schutte-Engel 2021], 
[Domcke, Garcia-Cely, NLR 2022], [Domcke, Garcia-Cely, Lee, NLR 2024]

<latexit sha1_base64="SfMnIi88wnQro49OgKwF2Wt0//k="></latexit>

h00 = !2F (k · r)b · r, bj ⌘ rih
TT
ij

��
r=0

,

h0i =
1

2
!2 [F (k · r)� iF 0(k · r)]

⇣
k̂ · r bi � b · r k̂i

⌘
,

hij = �i!2F 0(k · r)
�
|r|2 hTT

ij

��
r=0

+ b · r �ij � birj � bjri
�
,

F (⇠) = (ei⇠ � 1� i⇠)/⇠2 = �1/2 +O(⇠)

<latexit sha1_base64="aYepMfHTdn5z/qiwE76DEfDNbLQ="></latexit>

gµ⌫(x) = gµ⌫(x0)| {z }
=⌘µ⌫

+(x� x0)
↵@↵gµ⌫(x0)| {z }

=0 (* �µ
⌫⇢(x0)=0)

+ (x� x0)
↵(x� x0)

�@↵@�gµ⌫(x0)| {z }
O(!2R2)

+ . . .
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Proper Detector Frame

Use Fermi normal coordinates

<latexit sha1_base64="HIFMnRUlftwnzsUGA5K0IqW2Cus="></latexit>

hij = �2
1X

n=0

n+ 1

(n+ 3)!
R̂ikjl,m1...mnrkrlrm1 ...rmn ,

h0i = �2
1X

n=0

n+ 2

(n+ 3)!
R̂0kil,m1...mnrkrlrm1 ...rmn ,

h00 = �2
1X

n=0

n+ 3

(n+ 3)!
R̂0k0l,m1...mnrkrlrm1 ...rmn

[Fortini and Gualdi 1982], [Marzlin 1994], [Rakhmanov 2014]

Locally inertial coordinates 
along a geodesic [Fermi 1922]

 is evaluated at the 
coordinate origin

R̂
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Proper Detector Frame

Proper detector frame:  
Fermi normal coordinates transformed to the non-

inertial reference frame of the detector

[Ni, Zimmermann 1978]

Non-inertial corrections (Earth’s gravity, Coriolis 
effect, etc) are irrelevant at higher frequencies - 
effectively can just use Fermi normal coordinates


