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Relativistic diffusion

The classical approach based on differential equations is to use the Radiative Transfer
Equation (RTE), witch is a high dimensional non-linear integro-differential equation,
which might be very hard to solve analytically and be cumbersome to solve numerically.

Simplifying assumptions might be made on the RTE to make it easier and faster to solve.
Such an approximation, for photon propagation, is the Photon Diffusion Equation,
which is vastly studied in the literature. The diffusion approximation can be solved
analytically in many cases, but it allows for infinite propagation speed and does not
account for ballistic like photon propagation for short distances. Galymov, 2017, DUNE
DP-PD Consortium Meeting
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Relativistic diffusion

P.-A. Lemieux, M. U. Vera, and D. J. Durian propose a Hyperbolic PDE for photon
propagation in scattering and absorbing media in Diffusing-light spectroscopies beyond
the diffusion limit: The role of ballistic transport and anisotropic scattering.

Their proposal is based on the explicit derivation of the equation for the 1d case and
adjustments for the 3d case to have the correct limiting behavior.

They got a kind of Telegrapher’s equation for the photon density φ:

∆φ =
∂2φ

v2∂t2
+

(
2

λabs
+

3

λ∗
rs

)
∂φ

v∂t
+

1

λabs

(
1

λabs
+

3

λ∗
rs

)
φ
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Pulse solution without boundaries

An analytic solution to this equation for a pulse point source can be calculated explicitly

φ(t, x⃗) =
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where I1 and I2 are modified Bessel functions of the first kind.
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Propagation of radiation

Photon density distribution inside the detector for times 0.1, 1.1, 2.1, 3.1, 4.1, 5.1, 6.1, 7.1,
8.1, 9.1 ns
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Flow of photons

In dimensionless coordinates they find the exiting flux J(t, x⃗) to be proportional to φ(t, x⃗).

This leads to excess photons (specially for longer distances), when compared to the MC
Simulation.
Let t > t0 be some instant in time after the wave front passes x⃗ . The photons reaching x⃗ at
time t have all traveled the distance vt > ∥x⃗ − x⃗0∥ and have been scattered at least once.
These photons were emitted at x⃗0, have traveled vt cm and reach x⃗ at time t. But the set of
points y⃗ such that ∥x⃗ − y⃗∥+ ∥y⃗ − x⃗0∥ < vt is an ellipsoid with foci x⃗ and x⃗0. This means that
all photons reaching x⃗ at time t suffered their last scattering event (prior to reaching x⃗ at
instant t) inside this ellipsoid, which we call causality ellipsoid.
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The causality ellipsoid defined by x⃗ , x⃗0 and t > ∥x⃗ − x⃗0∥/v has semi-major axis a = vt/2,
semi-minor axis b =

√
v2t2 − ∥x⃗ − x⃗0∥/2 and eccentricity e = ∥x⃗ − x⃗0∥/vt.

Suppose, now, that there is a plane wall W through x⃗ . We consider the photon flux through
the wall to be the photon density times the average of the direction component
pointing to n⃗ inside V1.

V1V2 .⃗
x0

.⃗
x

n⃗

We then erase photons flowing from the outside to inside the detector by the analogous
quantity on V2.
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Photon flux through a detector comparison

Telegrapher equation / Geant4 simulated data for photon flux through a SiPM at the wall of
the detector for 100k photons pulse emitted at distance 86.8cm.
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Total number of photons arriving at a detector

Telegrapher equation / Geant4 simulated data for total number of photons on photon
counting square for sources in front of it at distances 10cm, ..., 600 cm
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