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Nuclei and new physics
Nuclei are abundant and useful 

experimental targets

Relating new physics 
models to 
experimental data 
requires nuclear 
responses

• Dark matter direct detection (low-energy scalar) 

• Neutrinoless double-beta decay (low-energy axial) 

• Neutrino-nucleus scattering (low- and high-energy axial)
DUNE

Aprile et al [XENON], 
PRL 131 (2023)
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✐ J.A. Formaggio and G.P. Zeller, RMP 84 (2012) 

DUNE
Accelerator neutrino fluxes cover a wide 

range of energies where different 
processes dominate cross-section:

• Quasi-elastic nucleon scattering 

• Resonance production 

• Deep inelastic scattering

Formaggio, Zeller, Rev. Mod. Phys. 84 (2012)

Neutrino-nucleus scattering

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

Effective theories for different energies require different inputs

Theory input required to decompose cross 
section into such processes and 
therefore predict its energy dependence
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Lattice QCD and neutrino-nucleus 

Connecting nucleon form factors to neutrino-nucleus scattering is more complicated

Neutrino-nucleon scattering amplitudes can be computed straightforwardly once 
nucleon electroweak form factors known

Lattice QCD provides reliable methods for numerically computing properties of QCD 
including nucleon form factors encoding responses to electroweak currents

• Lattice QCD can constrain inputs to nuclear EFTs and models 

• Constraints from lattice QCD and experiment are often complementary
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Monte Carlo path integrals

Compromises:

Lattice QCD uses a path integral version of quantum mechanics 

— Quark propagators provide explicit solutions to the quark field path integral 

— Gluon field path integrals are performed numerically using Monte Carlo:          
random field values are drawn from a probability distribution similar to the integrand

Lattice spacing Finite-volume

a ! 0

<latexit sha1_base64="HpTb+qvIWaGpiEc+eeTKqb2BaB8=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquVPRY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75YJ7mk+HAHRWj1ir+9WvKo3B14lfk4qKEej7371BoqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrTLAkdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeF6CrIuExSYJIuFkWpwKDwLAU84JpREBNLCNXc3orpiGhCwWZVsiH4yy+vktZ51a9VL+5qlfp1HkcRHaMTdIZ8dInq6BY1UBNRlKJn9IrenCfnxXl3PhatBSefOUJ/4Hz+AB49kr8=</latexit>

L ! 1

<latexit sha1_base64="CJsMyKLShPSeLAICPEKLz0jJIac=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIRZdFNy5cVLAPaEqZTCft0MkkzNwoMRR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/FlyD43xbhaXlldW14nppY3Nre8fe3WvqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kdXE791z5TmkbyDNGbdkAwkDzglYKSefXCDPcUHQyBKRQ/Y4zKAtGeXnYozBV4kbk7KKEe9Z395/YgmIZNABdG64zoxdDOigFPBxiUv0SwmdEQGrGOoJCHT3Wx6/RgfG6WPg0iZkoCn6u+JjIRap6FvOkMCQz3vTcT/vE4CwUU34zJOgEk6WxQkAkOEJ1HgPleMgkgNIVRxcyumQ6IIBRNYyYTgzr+8SJqnFbdaObutlmuXeRxFdIiO0Aly0TmqoWtURw1E0SN6Rq/ozXqyXqx362PWWrDymX30B9bnD2F1lTI=</latexit>

⌧ ! it
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Imaginary time

Imaginary time turns complex quantum probability amplitudes

into positive-definite functions that can be interpreted as probabilities for random 
numbers in a Monte Carlo simulation

probability amplitude ⇠ eiS

<latexit sha1_base64="vNLQatyhCJDEH2Gjzh4f/EqspPM=">AAACEXicbVA9SwNBEN2LXzF+RS1tFoOQKtyJomXQxjKi+YAkhr3NJFmye3fszonhuL9g41+xsVDE1s7Of+Pmo9DEBwOP92aYmedHUhh03W8ns7S8srqWXc9tbG5t7+R392omjDWHKg9lqBs+MyBFAFUUKKERaWDKl1D3h5djv34P2ogwuMVRBG3F+oHoCc7QSp18sYXwgEmkQ5/5QgocUabsYoy7kNKWEYrCXSJu0k6+4JbcCegi8WakQGaodPJfrW7IYwUBcsmMaXpuhO2EaRRcQpprxQYixoesD01LA6bAtJPJRyk9skqX9kJtK0A6UX9PJEwZM1K+7VQMB2beG4v/ec0Ye+ftRARRjBDw6aJeLCmGdBwP7QoNHOXIEsa1sLdSPmCacbQh5mwI3vzLi6R2XPJOSqfXJ4XyxSyOLDkgh6RIPHJGyuSKVEiVcPJInskreXOenBfn3fmYtmac2cw++QPn8wfLa54+</latexit>

probability amplitude ⇠ e�S

<latexit sha1_base64="zKod7uKUugFehnGhyGs94dCRS4g=">AAACEXicbVA9SwNBEN2LXzF+RS1tFoOQxnAnES2DNpYRzQckMextJsmS3btjd04MR/6CjX/FxkIRWzs7/42bj0ITHww83pthZp4fSWHQdb+d1NLyyupaej2zsbm1vZPd3auaMNYcKjyUoa77zIAUAVRQoIR6pIEpX0LNH1yO/do9aCPC4BaHEbQU6wWiKzhDK7Wz+SbCAyaRDn3mCylwSJmyizHuwIg2jVAU7pLjm1E7m3ML7gR0kXgzkiMzlNvZr2Yn5LGCALlkxjQ8N8JWwjQKLmGUacYGIsYHrAcNSwOmwLSSyUcjemSVDu2G2laAdKL+nkiYMmaofNupGPbNvDcW//MaMXbPW4kIohgh4NNF3VhSDOk4HtoRGjjKoSWMa2FvpbzPNONoQ8zYELz5lxdJ9aTgFQun18Vc6WIWR5ockEOSJx45IyVyRcqkQjh5JM/klbw5T86L8+58TFtTzmxmn/yB8/kDcAOeAg==</latexit>
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Observables in LQCD
LQCD energy spectrum determined from 2-point correlation functions

=
X

n

|Zn|2e�Ent

<latexit sha1_base64="nNCCnsvbajmwD61Uq6Ts2uQSXl4=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scyUim6EogguK9gHttMhk6ZtaJIZkoxQpgU3/oobF4q49Sfc+Tem7Sy09cCFk3PuJfeeIGJUacf5thYWl5ZXVjNr2fWNza1te2e3qsJYYlLBIQtlPUCKMCpIRVPNSD2SBPGAkVrQvxr7tQciFQ3FnR5ExOOoK2iHYqSN5Nv7F00Vc1/A4b0vhq0CJK3k5Nq89ci3c07emQDOEzclOZCi7NtfzXaIY06Exgwp1XCdSHsJkppiRkbZZqxIhHAfdUnDUIE4UV4yuWEEj4zShp1QmhIaTtTfEwniSg14YDo50j01643F/7xGrDvnXkJFFGsi8PSjTsygDuE4ENimkmDNBoYgLKnZFeIekghrE1vWhODOnjxPqoW8W8yf3hZzpcs0jgw4AIfgGLjgDJTADSiDCsDgETyDV/BmPVkv1rv1MW1dsNKZPfAH1ucPt4qW7w==</latexit>

Imaginary time evolution e�iHtreal = e�H(itreal)

<latexit sha1_base64="zVxXGx8Y9nybThTAqD9epEmXJ20=">AAACGnicbVC7SgNBFJ2NrxhfUUubwSDEwrArEW2EoE3KCOYBSQyzk5tkyOyDmbtiWPY7bPwVGwtF7MTGv3HyKDTxwMDhnHu4c48bSqHRtr+t1NLyyupaej2zsbm1vZPd3avpIFIcqjyQgWq4TIMUPlRRoIRGqIB5roS6O7we+/V7UFoE/i2OQmh7rO+LnuAMjdTJOnAXn4gyduIWwgPGJiuTJKGXdGyU82LOOU462ZxdsCegi8SZkRyZodLJfra6AY888JFLpnXTsUNsx0yh4BKSTCvSEDI+ZH1oGuozD3Q7npyW0COjdGkvUOb5SCfq70TMPK1HnmsmPYYDPe+Nxf+8ZoS9i3Ys/DBC8Pl0US+SFAM67ol2hQKOcmQI40qYv1I+YIpxNG1mTAnO/MmLpHZacIqFs5tirnQ1qyNNDsghyROHnJMSKZMKqRJOHskzeSVv1pP1Yr1bH9PRlDXL7JM/sL5+AE6foa0=</latexit>

In imaginary time, correlation functions can be written as sums of exponentials

Ground state dominates for large   :      t

<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

CA(t) =
⌦
0|A(t)A†(0)|0

↵
=

X

n

⌦
0|A(0)e�Ht|n

↵ ⌦
n|A†(0)|0

↵
+ . . .

<latexit sha1_base64="/PcbQ59ByGiqujtO7zXogQBP6to="></latexit>

<latexit sha1_base64="NKG6xhHrjFzLmGMFtV4u7Dvh/sI="></latexit>

CA(t) / e
�E0t +O

⇣
e
�(E1�E0)t

⌘
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Effective masses
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Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)

Effective mass “plateau” signals ground state 
dominates correlation function at finite t

For simple states, e.g. low-momentum pion, 
simple interpolating operators and t ~ 1 fm 
appear sufficient

Ee↵(t) =
1

a
ln


CA(t+ a)

CA(t)

�
= E0 +O(e�(E1�E0)t)

<latexit sha1_base64="r0lhX57KwA9A/u1oMiwPOmMpDeY="></latexit>

Fitted dispersion relations agree with continuum 
expectations + discretization effects



LQCD and nucleon form factors
Nucleon electric and 

magnetic form factors 
recently calculated using 
LQCD with approximately 
physical quark masses

8

LQCD results for nucleon electric and magnetic form factors (linear combinations of       
and       ) show good consistency with phenomenological parameterizations

Park et al [NME], PRD 105 (2022)

F2

<latexit sha1_base64="RJuRvScgd81RyYVSUQ0pljyjTWo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DgniMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHm57lV6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDKnwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqalbJXLV/cV0u16yyOPJzAKZyDB5dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Aw5GNdw==</latexit>

F1
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hN(p+ q)|V µ|N(p)i = u(p+ q)


F1(q

2)�µ + i�µ⌫q⌫
F2(q2)

2MN

�
u(p)

<latexit sha1_base64="1Iy+5+57YrvoF1GlEJSwDID7kOw="></latexit>

Vµ ⇠ q�µq
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Careful treatment of     
excited states required 
to reproduce known 
symmetry constraints 
assuming ground-state 
dominance of results

Excited states

N⇡
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9Park et al [NME], PRD 105 (2022)
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Axial form factor calculations 
have been performed using 
analogous methods

NOT DONE

hN(p+ q)|Aµ|N(p)i = u(p+ q)

"
GA(q

2)�µ�5 + qµ�5
eGP (q2)

2MN

#
u(p)

<latexit sha1_base64="X0kpzR/symtVG6rwZ92fABq2JPM="></latexit>

Aµ ⇠ q�µ�5q
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Additional excited-state effects 
arise from the fact that axial 
currents can act as pion 
sources



LQCD calculations of nucleon axial 
form factors with approximately 
physical quark masses and 
continuum extrapolations 
achieved by multiple groups
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Axial form factors

Up to 3 sigma differences between 
LQCD and experimental axial 
form factor determinations, 
could arise from challenging 
LQCD systematic uncertainties

Differences could also arise from 
underestimated uncertainties in 
phenomenological form factor 
determinations using deuterium 
bubble chamber data

Meyer, Betancourt, Gran, and Hill, PRD 93 (2016)

Simons, Steinberg, MW et al, arXiv:2210.02455

Park et al [NME], PRD 105 (2022)

Djukanovic et al, PRD 103 (2021)

Bali et al [RQCD], JHEP 05 126 (2020)

Alexandrou et al [ETMC], PRD 109 (2024)

Jang et al [NME], PRD 109 (2024)
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Impact of LQCD vs D2 form factors studied using GFMC and spectral function (SF) 
calculations of carbon relevant for MiniBooNE

NOT DONE

• 10-20% differences found between LQCD and D2 form factors

Simons, Steinberg, MW et al, 
arXiv:2210.02455

MiniBooNE Results

• Disentangling effects of nucleon form-factors and nuclear interactions is non-trivial



• Effects on near and far detectors differ, understanding discrepancy 
essential for reliable neutrino oscillation analyses

12

Meyer, Walker-Loud, Wilkinson, Ann. Rev. Nucl. Part. Sci. 72 (2022)

GENIE event generator predictions for T2K event rate using deuterium bubble 
chamber vs recent LQCD axial form factors differ by ~20%

Axial form factor uncertainties



• Broad consistency is seen between MINERvA extraction and LQCD

13

Cai et al. [MINERvA], Nature 614 (2023)

MINERvA has recently analyzed antineutrino scattering with a hydrocarbon 
scintillator target (8% H + 89% C + …) to extract nucleon axial form factor

• Experimental determinations of nucleon axial form factor limited by nuclear 
theory systematics (+other systematics of old bubble chamber data)

• Competitive systematic uncertainties achieved with present-day lattice QCD…

• Separating nuclear / free nucleon events challenging

MINERvA Results



Shanahan, Tibuzri, MW, Winter, PRL 120 (2018)

The signal-to-noise problem
Nucleon ground state dominates correlation 

function for large  

Variance of nucleon correlation 
function is itself a 
correlation function with 
quantum numbers of NN

<latexit sha1_base64="u4Db7NE7zdKhCztUcrZJPQrGZsg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG1elgn1AO5RMmmlDM8mYZApl6He4caGIWz/GnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsv89oQqzaR4NNOY+hEeChYygo2V/HpPWjcLp/VZv1xxq+4caJV4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi0VOKLaT+dHz9CZVQYolMo+YdBc/Z1IcaT1NArsZITNSC97mfif101MeOOnTMSJoYIsFoUJR0airAE0YIoSw6eWYKKYvRWREVaYGNtTyZbgLX95lbQuqt5l9erhslK7zesowgmcwjl4cA01uIcGNIHAEzzDK7w5E+fFeXc+FqMFJ88cwx84nz8hKZJY</latexit>

The lightest allowed state is 3⇡

<latexit sha1_base64="nqWb9V1qXpwvppYzNNw1NaOKXyE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0uXfYTNqjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKx1z3MTE2RYGUY4nVX6qaYJJhM8oj1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/vF5qopsgYzJJDZVksShKOTIxyh9HQ6YoMXxqCSaK2VsRGWOFibHxVGwI3vLLq6R9Ufca9auHRq15W8RRhhM4hXPw4BqacA8t8IHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/FIo4S</latexit>

CN (t) ⇠ e�MN t

<latexit sha1_base64="i3wbu4FxTFV2FHVkgqk2gQg5uOg=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiAfDrkT0GMzFiyGCeUCyLrOTSTJk9sFMrxDWHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxJcgWV9G5ml5ZXVtex6bmNza3vH3N1rqDCWlNVpKELZ8ohiggesDhwEa0WSEd8TrOkNKxO/+cCk4mFwB6OIOT7pB7zHKQEtueZBxa0W4AR3FPcxu09Ob9wqhrFr5q2iNQVeJHZK8ihFzTW/Ot2Qxj4LgAqiVNu2InASIoFTwca5TqxYROiQ9Flb04D4TDnJ9P4xPtZKF/dCqSsAPFV/TyTEV2rke7rTJzBQ895E/M9rx9C7dBIeRDGwgM4W9WKBIcSTMHCXS0ZBjDQhVHJ9K6YDIgkFHVlOh2DPv7xIGmdFu1Q8vy3ly1dpHFl0iI5QAdnoApXRNaqhOqLoET2jV/RmPBkvxrvxMWvNGOnMPvoD4/MHr8+Unw==</latexit>

t

<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

StN[CN (t)] =
hCN (t)ip
Var[CN (t)]

⇠ e�(MN� 3
2m⇡)t

<latexit sha1_base64="GDRv9u2hlQiR6x95BsNKtKDxP2g="></latexit>

Parisi, Phys.Rept. 103 (1984)

Lepage, TASI (1989)
Implies signal-to-noise ratios scale as

Same analysis for a system of A nucleons:
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The sign/al-to-noise problem
Nucleon correlation functions are complex in generic gauge field backgrounds

MW, Savage PRD 96 (2017)

Complex phases of correlation functions give path integrals “sign problems”

CN (t) =
1

Z

Z
DU e�S(U) |CN (t)| ei✓N (t)

<latexit sha1_base64="Tb78bZ5fHfJm3tRpdRBcPtMgqsg="></latexit>

Integral can’t be interpreted 
as a probability

The same phase fluctuations are responsible for the full severity of the signal-to-noise 
problem for the nucleon and nuclei

Neglects
ei✓N

<latexit sha1_base64="aoBIPsB5ytamqbKrh5D76ul659w=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF08SwTwgWcPspJMMmZ1dZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby4TEVbRwAss7dpFMsuWV3BrpMvIyUSIZqp/jV7kY8CUEhl8yYlufG6KdMo+ASJoV2YiBmfMj60LJUsRCMn86OntATq3RpL9K2FNKZ+nsiZaEx4zCwnSHDgVn0puJ/XivB3pWfChUnCIrPF/USSTGi0wRoV2jgKMeWMK6FvZXyAdOMo82pYEPwFl9eJvWzsndevrg/L1Wuszjy5Igck1PikUtSIbekSmqEkyfyTF7JmzNyXpx352PemnOymUPyB87nDwgAkkc=</latexit>

3

2
m⇡

<latexit sha1_base64="7Bvgr/On41CbxvpzK3/roaX7Xm8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lqRY9FLx4r2A9oQthsN+3S3STsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZU2Nre2d8q7lb39g8Mj+/iko5JMEtomCU9kL8SKchbTtmaa014qKRYhp91wfD/3uxMqFUviJz1NqS/wMGYRI1gbKbBtL5KY5FezvD4TgZeywK46NWcBtE7cglShQCuwv7xBQjJBY004VqrvOqn2cyw1I5zOKl6maIrJGA9p39AYC6r8fHH5DF0YZYCiRJqKNVqovydyLJSaitB0CqxHatWbi/95/UxHt37O4jTTNCbLRVHGkU7QPAY0YJISzaeGYCKZuRWRETZRaBNWxYTgrr68Tjr1mtuoXT82qs27Io4ynME5XIILN9CEB2hBGwhM4Ble4c3KrRfr3fpYtpasYuYU/sD6/AGS4pOh</latexit>

MN � 3

2
m⇡

<latexit sha1_base64="1gT5jB1/+1jYVc3pgNLplyUfGxQ=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0tSK7osunGjVLAPaEKYTCft0JlJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeECaNKO863tbC4tLyyWlgrrm9sbm3bO7tNFacSkwaOWSzbIVKEUUEammpG2okkiIeMtMLB1chvPRCpaCzu9TAhPkc9QSOKkTZSYO/fBLfwBHqRRDg7zbNKzgMvoYFdcsrOGHCeuFNSAlPUA/vL68Y45URozJBSHddJtJ8hqSlmJC96qSIJwgPUIx1DBeJE+dn4/hweGaULo1iaEhqO1d8TGeJKDXloOjnSfTXrjcT/vE6qows/oyJJNRF4sihKGdQxHIUBu1QSrNnQEIQlNbdC3EcmCm0iK5oQ3NmX50mzUnar5bO7aql2OY2jAA7AITgGLjgHNXAN6qABMHgEz+AVvFlP1ov1bn1MWhes6cwe+APr8wes05VE</latexit>

Neglects
|CN |
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Complex analysis guarantees that changing the integration manifold does not 
change integrals of analytic functions, but “complex phase” is nonanalytic

Path integral contour deformations can be applied 
to “observables with signal-to-noise problems” 
as well as “actions with sign problems”

Review: Alexandru et al, Rev Mod Phys 94 (2022)

— changing contours can reduce phase fluctuations without changing the results 
for path integrals (i.e. the physics)

Noise reduction with AI/ML

Detmold, MW, et al, PRD 102 (2020)

Witten AMS/IP Stud. Adv. Math. 50 (2011)
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Detmold, MW, et al, PRD 103 (2021)
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Complex analysis guarantees that changing the integration manifold does not 
change integrals of analytic functions, but “complex phase” is nonanalytic

Path integral contour deformations can be applied 
to “observables with signal-to-noise problems” 
as well as “actions with sign problems”

Review: Alexandru et al, Rev Mod Phys 94 (2022)

— changing contours can reduce phase fluctuations without changing the results 
for path integrals (i.e. the physics)

Noise reduction with AI/ML

Detmold, MW, et al, PRD 102 (2020)

Lin, MW et al, NeurIPS 2023

Extending from 2D - 4D requires more 
sophisticated AI/ML techniques, remains 
challenging

Witten AMS/IP Stud. Adv. Math. 50 (2011)
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Beane, MW, et al [NPLCD+QCDSF+CSSM], PRD 103 (2021)

“Autofitter” flowchart
Accurate systematic uncertainty quantification requires 

sophisticated tools, heuristics, and human judgment

•  — results sensitive, take weighted averagetmin

•  — results insensitive (except when they’re 
not), impose arbitrary cut on signal-to-noise

tmax

• Covariance matrix — SVD, shrinkage, …

•  — results sensitive, take weighted averageNstates

Rinaldi, MW, et al, PRD 99 (2019)
Jay and Neil, PRD 103 (2021)

Average over 
accepted fits

Fitting is hard

17



Park et al [NME], PRD 105 (2022)

Same (state-of-the-art) data, different fitting assumptions

 excited-state contamination in nucleon axial form factor manifests asNπ

• Quantifying fitting systematics is challenging —- different “right” answers differ on 
central values by  and differ on error bar size by factors of 2 - 7≳ 2σ

• Slow imaginary-time convergence

• Increased sensitivity to fit strategies  

Matrix elements are really hard

18



Why don’t we just compute -argon?ν

19

Lattice QCD is a many-body method — just simulate a few 100 quarks
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Lattice QCD is a many-body method — just simulate a few 100 quarks

Energy spectrum of up to 6000 pions in 
a box:

Abbot, Detmold, Romero-Lopez, MW et al [NPLQCD], 
PRD 108 (2023)

Abbot, Detmold, Romero-Lopez, MW et al [NPLQCD], 
arXiv:2406.09273

Speed of sound at large isospin density



What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Lattice QCD is a many-body method — just simulate a few 100 quarks

<latexit sha1_base64="7uNV06VqFKnKL70jVzuvWdaBd1Q=">AAACGXicbVBNSwMxEM36WetX1aOXYBFaxLIrol6EYil4VLC10C1lNs22wWx2SWaFsvRvePGvePGgiEc9+W9Maw9+PRjm8d4MybwgkcKg6344M7Nz8wuLuaX88srq2nphY7Np4lQz3mCxjHUrAMOlULyBAiVvJZpDFEh+HdzUxv71LddGxOoKhwnvRNBXIhQM0Erdggv1EpbpKd33paJ+qIFltRLuQXk07uWRtaDedeke9WUvRtMtFN2KOwH9S7wpKZIpLrqFN78XszTiCpkEY9qem2AnA42CST7K+6nhCbAb6PO2pQoibjrZ5LIR3bVKj4axtqWQTtTvGxlExgyjwE5GgAPz2xuL/3ntFMOTTiZUkiJX7OuhMJUUYzqOifaE5gzl0BJgWti/UjYAmw7aMPM2BO/3yX9J86DiHVWOLg+L1bNpHDmyTXZIiXjkmFTJObkgDcLIHXkgT+TZuXcenRfn9Wt0xpnubJEfcN4/AdyHnSQ=</latexit>

aE(t) = � ln
C(t+ a)

C(t)
= aE0 + . . .
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What’s so hard about nuclei?
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He
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E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

Lattice QCD is a many-body method — just simulate a few 100 quarks
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What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

or

Lattice QCD is a many-body method — just simulate a few 100 quarks
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What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

Getting large enough imaginary times to suppress excited-state effects can be 
challenging or impossible for multi-nucleon systems

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

or

Lattice QCD is a many-body method — just simulate a few 100 quarks
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L = 3.5 fm ! 7.0 fm
<latexit sha1_base64="KDYV7JSMqPD7D7mtm+vHpAAi9lA=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAg2LrtGiY0QtLGwiGAekF3C7GQ2GTL7YOauGpZ8hY2/YmOhiK3Y+TdOHkVMPHDhcM693HuPnwiuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqTiVlFVpLGLZ8IligkesChwEaySSkdAXrO73roZ+/Z5JxePoDvoJ80LSiXjAKQEttczjG3yBi9aZi11gj5AF4QC7kne6QKSMH3DJsqesllmwLXsEPE+cCSmgCSot89ttxzQNWQRUEKWajp2AlxEJnAo2yLupYgmhPdJhTU0jEjLlZaO3BvhQK20cxFJXBHikTk9kJFSqH/q6MyTQVbPeUPzPa6YQnHsZj5IUWETHi4JUYIjxMCPc5pJREH1NCJVc34ppl0hCQSeZ1yE4sy/Pk9qJ5RQt+/a0UL6cxJFD++gAHSEHlVAZXaMKqiKKntALekPvxrPxanwYn+PWBWMys4f+wPj6BQh+nhg=</latexit>

a = 0.145 fm
<latexit sha1_base64="bg7rxbBijFY7WbZQxnNY+tzkBEA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKt6EYounFZwT6gCWUynbRDZ5IwcyPWUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O820tLC4tr6wW1orrG5tb2/bObkPHqaKsTmMRq1ZANBM8YnXgIFgrUYzIQLBmMLge+817pjSPozsYJsyXpBfxkFMCRurY+wRfYqfsVs487AF7gCyUo45dcsrOBHieuDkpoRy1jv3ldWOaShYBFUTrtusk4GdEAaeCjYpeqllC6ID0WNvQiEim/Wxy/QgfGaWLw1iZigBP1N8TGZFaD2VgOiWBvp71xuJ/XjuF8MLPeJSkwCI6XRSmAkOMx1HgLleMghgaQqji5lZM+0QRCiawognBnX15njROyu5p2bmtlKpXeRwFdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PaumDlM3voD6zPHw5Mk7M=</latexit>

Yamazaki et al, PRD 86 (2012)

Beane et al [NPLQCD], PRD 87 (2013) L = 2.9 fm ! 5.8 fm
<latexit sha1_base64="7mwdF4vMP76cuvsmG+5MgTGAfII=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAhWy25UjIUQtLGwiGAekA1hdjKbDJl9MHNXDUv+wsZfsbFQxFY7/8ZJskVMPHDhcM693HuPFwuuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqSiRlFVpJCLZ8IhigoesChwEa8SSkcATrO71r0Z+/Z5JxaPwDgYxawWkG3KfUwJaapvWDb7ARevcxS6wR0j9YIhdybs9IFJGD/jUKuEpr20WbMseA88TJyMFlKHSNr/dTkSTgIVABVGq6dgxtFIigVPBhnk3USwmtE+6rKlpSAKmWun4ryE+1EoH+5HUFQIeq9MTKQmUGgSe7gwI9NSsNxL/85oJ+KVWysM4ARbSySI/ERgiPAoJd7hkFMRAE0Il17di2iOSUNBR5nUIzuzL86RWtJxjy749KZQvszhyaB8doCPkoDNURteogqqIoif0gt7Qu/FsvBofxuekdcHIZvbQHxhfv3lVnks=</latexit>

First calculations of 2-5 baryon (asymmetric) correlation functions

m⇡ ⇠ 510 MeV
<latexit sha1_base64="6KSVVil53WAbPz2+ZKglaBXGPeg=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgKcy4oMegFy9CBLNAJoSeTiVp0j0zdNeIYQh48Ve8eFDEqz/hzb+xsxw08UHB470qquoFsRQGXffbySwsLi2vZFdza+sbm1v57Z2qiRLNocIjGel6wAxIEUIFBUqoxxqYCiTUgv7VyK/dgzYiCu9wEENTsW4oOoIztFIrv6dafiyob4SiZ57rUx/hAdMbqA5b+YJbdMeg88SbkgKZotzKf/ntiCcKQuSSGdPw3BibKdMouIRhzk8MxIz3WRcaloZMgWmm4x+G9NAqbdqJtK0Q6Vj9PZEyZcxABbZTMeyZWW8k/uc1EuxcNFMRxglCyCeLOomkGNFRILQtNHCUA0sY18LeSnmPacbRxpazIXizL8+T6nHROym6t6eF0uU0jizZJwfkiHjknJTINSmTCuHkkTyTV/LmPDkvzrvzMWnNONOZXfIHzucPgDmWyg==</latexit>

m⇡ ⇠ 806 MeV
<latexit sha1_base64="5vrups7WQmo52iX3VVcaFP9LAfs=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0HwFHZVNMegFy9CBPOAbAizk04yZGZ3mekVwxLw4q948aCIV3/Cm3/j5HHQxIKGoqqb7q4glsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRroeMANShFBBgRLqsQamAgm1oH818mv3oI2IwjscxNBUrBuKjuAMrdTK7auWHwvqG6Fo0T33qY/wgOkNVIetXN4tuGPQeeJNSZ5MUW7lvvx2xBMFIXLJjGl4bozNlGkUXMIw6ycGYsb7rAsNS0OmwDTT8Q9DemSVNu1E2laIdKz+nkiZMmagAtupGPbMrDcS//MaCXaKzVSEcYIQ8smiTiIpRnQUCG0LDRzlwBLGtbC3Ut5jmnG0sWVtCN7sy/OkelLwTgvu7Vm+dDmNI0MOyCE5Jh65ICVyTcqkQjh5JM/klbw5T86L8+58TFoXnOnMHvkD5/MHjL6W0g==</latexit>
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• Ground state energy appears approximately volume independent

a = 0.09 fm
<latexit sha1_base64="Ha94GPFQTK6Y3lmpjsXRzYhgH/0=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KooB6EohePFewHNKFstpt26WYTdidiCPWvePGgiFd/iDf/jds2B60+GHi8N8PMvCARXIPjfFmlpeWV1bXyemVjc2t7x97da+s4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxtdTv3PPlOaxvIMsYX5EhpKHnBIwUt+uEnyJnbpz4WEP2APkYTTp2zWjzID/ErcgNVSg2bc/vUFM04hJoIJo3XOdBPycKOBUsEnFSzVLCB2TIesZKknEtJ/Pjp/gQ6MMcBgrUxLwTP05kZNI6ywKTGdEYKQXvan4n9dLITz3cy6TFJik80VhKjDEeJoEHnDFKIjMEEIVN7diOiKKUDB5VUwI7uLLf0n7uO6e1J3b01rjqoijjPbRATpCLjpDDXSDmqiFKMrQE3pBr9aj9Wy9We/z1pJVzFTRL1gf35sVk3g=</latexit>

• First excited state shows volume dependence consistent with unbound

• Operators with two different smearings give consistent results

Data from Beane et al [NPLQCD], PRD 87 (2013)
t
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a = 0.145 fm
<latexit sha1_base64="bg7rxbBijFY7WbZQxnNY+tzkBEA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKt6EYounFZwT6gCWUynbRDZ5IwcyPWUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O820tLC4tr6wW1orrG5tb2/bObkPHqaKsTmMRq1ZANBM8YnXgIFgrUYzIQLBmMLge+817pjSPozsYJsyXpBfxkFMCRurY+wRfYqfsVs487AF7gCyUo45dcsrOBHieuDkpoRy1jv3ldWOaShYBFUTrtusk4GdEAaeCjYpeqllC6ID0WNvQiEim/Wxy/QgfGaWLw1iZigBP1N8TGZFaD2VgOiWBvp71xuJ/XjuF8MLPeJSkwCI6XRSmAkOMx1HgLleMghgaQqji5lZM+0QRCiawognBnX15njROyu5p2bmtlKpXeRwFdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PaumDlM3voD6zPHw5Mk7M=</latexit>

Beane et al [NPLQCD], PRD 87 (2013) L = 2.9 fm ! 5.8 fm
<latexit sha1_base64="7mwdF4vMP76cuvsmG+5MgTGAfII=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAhWy25UjIUQtLGwiGAekA1hdjKbDJl9MHNXDUv+wsZfsbFQxFY7/8ZJskVMPHDhcM693HuPFwuuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqSiRlFVpJCLZ8IhigoesChwEa8SSkcATrO71r0Z+/Z5JxaPwDgYxawWkG3KfUwJaapvWDb7ARevcxS6wR0j9YIhdybs9IFJGD/jUKuEpr20WbMseA88TJyMFlKHSNr/dTkSTgIVABVGq6dgxtFIigVPBhnk3USwmtE+6rKlpSAKmWun4ryE+1EoH+5HUFQIeq9MTKQmUGgSe7gwI9NSsNxL/85oJ+KVWysM4ARbSySI/ERgiPAoJd7hkFMRAE0Il17di2iOSUNBR5nUIzuzL86RWtJxjy749KZQvszhyaB8doCPkoDNURteogqqIoif0gt7Qu/FsvBofxuekdcHIZvbQHxhfv3lVnks=</latexit>

First calculations of 2-5 baryon (asymmetric) correlation functions

m⇡ ⇠ 806 MeV
<latexit sha1_base64="5vrups7WQmo52iX3VVcaFP9LAfs=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0HwFHZVNMegFy9CBPOAbAizk04yZGZ3mekVwxLw4q948aCIV3/Cm3/j5HHQxIKGoqqb7q4glsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRroeMANShFBBgRLqsQamAgm1oH818mv3oI2IwjscxNBUrBuKjuAMrdTK7auWHwvqG6Fo0T33qY/wgOkNVIetXN4tuGPQeeJNSZ5MUW7lvvx2xBMFIXLJjGl4bozNlGkUXMIw6ycGYsb7rAsNS0OmwDTT8Q9DemSVNu1E2laIdKz+nkiZMmagAtupGPbMrDcS//MaCXaKzVSEcYIQ8smiTiIpRnQUCG0LDRzlwBLGtbC3Ut5jmnG0sWVtCN7sy/OkelLwTgvu7Vm+dDmNI0MOyCE5Jh65ICVyTcqkQjh5JM/klbw5T86L8+58TFoXnOnMHvkD5/MHjL6W0g==</latexit>
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EFT: Barnea et al, PRL 114 (2015)



Two-body axial currents

Parreño, MW et al [NPLQCD] PRD 103 (2021)

Axial current matrix element calculations with                        permit preliminary 
extrapolations to physical quark masses

m⇡ = 450 MeV

<latexit sha1_base64="O9OpK4/6JiFqjN0j3RDGqxc9o40=">AAAB/3icbVDJSgNBEO2JW4xbVPDipTEInsKMJOhFCHrxIkQwC2SG0NOpJE16FrprxDDm4K948aCIV3/Dm39jZzlo4oOCx3tVVNXzYyk02va3lVlaXlldy67nNja3tnfyu3t1HSWKQ41HMlJNn2mQIoQaCpTQjBWwwJfQ8AdXY79xD0qLKLzDYQxewHqh6ArO0Ejt/EHQdmNBL2ipbLsID5jSG6iP2vmCXbQnoIvEmZECmaHazn+5nYgnAYTIJdO65dgxeilTKLiEUc5NNMSMD1gPWoaGLADtpZP7R/TYKB3ajZSpEOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg99xLRRgnCCGfLuomkmJEx2HQjlDAUQ4NYVwJcyvlfaYYRxNZzoTgzL+8SOqnRadULN+WCpXLWRxZckiOyAlxyBmpkGtSJTXCySN5Jq/kzXqyXqx362PamrFmM/vkD6zPHyBnlOc=</latexit>

Two-nucleon axial matrix 
elements relevant for proton-
proton fusion computed, 
used to constrain two-body 
currents in pionless EFT for

Savage, MW et al [NPLQCD], PRL 119 (2017)

More complicated two-body currents 
important for , first study:0νββ

Davoudi, Grebe, MW et al [NPLQCD], arXiv:2402.09362

Matrix elements of two axial currents 
constrain   in pionless EFT2νββ

Shanahan, MW et al [NPLQCD], PRL 119 (2017)

Tiburzi, MW et al [NPLQCD], PRD 96 (2017)
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m⇡ = 806 MeV

<latexit sha1_base64="Sh/+vWOjQSEBdvrSD030q9i+cMM=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXouYiBL14ESKYByQhzE56kyGzD2Z6xbDm4K948aCIV3/Dm3/jJNmDJhY0FFXddHe5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNl2mQIoAqCpTQiBQw35VQdwdXY79+D0qLMLjDYQRtn/UC4QnO0Eid3L7faUWCXtCSfdZCeMCE3kBt1Mnl7YI9AZ0nTkryJEWlk/tqdUMe+xAgl0zrpmNH2E6YQsEljLKtWEPE+ID1oGlowHzQ7WRy/4geGaVLvVCZCpBO1N8TCfO1Hvqu6fQZ9vWsNxb/85oxeqV2IoIoRgj4dJEXS4ohHYdBu0IBRzk0hHElzK2U95liHE1kWROCM/vyPKmdFJxi4fS2mC9fpnFkyAE5JMfEIeekTK5JhVQJJ4/kmbySN+vJerHerY9p64KVzuyRP7A+fwAoNZTs</latexit>



Systematic uncertainties

• Heavier than physical quark masses only 

• One lattice spacing 

• Excited-state effects

Present-day LQCD studies of nuclei still have several systematic uncertainties 
that need to be studied in detail
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• Heavier than physical quark masses only 

• One lattice spacing 

• Excited-state effects

Systematic uncertainties
Present-day LQCD studies of nuclei still have several systematic uncertainties 

that need to be studied in detail

Gap between ground and two-nucleon finite-volume “scattering” states becomes 
small for large volumes, ground-state dominance relies on overlap factors
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<latexit sha1_base64="NhbzkLzwC5Iqt9UwDWYqWXCciIw="></latexit>

� ⇠ 4⇡2

ML2

<latexit sha1_base64="CsInhY8oRrjx6OUWln6FBHL7SKY=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIquiy6caFQwT6giWUynbRDZ5IwcyOU0K0bf8WNC0Xc+gfu/BunbRbaeuBeDufcy8w9QSK4Bsf5tpaWV1bX1gsbxc2t7Z1de2+/qeNUUdagsYhVOyCaCR6xBnAQrJ0oRmQgWCsYXk781gNTmsfRHYwS5kvSj3jIKQEjdW3s9ZgAgj3NJfZCRWhWxV7C7yvj7Oba9K5dcsrOFHiRuDkpoRz1rv3l9WKaShYBFUTrjusk4GdEAaeCjYteqllC6JD0WcfQiEim/Wx6yRgfG6WHw1iZigBP1d8bGZFaj2RgJiWBgZ73JuJ/XieF8NzPeJSkwCI6eyhMBYYYT2LBPa4YBTEyhFDFzV8xHRATB5jwiiYEd/7kRdKslN1q+fS2Wqpd5HEU0CE6QifIRWeohq5QHTUQRY/oGb2iN+vJerHerY/Z6JKV7xygP7A+fwA6Wplo</latexit>

For non-positive-definite correlation functions, cancellations between the ground and 
excited-state could in principle conspire to form a “false plateau”

See e.g. Iritani et al, JHEP 10 (2016)

All Z factors in spectral representation guaranteed to be positive for symmetric 
correlation functions

24



Variational methods

Although application of variational methods to multi-nucleon systems has long been 
advocated, it has only recently become computationally feasible

Li et al, PRD 103 (2021)
Peardon et al PRD 80 (2009)

Morningstar et al PRD 83 (2011)

Detmold, MW et al, PRD 104 (2021)

Robust upper bounds on energy spectrum can be obtained by diagonalizing symmetric 
matrices of correlation functions

All LQCD nuclear 
matrix element 
calculations so far

Distillation: Sparsening:
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Two-nucleon variational bounds

Variational upper bounds obtained 
using different interpolating operator 
sets are consistent

Ground-state energy estimates using 
different interpolating-operator sets 
show large discrepancies

□□
△△○○ ▽▽

◇◇

▯▯

□

○

△

▽

◇

▯

-0.02

-0.01

0.00

0.01

0.02

0.03

Phase shifts obtained using asymmetric 
vs variational energy estimates 
suggest qualitatively different physics 
(bound vs unbound)

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 

Results by different groups using 
similar interpolating operators show 
good consistency
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Excited states or overlap problem?
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Toy model: 2 operators, 3 states

Z(A)
n = (✏,

p
1� ✏2, 0)

<latexit sha1_base64="3wDYRfu2hgugE9SF72ZxsnAnh6Y="></latexit>

Z(B)
n = (✏, 0,

p
1� ✏2)

<latexit sha1_base64="xLAvxyke68n3yE+Sy8qbUFYAFmk="></latexit>

✏

<latexit sha1_base64="3XIGuV+y1l7U9a/NpP0f3Z+pOss=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF09SwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZKnR4mmotY9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+b3TsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZs+TAVfIjJhYQpni9lbCRlRRZmxEJRuCt/zyKmldVL1a9fK+Vqnf5XEU4QRO4Rw8uII63EIDmsBAwDO8wpvz6Lw4787HorXg5DPH8AfO5w9TBZA0</latexit>

• Both operators have small overlap       
with ground state 

• Operators are approximately 
orthogonal

GEVP eigenvalues controlled by first 
and second excited state (not 
ground state) for

Off-diagonal correlator conversely has 
perfect ground-state overlap

Apparent plateau of asymmetric 
correlators can be reproduced by 
spectral representation from 
variational results

Variational predicts asymmetric 
slowly approaches from below for

<latexit sha1_base64="B90Po7805C2SMmhxq9m5XKPWiE0=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyWRUj0WvXisYD+gCWWz3bRLd5OwOxFLKHjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXlBIrgGx/m2Ciura+sbxc3S1vbO7p69f9DScaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHYyup377ninN4+gOxgnzJRlEPOSUgJF69hFgbzDAVYdgT3OJax6wB8hwKCc9u+xUnBnwMnFzUkY5Gj37y+vHNJUsAiqI1l3XScDPiAJOBZuUvFSzhNARGbCuoRGRTPvZ7IcJPjVKH4exMhUBnqm/JzIitR7LwHRKAkO96E3F/7xuCuGln/EoSYFFdL4oTAWGGE8DwX2uGAUxNoRQxc2tmA6JIhRMbCUTgrv48jJpnVfcWqV2Wy3Xr/I4iugYnaAz5KILVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx8CrJaE</latexit>

t � 40a ⇠ 6 fm

<latexit sha1_base64="ITIOxLvl9VJ3/tVpiG5Qf5isaxU=">AAACCXicbVA9SwNBEN3zM8avqKXNYhBiYbgLEi0DErCSCOYDcsmxt5kkS/b2jt09IRxpbfwrNhaK2PoP7Pw3bpIrNPHBwOO9GWbm+RFnStv2t7Wyura+sZnZym7v7O7t5w4OGyqMJYU6DXkoWz5RwJmAumaaQyuSQAKfQ9MfXU/95gNIxUJxr8cRdAIyEKzPKNFG8nLYhUgxHopuCbucY+gmGheqnoPPcdWzzyZeLm8X7RnwMnFSkkcpal7uy+2FNA5AaMqJUm3HjnQnIVIzymGSdWMFEaEjMoC2oYIEoDrJ7JMJPjVKD/dDaUpoPFN/TyQkUGoc+KYzIHqoFr2p+J/XjnX/qpMwEcUaBJ0v6scc6xBPY8E9JoFqPjaEUMnMrZgOiSRUm/CyJgRn8eVl0igVnXKxfHeRr9ymcWTQMTpBBeSgS1RBN6iG6oiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/Gj+YEg==</latexit>

✏2 ⌧ et(E1�E0)
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Lanczos, the transfer matrix, and 
the signal-to-noise problem

MW, arXiv:2406.20009

Hackett, MW, arXiv:2407.21777

Daniel HackettCornelius Lanczos

+ ongoing work with Grebe, Fleming, Rocco, Tame Narvaez, Van de Water, …



Spectroscopy = finding eigenvalues

Discrete time translation symmetry enables definition of transfer matrix 𝑇

Lattice theories do not have continuous time translation symmetry defining Hamiltonian

Energy spectrum = - ln ( spectrum of eigenvalues of  )𝑇

Correlation functions are matrix elements of powers of 𝑇
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Life in Hilbert space
<latexit sha1_base64="Cox7kx0WHUHdL4leEKXslUiwiZQ="></latexit>
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Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

Hilbert space is big, even for a single 
gauge-field link 

— standard in quantum mechanics, 
sometimes not in linear algebra
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Life in Hilbert space
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Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

Hilbert space is big, even for a single 
gauge-field link 

— standard in quantum mechanics, 
sometimes not in linear algebra

• The transfer matrix acts simply in this basis
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Life in Hilbert space
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• Repeatedly acting on any vector with a matrix filters out the component proportional 
to the eigenvector with the largest eigenvalue (= the ground state)

Backbone of the power-iteration algorithm for finding largest eigenvalue of a matrix:
von Mises and Pollaczek-Geiringer,  Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 

Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

Hilbert space is big, even for a single 
gauge-field link 

— standard in quantum mechanics, 
sometimes not in linear algebra

• The transfer matrix acts simply in this basis
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The power-iteration algorithm
Start with an arbitrary normalized initial state:
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Eigenvalue 
convergence:

Energies from power-iteration eigenvalues:
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↵
=

�� 
↵
/| |

<latexit sha1_base64="HM7TiPSgay4jmtcRW/0zIypJ3wk="></latexit>

� ln
⌦
bk|T |bk

↵
= � ln

"⌦
 |T 2k+1| 

↵
⌦
 |T 2k| 

↵
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= aE0 +O

�
e
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The power-iteration algorithm
Start with an arbitrary normalized initial state:

<latexit sha1_base64="EfivlUKt+As/SDTiXiGyam2GPJU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQxJKIVDdK0Y3LCn1BG8JkOmmHTCZhZiKU2K9w46+4caGIW3Hn3zhpI2jrgQtnzrmXufd4MaNSWdaXUVhYXFpeKa6W1tY3NrfM7Z2WjBKBSRNHLBIdD0nCKCdNRRUjnVgQFHqMtL3gOvPbd0RIGvGGGsXECdGAU59ipLTkmsc9jw7YPYzdNDiyxzB7iksIL2AD5pbnBj+ya5atijUBnCd2TsogR901P3v9CCch4QozJGXXtmLlpEgoihkZl3qJJDHCARqQrqYchUQ66eSsMTzQSh/6kdDFFZyovydSFEo5Cj3dGSI1lLNeJv7ndRPlnzsp5XGiCMfTj/yEQRXBLCPYp4JgxUaaICyo3hXiIRIIK51kSYdgz548T1onFbtaqd6elmtXeRxFsAf2wSGwwRmogRtQB02AwQN4Ai/g1Xg0no03433aWjDymV3wB8bHN9ZlnUs=</latexit>��pk+1

↵
= T

��bk
↵ <latexit sha1_base64="WNNI38pMJ6JwJTeAVdd1Uvnmhw4=">AAACI3icbVDLSgMxFL3js9bXqEs3wSIIQp0RqSIoRTcuK9gHtMOQSdM2NPMgyQhl2n9x46+4caEUNy78FzPtLGzrgQsn59xL7j1exJlUlvVtLC2vrK6t5zbym1vbO7vm3n5NhrEgtEpCHoqGhyXlLKBVxRSnjUhQ7Huc1r3+ferXn6mQLAye1CCijo+7AeswgpWWXPO65bEuHyLPTfqn9gilT3GL0A3KjGjWOEPDTBm6ZsEqWhOgRWJnpAAZKq45brVDEvs0UIRjKZu2FSknwUIxwuko34oljTDp4y5tahpgn0onmdw4QsdaaaNOKHQFCk3UvxMJ9qUc+J7u9LHqyXkvFf/zmrHqXDkJC6JY0YBMP+rEHKkQpYGhNhOUKD7QBBPB9K6I9LDAROlY8zoEe/7kRVI7L9qlYunxolC+y+LIwSEcwQnYcAlleIAKVIHAC7zBB3war8a7MTa+pq1LRjZzADMwfn4Bv+Kigg==</latexit>��bk+1

↵
=

��pk+1

↵
/|pk+1|Iteration step:

Eigenvalue 
convergence:

Energies from power-iteration eigenvalues:

Standard effective mass = “apply power-iteration algorithm to the transfer matrix”

<latexit sha1_base64="bNq71Kp6c36+qHHDjrWacoRR5G0="></latexit>

|bk
↵
/ T
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↵
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↵
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e
�k�

�

<latexit sha1_base64="zH3XqwirDO3ucYEMV6gGLv4aoz4=">AAACGnicbZDLSgMxFIbPeK31NurSTbAIruqMSHWjFN24rGAv0BmGTJq2oZkLSUYo0z6HG1/FjQtF3Ikb38ZMO4i2/hD48p9zSM7vx5xJZVlfxsLi0vLKamGtuL6xubVt7uw2ZJQIQusk4pFo+VhSzkJaV0xx2ooFxYHPadMfXGf15j0VkkXhnRrG1A1wL2RdRrDSlmfajs96fIR8z0IZikuELlBuOrFkP+4xGmX3kWeWrLI1EZoHO4cS5Kp55ofTiUgS0FARjqVs21as3BQLxQin46KTSBpjMsA92tYY4oBKN52sNkaH2umgbiT0CRWauL8nUhxIOQx83Rlg1Zeztcz8r9ZOVPfcTVkYJ4qGZPpQN+FIRSjLCXWYoETxoQZMBNN/RaSPBSZKp1nUIdizK89D46RsV8qV29NS9SqPowD7cABHYMMZVOEGalAHAg/wBC/wajwaz8ab8T5tXTDymT34I+PzG975nu0=</latexit>��b0
↵
=

�� 
↵
/| |

<latexit sha1_base64="HM7TiPSgay4jmtcRW/0zIypJ3wk="></latexit>

� ln
⌦
bk|T |bk

↵
= � ln

"⌦
 |T 2k+1| 

↵
⌦
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↵
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= aE0 +O

�
e
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<latexit sha1_base64="YUaotsvTisH+3Rr1o0T715kfRkc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAILWKZKVLdCMVuXFawF+gMJZNm2tBMZkjOCGXoa7jxVdy4UMSlrnwb08tCqwdCPv7/HJLz+7HgGmz7y8qsrK6tb2Q3c1vbO7t7+f2Dlo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/VJ/67XumNI/kHYxj5oVkIHnAKQEj9fL2FT5zhcSuYAF0sRsoQtN6sVgZnTolUpoYrozMjV3FB0PwcC9fsMv2rPBfcBZQQItq9PIfbj+iScgkUEG07jp2DF5KFHAq2CTnJprFhI7IgHUNShIy7aWzzSb4xCh9HETKHAl4pv6cSEmo9Tj0TWdIYKiXvan4n9dNILj0Ui7jBJik84eCRGCI8DQm3OeKURBjA4Qqbv6K6ZCYcMCEmTMhOMsr/4VWpexUy9Xb80LtehFHFh2hY1REDrpANXSDGqiJKHpAT+gFvVqP1rP1Zr3PWzPWYuYQ/Srr8xvoBJ3I</latexit>

= � ln


C((2k + 1)a)

C(2ka)

�
<latexit sha1_base64="vt4XsEofhgFN42GTWnrpbWpI32o=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0FQhLgbJHoJBEXwGMGYQBLC7KRXh8w+mOkVw7IXL/6KFw+KePUfvPk3TpI9+CpoKKq66e5yIyk02vanNTU9Mzs3n1vILy4tr6wW1tavdBgrDg0eylC1XKZBigAaKFBCK1LAfFdC0x2cjvzmLSgtwuAShxF0fXYdCE9whkbqFbaq9KyXdBDuMAHPS9NdPGC0SsuDfWevVyjaJXsM+pc4GSmSDPVe4aPTD3nsQ4BcMq3bjh1hN2EKBZeQ5juxhojxAbuGtqEB80F3k/EXKd0xSp96oTIVIB2r3ycS5ms99F3T6TO80b+9kfif147RO+4mIohihIBPFnmxpBjSUSS0LxRwlENDGFfC3Er5DVOMowkub0Jwfr/8l1yVS06lVLk4LNZOsjhyZJNsk13ikCNSI+ekThqEk3vySJ7Ji/VgPVmv1tukdcrKZjbID1jvX9Ovltw=</latexit>

= Ee↵(t/a = 2k + 1)
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Lanczos and the transfer matrix

von Mises and Pollaczek-Geiringer,  Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 

• Modern computational linear algebra uses more sophisticated methods, e.g.

Lanczos algorithm
Lanczos, J. Res. Natl. Bur. 
Stand. B 45, 255 (1950)

Paige, PhD thesis 1971

• Exponentially faster convergence for systems with small gaps

Saad, SIAM 17 (1980)

Kaniel, Mathematics of 
Computation 20, 369 (1966) 

Applied to LQCD since at 
least Barbour et al (1984)

𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿

<latexit sha1_base64="bNq71Kp6c36+qHHDjrWacoRR5G0="></latexit>
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�<latexit sha1_base64="HM7TiPSgay4jmtcRW/0zIypJ3wk="></latexit>

� ln
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↵
⌦
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�<latexit sha1_base64="YUaotsvTisH+3Rr1o0T715kfRkc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAILWKZKVLdCMVuXFawF+gMJZNm2tBMZkjOCGXoa7jxVdy4UMSlrnwb08tCqwdCPv7/HJLz+7HgGmz7y8qsrK6tb2Q3c1vbO7t7+f2Dlo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/VJ/67XumNI/kHYxj5oVkIHnAKQEj9fL2FT5zhcSuYAF0sRsoQtN6sVgZnTolUpoYrozMjV3FB0PwcC9fsMv2rPBfcBZQQItq9PIfbj+iScgkUEG07jp2DF5KFHAq2CTnJprFhI7IgHUNShIy7aWzzSb4xCh9HETKHAl4pv6cSEmo9Tj0TWdIYKiXvan4n9dNILj0Ui7jBJik84eCRGCI8DQm3OeKURBjA4Qqbv6K6ZCYcMCEmTMhOMsr/4VWpexUy9Xb80LtehFHFh2hY1REDrpANXSDGqiJKHpAT+gFvVqP1rP1Zr3PWzPWYuYQ/Srr8xvoBJ3I</latexit>

= � ln


C((2k + 1)a)

C(2ka)

�
<latexit sha1_base64="DOb9FwvpZqSVia3jUY766MSzFqE=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hiEBCHMBIlehKAIHiOYKCQh9HRqkiY9C901YhiCF3/FiwdFvPoV3vwbO8vB7UHB470qqup5sRQaHefTyszNLywuZZdzK6tr6xv25lZDR4niUOeRjNSNxzRIEUIdBUq4iRWwwJNw7Q3Oxv71LSgtovAKhzG0A9YLhS84QyN17J0Tet5JWwh3mILvj0aFQnlw4BZZsWPnnZIzAf1L3BnJkxlqHfuj1Y14EkCIXDKtm64TYztlCgWXMMq1Eg0x4wPWg6ahIQtAt9PJCyO6b5Qu9SNlKkQ6Ub9PpCzQehh4pjNg2Ne/vbH4n9dM0D9upyKME4SQTxf5iaQY0XEetCsUcJRDQxhXwtxKeZ8pxtGkljMhuL9f/ksa5ZJbKVUuD/PV01kcWbJL9kiBuOSIVMkFqZE64eSePJJn8mI9WE/Wq/U2bc1Ys5lt8gPW+xcOnJXv</latexit>

= Ee↵((2k + 1)a)

• Standard effective mass = “apply power-iteration algorithm to the transfer matrix”
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Lanczos in Hilbert space
<latexit sha1_base64="Ylp/t9eAhwoUnRjr6xMOGVd4qq0="></latexit>��v1

↵
=

�� 
↵
/| | =

�� 
↵
/
p

C(0)

Iteration step:

Start with an arbitrary normalized initial state:

Where

• Lanczos vector form an orthonormal basis for Krylov space
<latexit sha1_base64="uBGu3nm6ZQOnu1xNJN8VC798QZs="></latexit>

K(m) = span{
��v1

↵
,
��v2

↵
, . . . ,

��vm
↵
}

<latexit sha1_base64="uSKCMWakhhKdR1LQSyKjtGXLj2Y=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYqgShwgCogoWxSPQhNVHkOG7r1nEi26lUhX4BC7/CwgBCrMxs/A1OmwFajnSvjs65V/Y9fsyoVJb1bSwtr6yurRc2iptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8CbzWyMiJI34vRrHxA1Rj9MuxUhpyTPLjk977AKOPAofdB/ATBBX8BI6AWEKeSkdTDyzZFWsKeAisXNSAjnqnvnlBBFOQsIVZkjKjm3Fyk2RUBQzMik6iSQxwkPUIx1NOQqJdNPpORNY1koAu5HQxRWcqr83UhRKOQ59PRki1ZfzXib+53US1T13U8rjRBGOZw91EwZVBLNsYEAFwYqNNUFYUP1XiPtIIKx0gkUdgj1/8iJpnlTsaqV6d1qqXedxFMAhOALHwAZnoAZuQR00AAaP4Bm8gjfjyXgx3o2P2eiSke8cgD8wPn8AcfubIg==</latexit>⌦
vi|vj

↵
= �ij

• Krylov-space approximation to       directly computable
<latexit sha1_base64="drGvets+KJpHALdFxONk5W6j9nY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyAuSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVaqN/rFklt2FyDrxMtICTLU+sWv3iBiSYjSMEG17npubPyUKsOZwFmhl2iMKZvQEXYtlTRE7aeLQ2fkwioDMoyULWnIQv09kdJQ62kY2M6QmrFe9ebif143McNbP+UyTgxKtlw0TAQxEZl/TQZcITNiagllittbCRtTRZmx2RRsCN7qy+ukdVX2KuVK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPszuM4w==</latexit>

T

<latexit sha1_base64="MotmHuCDpLFea0kekGAVw5YNusA=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDIlIdaFSdOOyQl/QhDCZTtppJw9mJoUS+xdu/BU3LhRxqzv/xkkbQVsPXDhzzr3cuceLGRXSNL+0hcWl5ZXVwlpxfWNza1vf2W2IKOGY1HHEIt7ykCCMhqQuqWSkFXOCAo+Rpje4yfzmkHBBo7AmRzFxAtQNqU8xkkpydcP2iERuH15C26NddgGHbto/tsbwHtZU/bwyk19BVy+ZhjkBnCdWTkogR9XVP+1OhJOAhBIzJETbMmPppIhLihkZF+1EkBjhAeqStqIhCohw0sldY3iolA70I64qlHCi/p5IUSDEKPBUZ4BkT8x6mfif106kf+6kNIwTSUI8XeQnDMoIZiHBDuUESzZSBGFO1V8h7iGOsFRRFlUI1uzJ86RxYlhlo3x3Wqpc53EUwD44AEfAAmegAm5BFdQBBg/gCbyAV+1Re9betPdp64KWz+yBP9A+vgFV3Z2K</latexit>

�j =
⌦
vj�1|T |vj�1

↵<latexit sha1_base64="RnluAUcXsVuAf87+qKDv87vUiQ4=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQKgyAKlgYi9SX1ESR47qtW8eJbKdSFfoNLPwKCwMIsTKx8Te4aQZoOdKVjs+5V9f3+BGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29hgxjgUkdhywULR9JwigndUUVI61IEBT4jDT94e3Ub46IkDTkNTWOiBugHqddipHSkmeeOIhFfeQN4BV0fNpjl3CkHw+wpmvkJYNJKotr6JlFq2SlgIvEzkgRZKh65pfTCXEcEK4wQ1K2bStSboKEopiRScGJJYkQHqIeaWvKUUCkm6QnTeCRVjqwGwpdXMFU/T2RoEDKceDrzgCpvpz3puJ/XjtW3Qs3oTyKFeF4tqgbM6hCOM0HdqggWLGxJggLqv8KcR8JhJVOsaBDsOdPXiSN05JdLpXvz4qVmyyOPDgAh+AY2OAcVMAdqII6wOARPINX8GY8GS/Gu/Exa80Z2cw++APj8wdkcZwO</latexit>

↵j =
⌦
vj |T |vj

↵

<latexit sha1_base64="RaSUx0kmGTgvrJhJ7XtyfNszxnw="></latexit>��vj+1

↵
�j+1 = (T � ↵j)

��vj
↵
� �j

��vj�1

↵

<latexit sha1_base64="z4Xag9lmDWlS7f658TdF9pwA4ik="></latexit>

T (m)
ij =

⌦
vi|T |vj

↵
= �ij↵j + �i(j�1)�j + �i(j+1)�j+1

Novel features 
not present in 
power iteration 

Krylov space ~ finite-dimensional EFT where we know all the matrix elements
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Living on the Ritz
Krylov space ~ finite-dimensional EFT where we know all the matrix elements

Diagonalize the Krylov-space transfer matrix:

<latexit sha1_base64="vYbFOFgVmeFvNFl0TiTbA59JjDA=">AAACI3icbVDLSgMxFM3UV62vUZdugkWomzIjUkVUim5cVugLOrVk0rQNzWSGJCMMY//Fjb/ixoVS3LjwX8y0g4/WAxdOzj2Xm3vcgFGpLOvDyCwsLi2vZFdza+sbm1vm9k5d+qHApIZ95oumiyRhlJOaooqRZiAI8lxGGu7wOuk37omQ1OdVFQWk7aE+pz2KkdJSxzxzmDZ3UWd4Fxe8wxG8gI5L++wcRt/SA6zq+nknBnEJO2beKloTwHlipyQPUlQ65tjp+jj0CFeYISlbthWodoyEopiRUc4JJQkQHqI+aWnKkUdkO57cOIIHWunCni90cQUn6u+JGHlSRp6rnR5SAznbS8T/eq1Q9U7bMeVBqAjH00W9kEHlwyQw2KWCYMUiTRAWVP8V4gESCCsda06HYM+ePE/qR0W7VCzdHufLV2kcWbAH9kEB2OAElMENqIAawOARPINX8GY8GS/G2HifWjNGOrML/sD4/AKTmKJg</latexit>

�(m)
k =

⌦
y(m)
k |T |y(m)

k

↵

<latexit sha1_base64="AqqMEkV9Gt+fRXmo3U3zhf4fi9w="></latexit>��y(m)
k

↵
=

X

j

��vj
↵
!(m)
jk

“Ritz values” = optimal Krylov-space 
approximation to  eigenvaluesT

“Ritz vectors” = corresponding 
approximation eigenstates

<latexit sha1_base64="15FvhBDPsL+Cjym21DM8HfmQYSQ="></latexit>

T (m)
ij =

⌦
vi|T |vj

↵
=

0

BBBBBBBB@

↵1 �2 0
�2 ↵2 �3

�3 ↵3
. . .

. . .
. . . �m�1

�m�1 ↵m�1 �m

0 �m ↵m

1

CCCCCCCCA

ij

<latexit sha1_base64="aPrK9sCVR5lWIMoYB/T9zvkFiMk="></latexit>

T (m)
ij =

X

k

!(m)
ik �(m)

k (!�1)(m)
kj
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Lanczos without Lanczos vectors
Problem: In LQCD, we don’t have direct 

access to infinite-dimensional Hilbert 
space vectors
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Problem: In LQCD, we don’t have direct 
access to infinite-dimensional Hilbert 
space vectors

Solution: Compute the matrix elements 
 directly from correlation 

functions via recursion relations:
T(m)

ij

<latexit sha1_base64="QX5B4hi34i3FkB7zwifi2vEO6U0=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQoUBUIGFsUi9SW2IHNdt3TpOZDuVqrSvwMKrsDCAECsbG2+Dm2aAwpEsffr/c3R8fi9kVCrL+jIyS8srq2vZ9dzG5tb2jrm7V5dBJDCp4YAFoukhSRjlpKaoYqQZCoJ8j5GGN7yZ+Y0REZIGvKrGIXF81OO0SzFSWnLNwpU7uB/CC9j2aI+dw5E7gBNY1dJEczyYJoa4hK6Zt4pWUvAv2CnkQVoV1/xsdwIc+YQrzJCULdsKlRMjoShmZJprR5KECA9Rj7Q0cuQT6cTJRVN4pJUO7AZCP65gov6ciJEv5dj3dKePVF8uejPxP68Vqe6ZE1MeRopwPF/UjRhUAZzFAztUEKzYWAPCguq/QtxHAmGlQ8zpEOzFk/9C/bhol4qlu5N8+TqNIwsOwCEoABucgjK4BRVQAxg8gCfwAl6NR+PZeDPe560ZI53ZB7/K+PgGTSmbdQ==</latexit>

Ak
j =

⌦
vj |T k|vj

↵ <latexit sha1_base64="puP/od26z8YejxBsTrg1/5M2/qg=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwoWVGpLpQKXXjskJf0I5DJk3btJkHSaZQpvMTbvwVNy4UcSu4829Mp7PQ1gMXTs65l9x7nIBRIQ3jW8ssLa+srmXXcxubW9s7+u5eXfghx6SGfebzpoMEYdQjNUklI82AE+Q6jDSc4e3Ub4wIF9T3qnIcEMtFPY92KUZSSbZ+UrYHD0N4DdsO7bErOLKjwakZwwmsKnmSvOPE5DfQ1vNGwUgAF4mZkjxIUbH1r3bHx6FLPIkZEqJlGoG0IsQlxYzEuXYoSIDwEPVIS1EPuURYUXJVDI+U0oFdn6vyJEzU3xMRcoUYu47qdJHsi3lvKv7ntULZvbQi6gWhJB6efdQNGZQ+nEYEO5QTLNlYEYQ5VbtC3EccYamCzKkQzPmTF0n9rGAWC8X783ypnMaRBQfgEBwDE1yAErgDFVADGDyCZ/AK3rQn7UV71z5mrRktndkHf6B9/gAhspz0</latexit>

Bk
j =

⌦
vj�1|T k|vj

↵

<latexit sha1_base64="3ygHWcWEwL4rFVG8z6ClzXFG8GY="></latexit>

Bk
j+1 =

1

�j+1
[Ak+1

j � ↵jA
k
j � �jB

k
j ]

<latexit sha1_base64="CCvGIpTlag3BmVbv+f6ASrL5sDQ=">AAACHXicbVDLSgMxFM34rPU16tJNsAiCWGZEqhuh6sZlBVuFTh3upKlNm3mY3BHK0B9x46+4caGICzfi35g+BF8HAifnnEtyT5BIodFxPqyJyanpmdncXH5+YXFp2V5Zrek4VYxXWSxjdRmA5lJEvIoCJb9MFIcwkPwi6J4M/ItbrrSIo3PsJbwRwnUkWoIBGsm397yAI/hZZ9vt00Pq6RuFGT3yO1e7dId6IJM2fF2GScP7vl1wis4Q9C9xx6RAxqj49pvXjFka8giZBK3rrpNgIwOFgknez3up5gmwLlzzuqERhFw3suF2fbpplCZtxcqcCOlQ/T6RQah1LwxMMgRs69/eQPzPq6fYOmhkIkpS5BEbPdRKJcWYDqqiTaE4Q9kzBJgS5q+UtUEBQ1No3pTg/l75L6ntFt1SsXS2Vygfj+vIkXWyQbaIS/ZJmZySCqkSRu7IA3kiz9a99Wi9WK+j6IQ1nlkjP2C9fwIQGKAO</latexit>

�j+1 =
q

A2
j � ↵2

j � �2
j

…

<latexit sha1_base64="yhRe+l+MdIA6bsDNNwlSu18NsD8=">AAACJHicbVDLTgIxFO3gC/E16tJNIzGBDZkxBk18hMjGJSa8EiDkTulAQ+eRtkNCRj7Gjb/ixoWPuHDjt9gBFgqe5Kan59yb9h4n5Ewqy/oyUiura+sb6c3M1vbO7p65f1CXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxmWE78xokKywK+qcUg7HvR95jICSktd87INPBxA18bXuO2wPr/CI315wFVdCUtEcZO4rgASl3M25Cf6sPKTrpm1CtYUeJnYc5JFc1S65nu7F5DIo74iHKRs2VaoOjEIxQink0 w7kjQEMoQ+bWnqg0dlJ54uOcEnWulhNxC6fIWn6u+JGDwpx56jOz1QA7noJeJ/XitS7kUnZn4YKeqT2UNuxLEKcJIY7jFBieJjTYAIpv+KyQB0GErnmtEh2IsrL5P6acEuFor3Z9nS7TyONDpCxyiHbHSOSugOVVANEfSIntErejOejBfjw/ictaaM+cwh+gPj+wfui6FO</latexit>

↵1 =
⌦
v1|T |v1

↵
=

C(1a)

C(0)

<latexit sha1_base64="3qt3En6nT7AWyxv58KXCQkXKRVQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBaSib7aZdusmG3YlQSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWkZlmvEmU1LpTkgNlyLhTRQoeSfVnMah5O1wdDfz209cG6GSRxynPIjpIBGRYBSt5HdDjrTnkRvi9soVt+rOQVaJl5MK5Gj0yl/dvmJZzBNkkhrje26KwYRqFEzyaambGZ5SNqID7lua0JibYDI/eUrOrNInkdK2EiRz9ffEhMbGjOPQdsYUh2bZm4n/eX6G0XUwEUmaIU/YYlGUSYKKzP4nfaE5Qzm2hDIt7K2EDammDG1KJRuCt/zyKmldVL1atfZwWanf5nEU4QRO4Rw8uII63EMDmsBAwTO8wpuDzovz7nwsWgtOPnMMf+B8/gCVGJAo</latexit>

�1 = 0

Recursive Lanczos iteration:

Lanczos without Lanczos vectors

35



Ritz values reproduce spectrum 
of 12-state toy model exactly 
after 12 steps:

Problem: In LQCD, we don’t have direct 
access to infinite-dimensional Hilbert 
space vectors

Solution: Compute the matrix elements 
 directly from correlation 

functions via recursion relations:
T(m)

ij
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Recursive Lanczos iteration:

Lanczos without Lanczos vectors

35

Lanczos equals power iteration after  
step, converges faster for 

m = 1
m > 1
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The residual bound
• Lanczos approximation error after finite number of iterations directly computable:

• Lanczos converges 
exponentially faster than 
standard effective mass

Paige, PhD thesis 1971

Eigenvectors of 𝑇 (𝑚)

Matrix element 𝑇 (𝑚)
𝑚(𝑚+1)

Rigorous quantification of excited-state effects!

• Residual bound provides valid 
two-sided bound on errors from 
excited-state effects

Mock data tests demonstrate

MW, arXiv:2406.20009
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Will noise destroy Lanczos?
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Will noise destroy Lanczos?
• No
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Will noise destroy Lanczos?
• No

• Lanczos is surprisingly robust to large-time correlation function noise

MW, arXiv:2406.20009 37



Is it really that easy?
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Is it really that easy?
• No

38



Is it really that easy?

• Lanczos produces an increasingly dense forest of “spurious eigenvalues”

• No

MW, arXiv:2406.20009 38



Spurious eigenvalues

• We need a way to automatically detect 
which eigenvalues are spurious and get 
rid of them

MW, arXiv:2406.20009 39



Cullum-Willoughby
• Jane Cullum and Ralph Willoughby developed a useful criterion for identifying 

spurious eigenvalues in 1981

2

Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)

39



Think positive
• Since transfer matrix is positive-definite by assumption, any eigenvalues with non-

zero imaginary parts can be discarded as spurious

• “Non-zero” can be kept exact even in the presence of noise by adopting 
oblique Lanczos formalism

Saad, SIAM 19 (1982)

MW, arXiv:2406.20009 40



Think positive
• Since transfer matrix is positive-definite by assumption, any eigenvalues with non-

zero imaginary parts can be discarded as spurious

• “Non-zero” can be kept exact even in the presence of noise by adopting 
oblique Lanczos formalism

Saad, SIAM 19 (1982)

• This gets rid of many spurious 
eigenvalues but still leaves 
some that must be wrong 
because they correspond to  
𝑀𝑁 < 𝑚𝜋

MW, arXiv:2406.20009 40



Bootstrapping Cullum-Willoughby
• Defining “pathologically close” is easy for finite matrices with floating-point roundoff 

error, harder for Monte Carlo simulations of infinite-dimensional matrices

• Distances between  and  are consistently smaller for spurious than 
nonspurious eigenvalues — spurious ones also less stable vs iteration

𝑇 (𝑚) 𝑇 (𝑚)
2

• Use bootstrap histograms to define cutoff

41



• Largest eigenvalue not removed as spurious defines ground-state energy

Non-spurious proton energies

𝐸0 = − ln𝜆(𝑚)
0

• Excited-state energies also accessible 

MW, arXiv:2406.20009 41



Lanczos proton mass results

• Residual bound can be used to identify 
when Lanczos results have converged, 
provides bound on finite-  approximation 
errors

𝑡

• Bootstrap uncertainties 
complicated by outliers due to 
spurious eigenvalue 
misidentification within 
bootstrap samples

• Robust estimators e.g. based 
on confidence intervals critical

MW, arXiv:2406.20009
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Correlations

• Correlations between Lanczos results at different imaginary times fall off rapidly 
with similar scale to correlations between standard effective mass results 

MW, arXiv:2406.20009 43



Projecting out the noise
• Signal-to-noise of Lanczos 

results does not degrade 
exponentially for large 𝑡

Why?

• Projection operator solution to 
signal-to-noise problem:

Della Morte and Giusti, Comp. Phys. Communications 180 (2009)

removes states from variance without quantum numbers of “signal squared,” e.g. 
three-pion states in nucleon variance

• Building such projectors is hard — but Lanczos 
provides Krylov-space approximations

Saad, SIAM 19 (1982)Saad, SIAM 17 (1980) 44



Boosted states are noisy

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

Exponential signal-to-noise degradation 
common to all large-momentum 
correlation functions used for LaMET

e.g. pion state

45



Boosted states are noisy

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

Lanczos analysis of TMD WF 
2pts (same as left triangles)

PRELIMINARY

45



Excited states are noisy
Example: 

Luscher-Weisz gauge action 
2+1 stout-smeared clover fermions 

         
Nucleon      

Quarks smeared to 

𝑀𝜋 ≈ 170 MeV 𝑎 ≈ 0.09 fm 483 × 96

𝜒 ∼ (𝑢 𝐶 𝛾5 𝑑) 𝑢
𝑟 = 4.5

3-4 states with physical norms 
reliably extracted

Ritz values can be filtered into non-
Hermitian / spurious and physical 
subspaces

46
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Excited states are noisy
Example: 

Luscher-Weisz gauge action 
2+1 stout-smeared clover fermions 

         
Nucleon      

Quarks smeared to 

𝑀𝜋 ≈ 170 MeV 𝑎 ≈ 0.09 fm 483 × 96

𝜒 ∼ (𝑢 𝐶 𝛾5 𝑑) 𝑢
𝑟 = 4.5

3-4 states with physical norms 
reliably extracted

Ritz values can be filtered into non-
Hermitian / spurious and physical 
subspaces
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Missing ,  𝑵𝝅 𝑵𝝅𝝅

Excited states are noisy

47

Precise results with no exponential signal-to-noise problem extracted for all states 
in physical subspace

Noteworthy — not all states expected to be in the spectrum are recovered



What about matrix elements?

48

Particularly hard toy example
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Particularly hard toy example

What about matrix elements?



Lanczos for matrix elements

Lanczos eigenvectors provide change of basis allowing matrix elements to be 
extracted from 3pt functions with simple matrix multiplication

• Excited / transition matrix 
elements accessible

Hackett, MW, arXiv:2407.21777Nucleon strange scalar (bare) matrix element

49



Lanczos for matrix elements
Hackett, MW, arXiv:2407.21777
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Lanczos for matrix elements
Hackett, MW, arXiv:2407.21777

To be continued…

50

Comparison of Lanczos and 
standard ratios reminiscent 
of challenging form factor 
analyses…



Lanczos for LQCD
• Lanczos enables rapid 

convergence even with small 
energy gaps

• Two-sided error bounds 
allow excited-state effects 
to be fully quantified

• Lanczos results do not show 
exponential signal-to-noise 
degradation
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Lanczos shows promise for LQCD 
studies of nucleons and nuclei where 
isolating ground states is challenging; 
further study needed!

• Spurious eigenvalues lead to 
challenges:  Cullum-Willoughby 
+ bootstrap sufficient?
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