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Nuclei and new physics

Nuclei are abundant and useful
experimental targets

0 1 0 sensitivity 2 0 sensitivity

10—43

Aprile et al [ XENON],
PRL 131 (2023)

Relating new physics
models to
experimental data
requires nuclear
responses
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e Dark matter direct detection (low-energy scalar)
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Neutrino-nucleus scattering

1.4F Accelerator neutrino fluxes cover a wide
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Lattice QCD and neutrino-nucleus

Lattice QCD provides reliable methods for numerically computing properties of QCD
including nucleon form factors encoding responses to electroweak currents

Neutrino-nucleon scattering amplitudes can be computed straightforwardly once
nucleon electroweak form factors known

Connecting nucleon form factors to neutrino-nucleus scattering is more complicated

e | attice QCD can constrain inputs to nuclear EFTs and models

e Constraints from lattice QCD and experiment are often complementary



Monte Carlo path integrals

Lattice QCD uses a path integral version of quantum mechanics
— Quark propagators provide explicit solutions to the quark field path integral

— Gluon field path integrals are performed numerically using Monte Carlo:
random field values are drawn from a probability distribution similar to the integrand

Compromises: Lattice spacing Finite-volume Imaginary time

a— 0 L — oo T —at
Imaginary time turns complex quantum probability amplitudes

probability amplitude ~ e*°

into positive-definite functions that can be interpreted as probabilities for random
numbers in a Monte Carlo simulation

probability amplitude ~ e~



Observables in LQCD

LQCD energy spectrum determined from 2-point correlation functions

In imaginary time, correlation functions can be written as sums of exponentials

Ca(t) = (0|A[B)AT(0)]0) = > (0]A(0)e™"*|n) (n|AT(0)|0) + ...

— Z | 7|2t X

Imaginary time evolution e~ Htrear — o—H(itreal)

Ground state dominates for large ¢ : CA (t) X e_Eot 4+ 0 (6—(E1—Eo)t)
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Effective mass “plateau” signals ground state
dominates correlation function at finite ¢

For simple states, e.g. low-momentum pion,
simple interpolating operators and t ~ 1 fm
appear sufficient

Fitted dispersion relations agree with continuum

expectations + discretization effects
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Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)
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LQCD and nucleon form factors

$ V,u ~ qVuq

Nucleon electric and

magnetic form factors
recently calculated using

LQCD with approximately

physical quark masses
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LQCD results for nucleon electric and magnetic form factors (linear combinations of F;
and F, ) show good consistency with phenomenological parameterizations



Excited states

Axial form factor calculations
have been performed using
analogous methods

Additional excited-state effects
arise from the fact that axial
currents can act as pion
sources
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Axial form factors

LQCD calculations of nucleon axial
form factors with approximately
physical quark masses and
continuum extrapolations
achieved by multiple groups

Bali et al [RQCD], JHEP 05 126 (2020)
Park et al [NME], PRD 105 (2022)
Djukanovic et al, PRD 103 (2021)
Alexandrou et al [ETMC], PRD 109 (2024)
Jang et al [NME], PRD 109 (2024)

Fa(Q?)

Up to 3 sigma differences between
LQCD and experimental axial
form factor determinations,
could arise from challenging
LQCD systematic uncertainties

Differences could also arise from
underestimated uncertainties in
phenomenological form factor
determinations using deuterium
bubble chamber data

Meyer, Betancourt, Gran, and Hill, PRD 93 (2016)

1.6
: B 2 expansion (D2 Meyer et al.)
00 2z expansion (LQCD Bali et al.)
I 2 expansion (LQCD Park et al.)
[ 2 expansion (LQCD Djukanovic et al.)

1.4

1.2

1.0 |

Bl Dipole M4 = 1.0 GeV
0.8
0.6
0.4
0.2 | | |
[ Simons, Steinberg, MW et al, arXiv:2210.02455
0.0 I . A . ] ) ) A ] A A A ] . A . 1 ) ) ) ]
0.0 0.2 0.4 0.6 0.8 1.0
3|
1
|
0 : N 1 N . 1 " . 1 . . 1 . \ I
0.0 0.2 0.4 0.6 0.8 1.0
Q* (GeV?)

10



MiniBooNE Results

Impact of LQCD vs D2 form factors studied using GFMC and spectral function (SF)
calculations of carbon relevant for MiniBooNE

e 10-20% differences found between LQCD and D2 form factors

e Disentangling effects of nucleon form-factors and nuclear interactions is non-trivial

0.2 < cos(f) <0.3 0.5 < cos(f) < 0.6 0.8 < cos(f) <0.9
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Axial form factor uncertainties

GENIE event generator predictions for T2K event rate using deuterium bubble
chamber vs recent LQCD axial form factors differ by ~20%

e Effects on near and far detectors differ, understanding discrepancy
essential for reliable neutrino oscillation analyses

Meyer, Walker-Loud, Wilkinson, Ann. Rev. Nucl. Part. Sci. 72 (2022)
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MINERVA has recently analyzed antineutrino scattering with a hydrocarbon
scintillator target (8% H + 89% C + ...) to extract nucleon axial form factor

e Broad consistency is seen between MINERVA extraction and LQCD

MINERVA Results

e Separating nuclear / free nucleon events challenging
Cai et al. [MINERvVA], Nature 614 (2023)

BBBA2007 fit

e Data — Hydrogen fit

Deuterium fit ---
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e Experimental determinations of nucleon axial form factor limited by nuclear
theory systematics (+other systematics of old bubble chamber data)

e Competitive systematic uncertainties achieved with present-day lattice QCD...
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The signal-to-noise problem

/‘\ Nucleon ground state dominates correlation
Jy function for large ¢

Variance of nucleon correlation
function is itself a m T
correlation function with <
quantum numbers of NN

\](V_/N<:€—>
\:/ <—7L/>

The lightest allowed state is 37

Var[Cn (t)] ~ e 5™

' ' i i Parisi, Phys.Rept. 103 (1984
Implies signal-to-noise ratios scale as arisi, Phys.Rep (1984)

<CN (t)> Lepage, TASI (1989)

StN[Cn (1)] = ~ e~ (My—gma)t
V/ Var[Cn (t))
Same analysis for a system of A nucleons:
SIN[Ca®)] = A | A —Fmn)
v/ Var[Ca(t)]
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The sign/al-to-noise problem

Nucleon correlation functions are complex in generic gauge field backgrounds

Complex phases of correlation functions give path integrals “sign problems”

1 .
On(t) = - / DU =5 |On(t)] e ®

A

Integral can’t be interpreted
as a probability

The same phase fluctuations are responsible for the full severity of the signal-to-noise
problem for the nucleon and nuclei
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Noise reduction with Al/ML

Complex analysis guarantees that changing the integration manifold does not
change integrals of analytic functions, but “complex phase” is nonanalytic

— changing contours can reduce phase fluctuations without changing the results

for path integrals (i.e. the physics)
Witten AMS/IP Stud. Adv. Math. 50 (2011)

Detmold, MW, et al, PRD 103 (2021)

0 5 %
Review: Alexandru et al, Rev Mod Phys 94 (2022) o “‘u(((( } (W) (original)
. . . 1 % o, Q deformed
Path integral contour deformations can be applied 107 - g o |
to “observables with signal-to-noise problems” ; g
as well as “actions with sign problems” 102 %fﬂ?{ -
]. ]. Im"qll}l}
Var[Re O] = - (JO?) + 5 (0?) — [Re (O))* 105 Hlfr
Detmold, MW, et al, PRD 102 (2020) 117 Rntio Ito exaict | | m'm | |”|~r” | “| |
1.0 ——(J'Q'ﬁ'c'&a'e‘o‘lt‘o'.,‘zw-@ﬁéﬁ.-:li_';1!l_,---.:Jl ko] il
0.9 | | | J’LH | | ”||||!'!
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Noise reduction with Al/ML

Complex analysis guarantees that changing the integration manifold does not
change integrals of analytic functions, but “complex phase” is nonanalytic

— changing contours can reduce phase fluctuations without changing the results
for path integrals (i.e. the physics)

Witten AMS/IP Stud. Adv. Math. 50 (2011) Detmold, MW, et al, PRD 103 (2021)
100 5 Toe
Review: Alexandru et al, Rev Mod Phys 94 (2022) ] o, b (W) (original)
. . . l (((“(q( (Q4) (deformed)
Path integral contour deformations can be applied 107 - M B
to “observables with signal-to-noise problems” : it
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1 1 | e
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1.0 ——CusrBadng it 65_'?‘59 B L L o
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challenging  Lin, MW et al, NeurIPS 2023 A
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Fitting is hard

Accurate systematic uncertainty quantification requires

sophisticated tools, heuristics, and human judgment «Autofitter” flowchart

/ Correlation functions G(t) /

1., — results sensitive, take weighted average I

tax = min{ ¢ | [1/SIN(G(t +a)) > tol,,..) V [G(t+a) < 0] V[t +a > tol,,, ) }

Rinaldi, MW, et al, PRD 99 (2019)
Jay and Neil, PRD 103 (2021) b € (20t — Epaiod]
— results sensitive, take weighted average Covariance matrix S(3) with optimal shrinkage parameter X'

- N

states

Excited-state model selection:

o 1

— results insensitive (except when they’re

max . . . . e+l FGLEZ) =Y Zue B, e =0
not), impose arbitrary cut on signal-to-noise
° CO Varian Ce matrix _ S VD’ Shrinkage’ o x* minimization with Nelder-Mead+ VarPro using 8 (A\*) — {E/, 2/}
Lo x* minimization with Confidence intervals:
» + : 2: — CG+VarPro using S (A%) x* minimization with
i o — {El .2/ } NM-VarPro using S (")
12 : ; over bootstrap ensemble

— {EM 20}

: 085
1 s 5] { ALY W PR ) LN} : . =

(S = o] BTN Bt eee-l

L/CL =32 0.75
0.8 I
0.70 i
- fol
Ndo L]

0.6 0.65

SES = Q:x-;(E“'-‘—E’):Q,v‘d(g‘ =)

2 . . - . .
X~ minimization with

o e Average over
o - accepted fits

NM+VarPro using S(1)

2.25 . 15 —){E‘f ’z! }
2.00 ' . 14 )

3 S 1751 S 13 it

LH 48 <L \\\r ‘ L e e e
a = 150 . . . '

/ 125 e r L | Accept fit | Q12 (EM —Ef) > tolnea
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0.75 yes A

0 5 10 15 20 2 4 6 8 10 12 14 16 .
/a f

Beane, MV, et al [NPLCD+QCDSF+CSSM], PRD 103 (2021)




Matrix elements are really hard

N excited-state contamination in nucleon axial form factor manifests as
« Slow imaginary-time convergence

* Increased sensitivity to fit strategies

/ Same (state-of-the-art) data, different fitting assumptions \

1.6 . . 1.6 , .
ga=1.436(17) ga=1. 521(41) ga=1. 49(10) ga=1. 503(49)
x3/28 =1.36, p=0.10 {4 3*} ST A F 0T ‘[4“"'3 = X2/29=1.37, p=0.09 {4 2free } x2{29-130<p-0-1-3-« ------------- {4, 2pee}...
aiMy = 0.24(3) a091m170L [ aAM) =0.14(2) G091 170L— adMy = 0.14(9) a091m170L =0.18(8) a091m170L
15} | 15} d 15} 1.5
1.4} 1 14} 1 14} 4 14}
= = - S = =
13} ] 13} b TR T p ] 13} | 13} "ty 7T T ot
T:00 — 16w 14 128 10 s« T:00 — 16w 14w 12 & 10 s« T:00 — 16 14w 128 10 == T:00 — 16 14 126 10 s

1.2 : ~ - 1.2 - - : 1.2 - : - 1.2

10 5 0 5 10 -10 5 0 5 10 -10 -5 0 5 10 .10 -5 0 5 10
t—=1/2 t—1/2 t—1/2 t—1/2
K Park et al [NME], PRD 105 (2022) J

* Quantifying fitting systematics is challenging —- different “right” answers differ on
central values by = 26 and differ on error bar size by factors of 2 - 7
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Why don’t we just compute v-argon?

Lattice QCD is a many-body method — just simulate a few 100 quarks

19



Why don’t we just compute v-argon?

Lattice QCD is a many-body method — just simulate a few 100 quarks

Energy spectrum of up to 6000 pions in
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What’s so hard about nuclei?

Lattice QCD is a many-body method — just simulate a few 100 quarks

4 .
1) Too many Wick contractions ’ ‘ : ;Z
3: *e !*% ’ ° 3H€
E .. ® ‘Me
2) Small energy gaps to excited states 2 ""';{}{ {
SRR i f |
i Hl | Hl
3) Exponential signal-to-noise degradation | ] & 1 ‘H ' IJ |
% 10 20 ¢ 30 40
aFE(t) = —1In C’(Ct’(:)a) = akFy +

20



What’s so hard about nuclei?

Lattice QCD is a many-body method — just simulate a few 100 quarks

4 . . . .
” T Wicl | ti y o If7
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What’s so hard about nuclei?

Lattice QCD is a many-body method — just simulate a few 100 quarks
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What’s so hard about nuclei?

Lattice QCD is a many-body method — just simulate a few 100 quarks

4 : : _ .
1)-FToo-many Wickcontractions .. oz
| . %’ ‘ ° °H
Detmold and Orginos, PRD 87 (2013) I Tty ’ ®3He
E |} .. ® ‘e
2) Small energy gaps to excited states 2 ""';{}{ |
5~ 4r?/(MyL?) or 0= By | ‘*u{l m ! m .
3) Exponential signal-to-noise degradation | ] : l ‘H l ]J |
StN ~ e_A(MN_ %mﬁ)t % 10 20 ¢ 30 20
Ct+a)
CLE(t) —In C(t) CLEO -+

Getting large enough imaginary times to suppress excited-state effects can be

challenging or impossible for multi-nucleon systems 20



Nuclei from LQCD

First calculations of 2-5 baryon (asymmetric) correlation functions

Beane et al [NPLQCD], PRD 87 (2013) L =2.9 fm — 5.8 fm a = 0.145 fm m,. ~ 806 MeV

Yamazaki et al, PRD 86 (2012) L=35fm— 7.0 fm a = 0.09 fm my. ~ 510 MeV

e Ground state energy appears approximately volume independent
e First excited state shows volume dependence consistent with unbound

e Operators with two different smearings give consistent results

0.10 T 11 0.10 | |
- o [ =32 L. 0 o [ =232
0.06} ° L = 48 0.06t .° L .o . . o [ =148
A o fqg oo4r T °.°.":‘: ' 2 o ? : i |
<] 0.00 : “. = - A t 1 <] 0.00 R ‘:
-0.02} L ": s % o & i-i 29 ii [ 1 . -0.02} )
[ 3 ? ®
~0.04} E ‘ ~0.04} | | | ] ]
0 5 15 20 0 5 10 15 20
T t

Data from Beane et al [NPLQCD], PRD 87 (2013)
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Nuclei from LQCD + EFT

First calculations of 2-5 baryon (asymmetric) correlation functions

Beane et al [NPLQCD], PRD 87 (2013) L =2.9 fm — 5.8 fm a = 0.145 fm m,. ~ 806 MeV
0F nn d — EFT
N — - LQCD
i 3He 4H
~50+ ¢ °Li °He
i 6Ll
I a
=, ~100t | N o
m L
| —
~150!
Match Verity Predict
-200}

EFT: Barnea et al, PRL 114 (2015)



Two-body axial currents

Two-nucleon axial matrix

elements relevant for proton- o e A~
proton fusion computed, e mumEEEREERR>
used to constrain two-body \1-..-

currents in pionless EFT for
m, = 806 MeV

Savage, MW et al [NPLQCD], PRL 119 (2017)

| s s =T

Axial current matrix element calculations with m, = 450 MeV permit preliminary
extrapolations to physical quark masses

1.05 — ' — l S
1.00 | . Matrix elements of two axial currents
| " @ i constrain 2vf3f in pionless EFT
Q< 095:* | |
= : : | Shanahan, MW et al [NPLQCD], PRL 119 (2017)
m < L ]
 0:90¢ : 1 Tiburzi, MW et al [NPLQCD], PRD 96 (2017)
0.85F .
: I More complicated two-body currents
oL important for OvfS, first study:
0.0 0.2 0.4 0.6 0.8 p 'Bﬂ y

m? [GeV?] Davoudi, Grebe, MW et al [NPLQCD], arXiv:2402.09362

Parrefio, MW et al [NPLQCD] PRD 103 (2021) 23



Systematic uncertainties

Present-day LQCD studies of nuclei still have several systematic uncertainties
that need to be studied in detalil

e Heavier than physical quark masses only
e One lattice spacing

e EXxcited-state effects

24



Systematic uncertainties

Present-day LQCD studies of nuclei still have several systematic uncertainties
that need to be studied in detalil

e Heavier than physical quark masses only

. One Iattlce spacmg

state

Gap between ground and two-nucleon finite-volume “scattering” states becomes
small for large volumes, ground-state dominance relies on overlap factors

7 2
Zoe Bot (14 ZLe—dt 4 5., AT
2y M L2

For non-positive-definite correlation functions, cancellations between the ground and
excited-state could in principle conspire to form a “false plateau”

See e.g. Iritani et al, JHEP 10 (2016)

All Z factors in spectral representation guaranteed to be positive for symmetric

correlation functions

n
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Variational methods

Robust upper bounds on energy spectrum can be obtained by diagonalizing symmetric
matrices of correlation functions

t

All LQCD nuclear
matrix element

calculations so far

bt T oo
S
o A

Although application of variational methods to multi-nucleon systems has long been
advocated, it has only recently become computationally feasible

Distillation: Sparsening:
Peardon et al PRD 80 (2009) Detmold, MW et al, PRD 104 (2021)
Morningstar et al PRD 83 (2011) Lietal, PRD 103 (2021) 25



Two-nucleon variational bounds

Phase shifts obtained using asymmetric
vs variational energy estimates
suggest qualitatively different physics

Variational upper bounds obtained (bound vs unbound)

/ using different interpolating operator

sets are consistent
Amarasinghe, MW et al [NPLQCD], PRD 107 (2023)

0.03
- O NPLQCD13[15] V [D,H] O This work <> Horz et al. 21 [28] ] Francis et al. 19 [26]
0-02;- O Callat 17 [25] o Sg L NPLQCD 17 18] CalLat 17 [25]
f:i 0.01] NPLQCD 17 [18] 0 §g | 150 | | i |
o 0.00f 1 : 1
S : | i ) ]
4 : = : . 1.0 r
~0.01} | | <
: | | =
~0.02} I 7 i l * g j / #
. Y ~2 i )i' é }
0.0
Ground-state energy estimates using
different interpolating-operator sets 01 00 o1 TR
show large discrepancies x iy

Results by different groups using
similar interpolating operators show
good consistency

26



Excited states or overlap problem?

Apparent plateau of asymmetric
correlators can be reproduced by
spectral representation from
variational results

Variational predicts asymmetric
slowly approaches from below for

kt>>40a~6fm j

/Toy model: 2 operators, 3 states\

Z = (e, V/1 - €2,0)
Z(B) = (¢,0,v/1 — €2)

e Both operators have small overlap ¢
with ground state

e Operators are approximately
orthogonal

GEVP eigenvalues controlled by first
and second excited state (not
ground state) for

2 < et(F1=Fo)

Off-diagonal correlator conversely has

\pen‘ect ground-state overlap




Lanczos, the transfer matrix, and
the signal-to-noise problem

MW, arXiv:2406.20009
Hackett, MW, arX1v:2407.21777

+ ongoing work with Grebe, Fleming, Rocco, Tame Narvaez, Van de Water, ...

Cornelius Lanczos Daniel Hackett




Spectroscopy = finding eigenvalues

Lattice theories do not have continuous time translation symmetry defining Hamiltonian

O(t) = e 1 Oe'? x

Discrete time translation symmetry enables definition of transfer matrix T’

O(ka) = TFO(T~1)" J

Energy spectrum = - In ( spectrum of eigenvalues of T")

Correlation functions are matrix elements of powers of T’

C(t) = ($(t)'(0)) = (y| T*/°

)+

29



Life in Hilbert space

Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

o0 Hilbert space is big, even for a single
Z | (n|p) = Z | Y Zn gauge-field link
n=0 — standard in quantum mechanics,

sometimes not in linear algebra

30
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o0 Hilbert space is big, even for a single
Z | (n|p) = Z } Y Zn gauge-field link
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* The transfer matrix acts simply in this basis

Ty => Tn)Zy = An|n)Z, =) e *"|n)Z,
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Life in Hilbert space

Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

) = i n) (i) = i nZ,

Hilbert space is big, even for a single
gauge-field link

— standard in quantum mechanics,
sometimes not in linear algebra

* The transfer matrix acts simply in this basis

Ty => Tn)Zy = An|n)Z, =) e *"|n)Z,

n

Repeatedly acting on any vector with a matrix filters out the component proportional
to the eigenvector with the largest eigenvalue (= the ground state)

THlw)y =) TFn)Zn =) Xin)Z, =) e *Fn|n)Z,

n n

— ¢ * 0|0} Z, + O (e—ka(El—EO))

Backbone of the power-iteration algorithm for finding largest eigenvalue of a matrix:
von Mises and Pollaczek-Geiringer, Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 30



The power-iteration algorithm

Start with an arbitrary normalized initial state:

Iteration step: ‘pk+1> =

|bo> = |¢>/|¢‘

T |by ) bkt1) = |Prt1)/|Prt]

Eigenvalue |bk> X Tk:|¢> _ e—kzan |¢>ZO + 0 (6—k5)

convergence:

Energies from power-iteration eigenvalues:

— 1n<bk\T\bk> — —In

(YT )

(PIT? 1)

—akby + O (6_k5)
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The power-iteration algorithm

Start with an arbitrary normalized initial state:

Iteration step: ‘pk+1> —

bo) = |1)/[Y]

T |by ) bkt1) = |Prt1)/|Prt]

Eigenvalue ‘bk> X Tk}¢> _ e—kzan |¢>ZO + 0 (6—k~5)

convergence.

Energies from power-iteration eigenvalues:

— 1n<bk\T\bk> — —In

= —1In

Standard effective mass = “apply power-iteration algorithm to the transfer matrix”

(YT )

(PIT? 1)

C((2k+ 1)a)

C'(2ka)

—akby + O (e_k(s)

= Feg(t/a =2k + 1)

31



Lanczos and the transfer matrix

e Standard effective mass = “apply power-iteration algorithm to the transfer matrix”

‘bk> X Tk ‘w> # In(by|T bk )= —In [ QkZZal)) )] = Feg((2k +1)a)

von Mises and Pollaczek-Geiringer, Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929)

¢ Modern computational linear algebra uses more sophisticated methods, e.qg.

Lanczos algorithm (m)
viyx [T =T Vi
Lanczos, J. Res. Natl. Bur. | J > [ ]| J 1>
Stand. B 45, 255 (1950)

Applied to LQCD since at (m) — <’Uz}T"UJ> * E(m) — 111 )\(m)

least Barbour et al (1984)

e Exponentially faster convergence for systems with small gaps ¢ = a(FE1 — Eyp)

Kaniel, Mathematics of
Computation 20, 369 (1966)

(m) —4m\/ 0 eff —2mé
Paige, PhD thesis 1971 ‘EO_EO ‘ x eV« | Ey— ET2m)| e

Saad, SIAM 17 (1980) 32



Lanczos in Hilbert space

Start with an arbitrary normalized initial state: ‘U1> = |¢>/W| = ‘¢>/ C'(0)

Iteration step: ‘Uj+1>ﬁj—|—1 — (T — Ozj) }Uj> — Bj ‘Uj—1>

Where (¢ = <Uj|T‘Uj> Bj = <Uj—1‘T’Uj—1>

« Lanczos vector form an orthonormal basis for Krylov space

Kolm) = Span{‘v1>, ?)2>, o vm>}
dvs) = 6,
Novel features <v v; > J
not present in o |
power iteration » Krylov-space approximation to /' directly computable

T = (vi|Tlv;) = Gij0 + 8i5-1)B; + Sigj1) B

Krylov space ~ finite-dimensional EFT where we know all the matrix elements



Living on the Ritz

Krylov space ~ finite-dimensional EFT where we know all the matrix elements

(041 B2 0 \
62 0% 53
T = (0T, = Bs .C¥3
. 6m—1
Bm—l Qo —1 Bm
\O Bm am) i
Diagonalize the Krylov-space transfer matrix:
T(m) (m) )\(m) —1\(m) “Ritz vectors” = corresponding
i q § W1 )kj approximation eigenstates

) = ol

P

“Ritz values” = optimal Krylov-space
approximation to 7" eigenvalues )‘z(cm) _ <yl<€m)|T‘yl(€m)>

34



Lanczos without Lanczos vectors

Problem: In LQCD, we don’t have direct
access to infinite-dimensional Hilbert
space vectors

35



Lanczos without Lanczos vectors

Problem: In LQCD, we don’t have direct
access to infinite-dimensional Hilbert
space vectors

Solutlon Compute the matrix elements
T]m directly from correlation

functions via recursion relations:
C'(la)
C'(0)

ap = (1|T|v1) = B1 =0

Recursive Lanczos iteration:

A;C — <Uj‘Tk‘Uj> Bk <UJ 1‘Tk‘?}]>

Br1 =\ A3 —a? =
1

Bk =
J+ Bj+1

[A§+1 — OéjA? — BJB;C]

35



Lanczos without Lanczos vectors

Problem: In LQCD, we don’t have direct Ritz values reproduce spectrum
access to infinite-dimensional Hilbert of 12-state toy model exactly
space vectors after 12 steps:

12 1
C(t) _ 6—0.1nt
Solutlon Compute the matrix elements ,,;1 2(0.1n)

T]m directly from correlation
functions via recursion relations:

C(la) 10 .
ay = (v1|Tlv1) = B1=0 -
< > ¢(0) : o ~
£|> P
Recursive Lanczos iteration: é' 0.6 .
& -~
0.4 ’ 5 ’ .-
A? - <Uj‘Tk‘Uj> Bk <UJ 1‘Tk‘vy> . . - . .
N

BjJrl — \/A? — O‘? - 532 00 | 8 .

Bt = o[4S 0,45 - 3,BY .

Bi+1 Lanczos equals power iteration after m = 1

o oo step, converges faster for m > 1 35



The residual bound

e | anczos approximation error after finite number of iterations directly computable:

/\?E\n} M(()m) - )“ < ‘5m+1w,,(n”8) \ @ Eigenvectors of 7™

; (m)
Paige, PhD thesis 1971 Matrix element Tm(m+1)

Rigorous quantification of excited-state effects!

Mock data tests demonstrate =

e | anczos converges

exponentia”y faster than 0 01 ooooooooooooooooooooooo
standard effective mass i

|E() L E(()m)‘ x 6—2\/5(75/@)

|EO - Eeﬂ"(t)‘ X 6_5(t/a) \%Jo ° Standard KPS bound

Lanczos Residual bound

. ReSid.uaI bound prOVideS Valid 5 | 10 - 15 - 20 - 25 - 30 - 35 |
two-sided bound on errors from

. t
excited-state effects MW, arXiv:2406.20009 /a



Will noise destroy Lanczos?
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Will noise destroy Lanczos?

e NoO
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Will noise destroy Lanczos?

e NoO

e | anczos is surprisingly robust to large-time correlation function noise

Simple harmonic oscillator

0.25 - | | Standard |
i Lanczos ]
0.20 | | | | -
S I
0.10F
0.05} I =R :
000— ! ! ! | | | ! | ! ! L | ! ! ! | !
0 20 40 60 80

MW, arXiv:2406.20009 t / a



Is it really that easy?
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e NO

Is it really that easy?
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— InRe[A™)]

Is it really that easy?

e NO

e | anczos produces an increasingly dense forest of “spurious eigenvalues”

SHO all Lanczos eigenvalues

3 T T T | T T T I IA I I‘ T T ]
A A
i A AaAAA
A
| A4 AA ::: AA |
- AAA —
2 AA Ass af LYV YN
A A A AA A *:
A A
A A A AAAASA
AA%, AAAA, :::AA AA
AA A AA A N
A A A A,
1+ R A AA: AAA‘A A“AAAAA‘A‘AﬁAAAAAA‘*AA_
- A
A 244444. ah anfaraaa AA“
N A AA A‘ REYYYYYVE Y ¥ ¥ 4444444
A4 IIYYIILY. 4
A*AAAAQQ‘AAAAAAffAfAA ggatdtdiidd 14444441
P LA T S G B U G S U U U N U U NN U 3§ B e YR BB BB BR ~="<-:.-=":"~=“="‘="--="-.
0ra@ $n ) ad u““ $4iiiiin
- A -
L A N AAAa AR A
A A A A
- A
_1 ! ! I | I I I | 1 1 1 I 1 ! L A |

MW, arXiv:2406.20009 t/a



— In Re[A™]

Spurious eigenvalues

SHO all Lanczos eigenvalues
3 T T T T T T T T Y W A T T T

AAAAA

e \Ve need a way to automatically detect of - 2 e

A aa A atAtaaa,, |
. . . —_ A A L4 A Y
which eigenvalues are spurious and get . Coeint M e
[] M A A AA
rid of them ERRI ‘ bttt
E A ﬁ:‘A:AA AAA A:*:::::‘Atit:::::::AAAﬁ‘
|

“AAAAAAAAAAAAﬁ‘

11141

SHO non-spurious Lanczos eigenvalues
3 T T T T T T I T T T l T T T I T

Lanczos Algorithms

I for Large Symmetric
2F Eigenvalue Computations
- Vol Iz Theony

A

- A A

. 1 | | | | | ] | | 1 ] ] | 1 I | | !

MW, arXiv:2406.20009 t/a 39



Cullum-Willoughby

e Jane Cullum and Ralph Willoughby developed a useful criterion for identifying
spurious eigenvalues in 1981

Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)

DEFINITION 1. Spurious = Outwardly similar or corresponding to something
without having its genuine qualities.

XX :
(o o 8 (x o |
7(m) _ v3 az - Tz(m) _ 3 ?43
O o A
o o )

DEFINITION 2. Any simple eigenvalue of 7, that is pathologically close to an
eigenvalue of T, will be called “spurious.”

39



Think positive

e Since transfer matrix is positive-definite by assumption, any eigenvalues with non-
zero imaginary parts can be discarded as spurious

“Non-zero” can be kept exact even in the presence of noise by adopting
oblique Lanczos formalism

Saad, SIAM 19 (1982)

Proton all Lanczos eigenvalues

T T T T T T T T T T
I [ A I I A

i AA ]
5; A AA,a A Aaaas, A A aaada,a aaaaa gtaa
A 4 A a
F‘ AAA
4% AA, .
= I E A A A
E 3__ A AAAAAA AAAAAAA AsAsaasta, AAA:: AdAaaaj]
t% R . A N ‘
N - AAA A A 1
Sg 2:; A A A A A L, A adha]
B . ]
— el K A‘;AAAAA::%:::Afzfgﬁtﬁtigt‘§§:"
- AA
Fr 1r A L, AdAda A AAA‘AAAAAAA*AQx:AA*ﬁﬁtA‘::t_
D A 440,44 ax L AﬁA‘AAAAAglAA““‘A AAAA
“AAAAAQ“‘:““f‘fiﬁ »:; s 4ddddd
oL N AAA A:“*:“‘ i Ad ‘ i "’t‘ %
L N A AA N AAAA
I A
-1F : . A : ‘*‘_
- ] | I | I | A[ | | 1 | | 1 | | |
0 20 40 60 80

MW, arXiv:2406.20009 t/a



Think positive

e Since transfer matrix is positive-definite by assumption, any eigenvalues with non-
zero imaginary parts can be discarded as spurious

e “Non-zero” can be kept exact even in the presence of noise by adopting
oblique Lanczos formalism

Saad, SIAM 19 (1982)

Proton positive Lanczos eigenvalues

5,_ AAAAAA A Aaaaa, A,A,aaaba,4h 244 AAAAA;

.5 - o This gets rid of many spurious
T eigenvalues but still leaves
B. 30| s ama*ts uiiiaa, iiiisitans sassa arass sOme that must be wrong
= : ‘ because they correspond to
c 20 iy : - CL My<m,
r—ig - AAAAA ’ Laaa A,LAA AAAAAAAAA‘ AAAAAA ‘ :

| 1r g AAA“AAAA YV Yoaaaaa
AAAAAAAAAAA:::::::::AA:A:AA::::A:AAAAAAA:AAA;

Of A AAA A, N : N fﬁAﬁ AAA_:

_1:_ A ) YT

0 20 40 60 80

MW, arXiv:2406.20009 t/a 40



Bootstrapping Cullum-Willoughby

e Defining “pathologically close” is easy for finite matrices with floating-point roundoff
error, harder for Monte Carlo simulations of infinite-dimensional matrices

DEFINITION 1. Spurious = Outwardly similar or corresponding to something
without having its genuine qualities.

o Distances between 7™ and T, 2(’") are consistently smaller for spurious than
nonspurious eigenvalues — spurious ones also less stable vs iteration

e Use bootstrap histograms to define cutoff

Proton eigenvalue Cullum-Willoughby test Proton eigenvalue Cullum-Willoughby test

I
L [ A
L | A,A AAAAAALAL AaA
10000 Canittmreeaninitiiiananinianininida
A A
J 10_4 AAA‘AAAAAAAAAAA‘AAAAAAAAAAAA:AAAA‘A“AAA:AA:
r A A A
8000 - j | N Yt NV A A aa, A AAAAAA A
U) 4 * v * v
-7 X
£ 6000 I~ 107 . . o *iee
= 1 g X N
o L | \/: L 4 .’ L 3
O ~ 1S | .
4000 - 10-10 1
L 4 P ..
L 3 -
| . -
2000 10—13? 4
‘ € Spurious A  Excited Ground
| | N
‘ . X3
0L == — — — — ! , . YR
1 1 1 1 1 I] 1 1 | 1 1 1 1 1 1 I 1 1 I 1 1 1 1 1 l Il | 1 l 1 1 .l 1 1 l 1 1 l 1 i
-35 -30 -25 -20 -15 -10 -5 0 10 20 30 40
In d/™ m 41



—In Re[A™)]

Non-spurious proton energies

Largest eigenvalue not removed as spurious defines ground-state energy

Ey=—1nz"™

Excited-state energies also accessible

Proton non-spurious Lanczos eigenvalues

T T T IA T T T T
i AA A ]
- A
5L A AA, A Aoaaa, ., A A adadi, 4 aaaaa gtaag
A
r A A A
L A
AAA
4* ]
A A A A i
3l A AA, A Aaaad, ., AaAdsaaadi,a aaaaa 4traag
R A A
AAA
207 ‘ . Y.
i AAA N N aa Al
A A A i
10 A AAA AT L, A A,aa]
- @ A AA, A, A AAAAA 4 R
i A A AA 1
A A i
A AAAAA » A A
- A‘A‘AA‘AAAAAAAA‘AA‘AA 2RRAG VIV ADPIPPIFIRDD -
| ! 1 1 | ! 1 ! | 1 ! ! |

0 20 40 60 80

MW, arXiv:2406.20009 t/a



Ry"™

Lanczos proton mass results

Proton mass

. . 09 ' * ' ' ‘ ' T * ' ' T
e Bootstrap uncertainties t -
complicated by outliers due to 086 e
spurious eigenvalue ? Lanczos
misidentification within 0.7}
bootstrap samples : :
s 0.6 - .
— O
: Lg 0.5 .
* Robust estimators e.g. based ks _ I | _
on confidence intervals critical 04F | .
0.3F i
0.2 L l . I 1 | ; | 1 | | | | | ! |
0 20 40 60 80
Proton mass residual
0.20" | | f t/a MW, arXiv:2406.20009
0.15}
010: . . .
, - o Residual bound can be used to identify
0.05 - when Lanczos results have converged,
0.00! | provides bound on finite-f approximation
; * errors
~0.05F

20 40 60 80
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Correlations

e Correlations between Lanczos results at different imaginary times fall off rapidly
with similar scale to correlations between standard effective mass results

Corr [E(m), E(m’)] Corr [E((2m — 1)a), E((2m' — 1)a)]

! I

T T T T T T T T T T T T T T

40
30

20

10

MW, arXiv:2406.20009 43



Projecting out the noise

Proton mass variance

O Standard Lanczos

e Signal-to-noise of Lanczos :
results does not degrade 1
exponentially for large ¢ :

= 0.100;
Why? = P |
53 0.010} j’
SRS - 0.001 ,"

* Projection operator solution to a

signal-to-noise problem: ; :

Della Morte and Giusti, Comp. Phys. Communications 180 (2009)

(O()O(0) ) sl (O(t) PO(0))

20 40 60 80

t/a

removes states from variance without quantum numbers of “signal squared,” e.g.

three-pion states in nucleon variance

e Building such projectors is hard — but Lanczos
provides Krylov-space approximations

Saad, SIAM 17 (1980) Saad, SIAM 19 (1982)

P = [y ) (yn™|

n) {n|

-
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Boosted states are noisy

2.5
a=0.09 fm -
2.0 ) }
xEaETE TR
4
— B *ﬁggxgill*
2 15- | !
O,
@ " v o " ———
N
S/ i
= 1.0
O kK
m L
0.5 - -
A A ettt . e e .
0.0 — , 1
0.0 0.5 1.0 1.5
t |fm]

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

Exponential signal-to-noise degradation
common to all large-momentum
correlation functions used for LaMET

e.g. pion state
signal ~ e~ F(P)

variance ~ e 2M=t

signal ~ o [E(P)—mq]t
noise

45



Boosted states are noisy

|

( .
2omE T T T T 2.57 7 |Lanczos analysis of TMD WF
NG 40— 009 fm ‘ 2pts (same as left triangles)
A .
20_— | 201 & & A & X F & % A |
" I — I & A = A = X & A
% 15" 1 = 1.5 %
gN\ gN\ A AV A A A A
L R .
e 1.0F - E. 1.0+ 1 .
Ok — k
Lﬂ I ] > I A & &® & & & A K A
- : ]
0.5+ - . 0.5 .
i ;lﬁ'ﬁ’wmm i X A A A & A A A A
OO S S S S S S SO N S S S S RN 0.0 T I S Tt S S N SO S S S ST S
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
t [fm] t [fm]

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)
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Excited states are noisy

Example:
Luscher-Weisz gauge action

Ritz values can be filtered into

2+1 stout-smeared clover fermions

M, ~ 170 MeV
Nucleon y~ (uCysd)u

Quarks smeared to r = 4.5

3-4 states with physical norms
reliably extracted

e
0.0006

0.0005

B
9 0.0004

0.0003

0.0002

0 24 48 72 95
t=2m—1

a~0.09fm 48°x96

Im )\ (™)

T = $7 [y ¢y <m>| (

keH
+

Physically
interpretable »

spurious and

subspaces

2.0
1.5
1.0 ol o

0.5 °

0.0 —eo——p eoie

-0.5 ¢

~1.0 ® ol °

-1.5

-2.0

Re )\ (™

S ™A (y

ke H

3 4

Complex
eigenvalues
permit exact
description of
noisy data
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Excited states are noisy

Ritz values can be filtered into

Example: spurious and
Luscher-Weisz gauge action subspaces
2+1 stout-smeared clover fermions 2.0 m=As
M_~170MeV a=~0.09fm 483 x96 s ’
Nucleon y~ (uCysd)u 10 ok
Quarks smeared to r = 4.5 05 TR
% 0.) —eeo—» o069 —— ° PN
3-4 states with physical norms = X[x ¥ ,
reliably extracted 03 T & X
e -1.0 X Xx 2
0.0006
-1.5
0.0005 ;
£ 0.0004 & -2.0
S FeRRanabRe: AR ARRANeS ~1 0 1 2 3 4
0.0003 :&ﬁm et L % ReA™™
' LD il nai | C |
0 DR omplex
R L .
0.0002 T(m) _ Z ‘y (m) )\<m) n (m) | ( eigenvalues
0 24 t_248 1 72 95 LT permi.t e.xaCt
- +Z| (m) )\(m) m)‘ description of
Physically Yk noisy data
interpretable »’“GH 46



Excited states are noisy

Precise results with no exponential signal-to-noise problem extracted for all states
In physical subspace

ed +

o
@)
M

- L N N &N _§ & B B N N N N N | LN N B & B | _§ § §N N § §N §N _§N N N N N B _§B B B §B _§_ |
-

(

- - -~ - - - ~ — o~ o~ - - ~ - - —_ - — ~

B 0.07 - -

t=2m —1

Noteworthy — not all states expected to be in the spectrum are recovered
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R(ty—,7)

1.0

0.8

0.6

0.4

0.2

0.0

-0.2

—0.6

What about matrix elements?

Particularly hard toy example

1.00
ty
- 30 0.75
- 28
= 26 0.50
77 SRR —~— 24
— 2D S 0.25
: S
/A - 10 0.00
-8 —0.25 == Ratio midpoint
A - 6
- 4 —050 Summation J¢
- 2 AL =1—_2_ 3 ..
I ~0.75
~20 0 20 0 8 16 24 31
T—1ts/2 L
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R(ty—,7)

1.0

0.8

0.6

0.4

0.2

What about matrix elements?

-20

T—tf/2

Particularly hard toy example

20

1.00
ty
== 30 0.75
- 28
- 26 0.50 = == o
— 24
- . 025
: S
— 10 0.00
—~ 8 ~0.25
- 6
—- 4 ~0.50
)
~0.75
0 8 16
ty

== [Lanczos =+ Ratio midpoint

Summation Jft
AT:()_ ] — 2 — .-

24

31

48



Lanczos for matrix elements

Nucleon strange scalar (bare) matrix element Hackett, MW, arXiv:2407.21777

!
6 ‘ ] | |
é 3 “"_‘.t;‘:‘;_!!fn’::‘.‘:.’t_‘:;-::::.‘:".‘;::::;;:::::::::::: I:: - '_'5!"_' A AP i::' -l ";::;:l ::!':‘:E_‘55;1r;'.::l‘.‘:?:::“:'_“.'““_":';'D
) 4 + \
0 e ‘GA' | H k1 ‘ | T
Summation Power iteration @ Lanczos A /
0 16 32 48 64 80 95
t=2m—1

Lanczos eigenvectors provide change of basis allowing matrix elements to be
extracted from 3pt functions with simple matrix multiplication

(f]55(0), (f]3s(1),

e Excited / transition matrix
elements accessible

0 24 48 72 0 24 48 72 0 24 48 72 49
t=2m—1 t=2m—1 t=2m—1



Lanczos for matrix elements

Hackett, MW, arXiv:2407.21777

6 [ 1
|
=2 i"_‘.?i“:ff‘;“.‘-:.lx--::Ti,,2:-.,-“-..------..----.:::::.:: -P-D-DD-Q QoD A-O-D-D-PDD-PDD- P DD DD
ﬁ 3 q:‘@ :‘"‘I-’ d | || ' ” ‘ | [T\
2 -@o ‘ ‘
0 @ - |

3 Lanczos

tf

)
S
=3
VA
1)
() anczos o
0 16 32 48 64 80 95 2 -+ 15
t=2m—1 /l;\ .
l\'\ /\'\‘\‘
|
S—
=
RS

1 e ey + 4
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Lanczos for matrix elements

Hackett, MW, arXiv:2407.21777

6 ‘ { L T T 1111
= 7\ LAl WV P BHVEYY Ad ' ' [
23 & ‘@-,----- i.;, 900003 HOOORPIOOOD DS 23 Lanczos
Z ‘Agﬁ J | -A T __ I S _ _ |
e® T [V
Summation Power iteration ® Lanczos =) t f
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Lanczos for LQCD

e | anczos enables rapid
convergence even with small
energy gaps

e Two-sided error bounds
allow excited-state effects
to be fully quantified

e |Lanczos results do not show

v

exponential signal-to-noise /
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e Spurious eigenvalues lead to
challenges: Cullum-Willoughby
+ bootstrap sufficient?

Lanczos shows promise for LQCD
studies of nucleons and nuclei where
Isolating ground states is challenging;
further study needed!
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