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Why do We Use Linear Lattices? 

Courant-Snyder invariant 

• Bounded trajectories 
• Tunes 
• Beta functions 
• Dispersion 

This gives us... 

Integrable behavior 
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Normalized coordinates 

Controlled Nonlinear Lattices can 
have Bounded Motion 

 

Controlled nonlinearity makes the Hamiltonian independent of “ time”  

{ 

{ canonical transformation 

Hamiltonian becomes a conserved quantity 

Now the task is to select a potential with desirable properties that can 
be realized with free space magnetic fields 



Bertrand-Darboux Eqn. 

Nonlinear Integrable Optics§ 

Self-consistently with Maxwell’s equations yields... 

§ V. Danilov and S. Nagaitsev, “ Nonlinear lattices with one and two analytic 
invariants” , Phys. Rev. ST - Acc. Beams 13, 084002 (2010). 



QuickTime™ and a
PNG decompressor

are needed to see this picture.

Beam Mismatch Sets Up Space Charge 
Driven Resonances 



Halo Can Form from Mismatched Beams 

Particle-Core Model† 

† R.Gluckstern, “Analytic Model for Halo Formation in 
High Current Ion Linacs” ,  Phys. Rev. Lett., 73, 9 (1994) 

Particle outside core: 
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Linear Lattice Forming Beam Halo 
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Integrable Elliptic Lattice Suppresses Beam Halo 
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Conclusion 

• Nonlinearities can be your friend, if you know how to talk to them 
 

• There are realizable lattices that are nonlinear and realizable with magnetic elements 
 

• Beam halo is a direct consequence of linear lattices... 
 

• ... but nonlinear optics mitigate the instability 



Thank you 
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