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Nuclear physics and philosophy
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neutrino-nucleus scattering involves three hard problems

flux σ  ~ |nucleon amplitude|2 nuclear effectsx x

~measurement ~model ~model

Degenerate uncertainties.   E.g., charged current quasi-elastic 
scattering (CCQE) used as flux monitor, to determine nucleon 
axial-vector form factor, and to constrain nuclear modeling    
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would like to see this as 

flux σ  ~ nuclear effectsx x

~measurement ~lattice ~direct experimental constraints

- some progress and many proposals experimentally on 
constraining nuclear models

- relevant accuracy of nucleon amplitudes within range of 
lattice simulations

|nucleon amplitude|2
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these problems are hard, but important

- neutrino oscillations for hierarchy and CP violation

scattering of ~GeV leptons on a nucleus far from optimal 
theoretically
  - above nuclear, chiral perturbation theory scales
  - below scale of QCD perturbation theory, inclusive observables

Driven to this regime by several considerations

- proton decay and related atmospheric backgrounds 
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the problems of the nucleon-level amplitude and nuclear 
modeling have been dominated by default ansatze:    

Dipole ansatz 

 [R. A. Smith and E. J. Moniz, Nucl. Phys. B43, 605(1972), B101, 547(E) (1975)]

[e.g., Llewellyn-Smith, Phys.Rept. 3 (1972) 261-379]

Relativistic Fermi Gas 
(RFG) ansatz

- analyticity + lattice QCD: model 
independent determination
(focus of this talk)

- multiple experimental programs proposed to constrain the hadronic 
final state, e.g., 3 at most recent Fermilab PAC

cracks in the foundation

- significant nuclear modeling, MC generator efforts to improve upon 
RFG
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imposed by our analysis on nuclear models, by determin-
ing the binding energy parameter in the relativistic Fermi
gas (RFG) model of Smith and Moniz [10]. Section IV
gives an illustrative analysis of constraints on the axial
mass parameter from pion electroproduction data.
Section V discusses the implications of our results. For
completeness, the Appendix collects formulas for the RFG
nuclear model.

II. ANALYTICITY CONSTRAINTS

This section provides form factor definitions and
details of the model-independent parametrization based
on analyticity.

A. Form factor definitions

The nucleon matrix element of the standard model weak
charged current is

hpðp0ÞjJþ!
W jnðpÞi

/ !uðpÞðp0Þ
!
"!F1ðq2Þ þ

i

2mN
#!$q$F2ðq2Þ

þ "!"5FAðq2Þ þ
1

mN
q!"5FPðq2Þ

"
uðnÞðpÞ; (3)

where q! ¼ p0! % p!, and we have enforced time-
reversal invariance and neglected isospin-violating effects
as discussed in the Appendix. The vector form factors
F1ðq2Þ and F2ðq2Þ can be related via isospin symmetry
to the electromagnetic form factors measured in electron-
nucleon scattering. At low energy, the form factors
are normalized as F1ð0Þ ¼ 1, F2ð0Þ ¼ !p %!n % 1. For
definiteness we take a common nucleon mass, mN &
ðmp þmnÞ=2. Parameter values used in the numerical
analysis are listed in Table II. In applications to quasielas-
tic electron- or muon-neutrino scattering, the impact of FP

is suppressed by powers of the small lepton-nucleon mass
ratio. For our purposes, the pion pole approximation is
sufficient,2

FPðq2Þ '
2m2

N

m2
% % q2

FAðq2Þ: (4)

The axial-vector form factor is normalized at q2 ¼ 0 by
neutron beta decay (see Table II). Our main focus is on
determining the q2 dependence of FAðq2Þ in the physical
region of quasielastic neutrino scattering, Q2 ¼ %q2 ( 0.
As discussed in the introduction, an expansion at q2 ¼ 0
defines an ‘‘axial mass parameter’’ mA, via

FAðq2Þ ¼ FAð0Þ
#
1þ 2

m2
A

q2 þ ) ) )
$
) mA &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2FAð0Þ
F0
Að0Þ

s
:

(5)

Equivalently, we may define an ‘‘axial radius’’ rA, via

FAðq2Þ ¼ FAð0Þ
#
1þ r2A

6
q2 þ ) ) )

$
) rA &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6F0

Að0Þ
FAð0Þ

s
:

(6)

The factors appearing in (5) and (6) are purely conven-
tional, motivated by the dipole ansatz (2), and by the
analogous charge-radius definition for the vector form
factors. Asymptotically, perturbative QCD predicts
[13,14] a* 1=Q4 scaling, up to logarithms, for the axial-
vector form factor. However, the region Q2 & 1 GeV2 is
far from asymptotic, and the functional dependence of
FAðq2Þ remains poorly constrained at accessible neutrino
energies.

B. Analyticity

We proceed along lines similar to the vector form factor
analysis in [9]. Recall the dispersion relation for the form
factor,

FAðtÞ ¼
1

%

Z 1

tcut

dt0
ImFAðt0 þ i0Þ

t0 % t
; (7)

where t & q2 and the integral starts at the three-pion cut,
tcut ¼ 9m2

%. We can make use of this model-independent
knowledge by noticing that the separation between the
singular region, t ( tcut, and the kinematically allowed
physical region, t + 0, implies the existence of a small
expansion parameter, jzj< 1. As illustrated in Fig. 1, by a
standard transformation, we map the domain of analyticity
onto the unit circle in such a way that the physical region is
mapped onto an interval:

zðt; tcut; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut % t

p % ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut % t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut % t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut % t0

p ; (8)

where t0 is a free parameter representing the point mapping
onto z ¼ 0. Analyticity implies that the form factor can be
expressed as a power series in the new variable,

FAðq2Þ ¼
X1

k¼0

akzðq2Þk: (9)

The coefficients ak are bounded in size, guaranteeing con-
vergence of the series. Knowledge of ImFA over the cut

FIG. 1 (color online). Conformal mapping of the cut plane to
the unit circle.2Here and throughout, m% ¼ 140 MeV denotes the pion mass.
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The actors: 

suppressed by lepton mass, and 
constrained by PCAC

Constrained by electron scattering

Axial form factor

ū(p)(p0)�µu(n)(p) =

Dipole ansatz [e.g., Llewellyn-Smith, Phys.Rept. 3 (1972) 261-379]

Agrees with asymptotic ~1/Q4  behavior, but 
physically relevant region is far from asymptotic

4

Q2
QE (GeV2) I II III IV V VI Total

0.0 � 0.025 0.06 0.04 0.02 0.04 0.09 0.03 0.13

0.025 � 0.05 0.06 0.03 0.02 0.03 0.09 0.02 0.12

0.05 � 0.1 0.06 0.03 0.02 0.03 0.09 0.02 0.12

0.1 � 0.2 0.06 0.03 0.03 0.02 0.09 0.02 0.11

0.2 � 0.4 0.05 0.02 0.03 0.03 0.09 0.01 0.11

0.4 � 0.8 0.05 0.03 0.04 0.04 0.09 0.01 0.13

0.8 � 1.2 0.08 0.07 0.07 0.15 0.09 0.02 0.22

1.2 � 2.0 0.12 0.07 0.07 0.16 0.09 0.02 0.24

TABLE I: Fractional systematic uncertainties on d�/dQ2
QE

associated with (I) muon reconstruction, (II) recoil recon-
struction, (III) neutrino interaction models, (IV) final state
interactions, (V) flux and (VI) other sources. The rightmost
column shows the total fractional systematic uncertainty due
to all sources.

Q2
QE Cross-section Fraction of

(GeV2) (10�38cm2/GeV2/neutron) Cross-section (%)

0.0 � 0.025 0.761 ± 0.035 ± 0.097 2.15 ± 0.10 ± 0.17

0.025 � 0.05 1.146 ± 0.047 ± 0.137 3.24 ± 0.13 ± 0.22

0.05 � 0.1 1.343 ± 0.034 ± 0.156 7.60 ± 0.19 ± 0.50

0.1 � 0.2 1.490 ± 0.028 ± 0.170 16.85 ± 0.32 ± 1.04

0.2 � 0.4 1.063 ± 0.019 ± 0.120 24.06 ± 0.43 ± 1.06

0.4 � 0.8 0.582 ± 0.013 ± 0.074 26.33 ± 0.58 ± 0.85

0.8 � 1.2 0.242 ± 0.014 ± 0.053 10.95 ± 0.64 ± 1.45

1.2 � 2.0 0.097 ± 0.008 ± 0.024 8.81 ± 0.71 ± 1.43

TABLE II: Flux-averaged di↵erential cross-sections and the
fraction of the cross-section in bins of Q2

QE . In each measure-
ment, the first error is statistical and the second is systematic.

strained by test beam measurements [38]), the Birk’s law
constant discussed above, and GENIE’s final state in-
teractions model. The latter is evaluated by varying the
underlying model tuning parameters within their system-
atic uncertainties.

The measured di↵erential cross-section d�/dQ

2
QE is

shown in Table II and Fig. 3. Integrating over the flux
from 1.5 to 10 GeV, we find3 � = 0.93 ± 0.01(stat) ±
0.11(syst)⇥10�38 cm2

/neutron. Figures 3 and 4 and Ta-
ble III compare the data to the RFG model in the GENIE
event generator and a set of calculations made with the
NuWro generator [19].

Di↵erent models of nuclear e↵ects in quasi-elastic scat-
tering lead to significant variations in the shape of
d�/dQ

2 from the expectation of the RFG model. In
particular, correlations between nucleons not considered
in the mean field RFG approach are predicted to con-
tribute to the cross-section at neutrino energies below
2 GeV [28–30]. Figure 4 compares the shape of the mea-
sured cross section to five di↵erent models of the quasi-
elastic process on carbon. The GENIE prediction, based
on a RFG nuclear model and dipole axial form factor
with MA = 0.99 GeV, is taken as a reference; the data
and other models are normalized to have the same to-
tal cross section across the range shown before forming
the ratio. The NuWro calculations utilize an axial-vector
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FIG. 3: Neutrino quasi-elastic cross-section as a function of
Q2

QE compared with several di↵erent models of the interac-
tion.
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FIG. 4: Ratio between the measured neutrino d�/dQ2
QE

shape in Q2
QE and several di↵erent models, where the denom-

inator is the GENIE default quasi-elastic cross-section.

form factor parameterized with a dipole form that has
one free parameter, the axial mass MA, and also in-
corporate di↵erent corrections for the nuclear medium.
There is little sensitivity to replacement of the Fermi gas
with a spectral function (SF) model of the target nucleon
energy-momentum relationship [31]. The neutrino data
are marginally more compatible, at least in Q

2
QE shape,

with a higher axial mass extracted from fits of the Mini-
BooNE neutrino quasi-elastic data in the RFG model
(MA = 1.35GeV/c2) [22] than with that extracted from
deuterium data (MA = 0.99GeV/c2). As with the cor-
responding antineutrino results [35], our data are in best
agreement with a transverse enhancement model (TEM)
with MA = 0.99GeV/c2. This model implements an en-
hancement of the magnetic form factors of bound nucle-
ons that has been extracted from electron-carbon scat-
tering data [27], and is the only one of this type that is
applicable at neutrino energies above 2 GeV. Table III
shows a comparison using �

2 values between the mea-

FA(q
2) =

1

⇡

Z 1

tcut

dt
ImFA(t+ i0)

t� q2
! gA⇣

1� q2

m2
A

⌘2

[MINERvA, Phys.Rev.Lett. 
111 (2013) 022502]
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(A10) and then making in (A13) the replacements

p0 ! !p ! Ep " !b; p00 ! !0p0 ! Ep0 ; (A14)

with Ep !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ jpj2
q

. Again, there is some arbitrariness

to the insertion of !b into the formalism; for definiteness
we have followed the conventions of [10]. The cross sec-
tion is then

"nuclear ¼
G2

F

16jk % pTj
Z d3k0

ð2#Þ32Ek0
L$%W$%; (A15)

where p$
T is the 4-momentum of the target nucleus with

massmT ! AmNð1" !bÞ. We work in the target rest frame
where p$

T ¼ mT&
$
0 . The model nuclear structure function

W$% is defined as

W$% !
Z

d3pfðp; q0; qÞH$%ð!p;p; q0; qÞ; (A16)

with

fðp; q0; qÞ ¼ mTV

4#2 niðpÞ½1" nfðpþ qÞ)

*
&ð!p " !0pþq þ q0Þ

!p!
0
pþq

: (A17)

The distribution of neutrons and protons is

niðpÞ¼'ðpF" jpjÞ; nfðp0Þ¼'ðpF" jp0jÞ; (A18)

where pF is a parameter of the model. The normalization V
is fixed by requiring A=2 neutrons below the Fermi surface
(accounting for two fermionic spin states),

A

2
¼ 2V

Z d3p

ð2#Þ3 niðpÞ ) V ¼ 3#2A

2p3
F

: (A19)

We can expand W$% in a similar way to H$% in (A10):

W$% ¼ "g$%W1 þ
pT
$p

T
%

m2
T

W2 " i
!$%("

2m2
T

p(
Tq

"W3

þ q$q%
m2

T

W4 þ
ðpT

$q% þ q$p
T
%Þ

2m2
T

W5: (A20)

The functions Wi are related to integrals over Hi.
The relations can be expressed in terms of the following
integrals [10]:

a1 ¼
Z

d3pfðp; qÞ; a2 ¼
Z

d3pfðp; qÞ jpj
2

m2
N

;

a3 ¼
Z

d3pfðp; qÞ ðp
zÞ2

m2
N

; a4 ¼
Z

d3pfðp; qÞ !
2
p

m2
N

;

a5 ¼
Z

d3pfðp; qÞ !pp
z

m2
N

; a6 ¼
Z

d3pfðp; qÞ p
z

mN
;

a7 ¼
Z

d3pfðp; qÞ !p
mN

; (A21)

where jpj2 ¼ ðpxÞ2 þ ðpyÞ2 þ ðpzÞ2 and the z axis is par-
allel to q. A straightforward but tedious comparison shows
that

W1¼a1H1þ
1

2
ða2"a3ÞH2;

W2¼
"
a4þ

!2

jqj2a3"2
!

jqja5þ
1

2

#
1" !2

jqj2
$
ða2"a3Þ

%
H2;

W3¼
mT

mN

#
a7"

!

jqja6
$
H3;

W4¼
m2

T

m2
N

"
a1H4þ

mN

jqj a6H5þ
m2

N

2jqj2 ð3a3"a2ÞH2

%
;

W5¼
mT

mN

#
a7"

!

jqja6
$
H5þ

mT

jqj

"
2a5þ

!

jqjða2"3a3Þ
%
H2;

(A22)

where we are using ! ¼ q0. Recall that the Hi are func-
tions of q2 ¼ !2 " jqj2. For the integrals ai let us define
!eff ¼ !" !b, and observe that

&ð!p " !pþq þ q0Þ
¼ &ðEp " Epþq þ!effÞ

¼ Epþq

jpjjqj&
#
cos'pq "

!2
eff " jqj2 þ 2!effEp

2jpjjqj

$
: (A23)

The integrals ai can be expressed in terms of

bj ¼
mTV

2#jqj
Z

dEp

Ep

Ep " !b

#
Ep

mN

$
j
; (A24)

for j ¼ 0; 1; 2. In particular,

b0 ¼
mTV

2#jqj ðEþ !b logðE" !bÞÞjEhi
Elo
;

b1 ¼
mTV

2#mNjqj

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%&&&&&&&&
Ehi

Elo

;

b2 ¼
mTV

2#m2
Njqj

*
'
1

3
E3 þ !b

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%(&&&&&&&&
Ehi

Elo

:

(A25)
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1. Nucleon matrix element of the weak current

The relevant part of the weak-interaction Lagrangian is

L ¼ GFffiffiffi
2

p Vud
!‘!"ð1# !5Þ# !u!"ð1# !5Þdþ H:c: (A1)

The cross section for #ðkÞ þ nðpÞ ! ‘#ðk0Þ þ pðp0Þ on a
free neutron is

$free ¼
1

4jk & pj
Z d3k0

ð2%Þ32Ek0

'
Z d3p0

ð2%Þ32Ep0
jM2jð2%Þ4&4ðkþ p# k0 # p0Þ;

(A2)

where the spin-averaged, squared amplitude is

jM2j ¼ G2
FjVudj2
4

L'#
X

spins

hpðp0Þj !u!'ð1# !5ÞdjnðpÞi

' hpðp0Þj !u!#ð1# !5ÞdjnðpÞi(: (A3)

The leptonic tensor neglecting the neutrino mass is
((0123 ¼ #1)

L'# ¼ 8ðk'k0# þ k#k0' # g'#k & k0 # i('#)$k)k
0
$Þ:
(A4)

The hadronic matrix element appearing in (A3) is parame-
trized by

hpðp0Þj !u!'ð1# !5ÞdjnðpÞi ¼ !uðpÞðp0Þ"'ðqÞuðnÞðpÞ;
(A5)

where q ¼ k# k0 ¼ p0 # p and we have defined the ver-
tex function

"'ðqÞ ¼ !'F1ðq2Þ þ
i

2mN
$'#q

#F2ðq2Þ þ
q'
mN

FSðq2Þ

þ !'!5FAðq2Þ þ
p' þ p0

'

mN
!5FTðq2Þ

þ q'
mN

!5FPðq2Þ: (A6)

We may write the cross section of (A2) as

$free ¼
G2

FjVudj2
16jk & pj

Z d3k0

ð2%Þ32Ek0
L'#Ŵ'#; (A7)

where the nucleon structure function is

Ŵ '# ¼
Z d3p0

ð2%Þ32Ep0
ð2%Þ4&4ðp# p0 þ qÞH'#: (A8)

The hadronic tensor is

H'# ¼ Tr½ð 6p0 þmpÞ"'ðqÞð 6pþmnÞ !"#ðqÞ*; (A9)

where as usual, !" ¼ !0"y!0. We may similarly analyze
antineutrino scattering, !#ðkÞ þ pðpÞ ! ‘þðk0Þ þ nðp0Þ,

using (A7), taking L'# ! L#', and making the replace-
ments mn $ mp, "'ðqÞ ! !"'ð#qÞ in H'#.
Imposing time-reversal invariance shows that Fiðq2Þ are

real. We will assume isospin symmetry in the following, in
which case FS and FT vanish, mn ¼ mp ¼ mN , and
!"'ð#qÞ ¼ "'ðqÞ. The hadronic tensor has the time-
reversal invariant decomposition

H'# ¼ #g'#H1 þ
p'p#

m2
N

H2 # i
('#)$

2m2
N

p)q$H3

þ q'q#
m2

N

H4 þ
ðp'q# þ q'p#Þ

2m2
N

H5: (A10)

The Hi’s are expressed in terms of the form factors Fi as

H1 ¼ 8m2
NF

2
A # 2q2½ðF1 þ F2Þ2 þ F2

A*;
H2 ¼ H5 ¼ 8m2

NðF2
1 þ F2

AÞ # 2q2F2
2;

H3 ¼ #16m2
NFAðF1 þ F2Þ;

H4 ¼ # q2

2
ðF2

2 þ 4F2
PÞ # 2m2

NF
2
2 # 4m2

NðF1F2 þ 2FAFPÞ:

(A11)

Expressions for complex Fi and nonzero FS, FT can be
found, for example, in [50].

2. Model for the nuclear matrix element

We employ a standard treatment of nuclear effects, the
relativistic Fermi gas model as presented by Smith and
Moniz in [10], based on the model presented in [51].
We assume that there are A nucleons inside the nucleus,

with A=2 neutrons and A=2 protons. The incoming neu-
trino interacts with a neutron with 3-momentum p, deter-
mined by some distribution niðpÞ. The final state proton
phase space is limited by a factor of ½1# nfðp0Þ* enforcing
Fermi statistics. Symbolically,

$nuclear ¼ niðpÞ + $freeðp ! p0Þ + ½1# nfðp0Þ*; (A12)

and more explicitly

$nuclear , 2V
Z d3p

ð2%Þ3 niðpÞ
"

G2
F

16jk & pj
Z d3k0

ð2%Þ32Ek0

'
Z d3p0

ð2%Þ32Ep0
ð2%Þ4&4ðp# p0 þ qÞL'#H'#

#

' ½1# nfðp0Þ*: (A13)

To arrive at the final model, two modifications are made.
First, we make the replacement k & p ! EkEp in the pre-
factor of (A13). This replacement ignores a correction
from the nonzero velocity of the initial state nucleon. It
corresponds to the model of [10], adopted by [3]; for
definiteness we have followed this convention. Second,
we incorporate a ‘‘binding energy,’’ (b, by expressing
H'# as a function of Lorentz 4-vectors p', q' as in
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(A10) and then making in (A13) the replacements

p0 ! !p ! Ep " !b; p00 ! !0p0 ! Ep0 ; (A14)

with Ep !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ jpj2
q

. Again, there is some arbitrariness

to the insertion of !b into the formalism; for definiteness
we have followed the conventions of [10]. The cross sec-
tion is then

"nuclear ¼
G2

F

16jk % pTj
Z d3k0

ð2#Þ32Ek0
L$%W$%; (A15)

where p$
T is the 4-momentum of the target nucleus with

massmT ! AmNð1" !bÞ. We work in the target rest frame
where p$

T ¼ mT&
$
0 . The model nuclear structure function

W$% is defined as

W$% !
Z

d3pfðp; q0; qÞH$%ð!p;p; q0; qÞ; (A16)

with

fðp; q0; qÞ ¼ mTV

4#2 niðpÞ½1" nfðpþ qÞ)

*
&ð!p " !0pþq þ q0Þ

!p!
0
pþq

: (A17)

The distribution of neutrons and protons is

niðpÞ¼'ðpF" jpjÞ; nfðp0Þ¼'ðpF" jp0jÞ; (A18)

where pF is a parameter of the model. The normalization V
is fixed by requiring A=2 neutrons below the Fermi surface
(accounting for two fermionic spin states),

A

2
¼ 2V

Z d3p

ð2#Þ3 niðpÞ ) V ¼ 3#2A

2p3
F

: (A19)

We can expand W$% in a similar way to H$% in (A10):

W$% ¼ "g$%W1 þ
pT
$p

T
%

m2
T

W2 " i
!$%("

2m2
T

p(
Tq

"W3

þ q$q%
m2

T

W4 þ
ðpT

$q% þ q$p
T
%Þ

2m2
T

W5: (A20)

The functions Wi are related to integrals over Hi.
The relations can be expressed in terms of the following
integrals [10]:

a1 ¼
Z

d3pfðp; qÞ; a2 ¼
Z

d3pfðp; qÞ jpj
2

m2
N

;

a3 ¼
Z

d3pfðp; qÞ ðp
zÞ2

m2
N

; a4 ¼
Z

d3pfðp; qÞ !
2
p

m2
N

;

a5 ¼
Z

d3pfðp; qÞ !pp
z

m2
N

; a6 ¼
Z

d3pfðp; qÞ p
z

mN
;

a7 ¼
Z

d3pfðp; qÞ !p
mN

; (A21)

where jpj2 ¼ ðpxÞ2 þ ðpyÞ2 þ ðpzÞ2 and the z axis is par-
allel to q. A straightforward but tedious comparison shows
that

W1¼a1H1þ
1

2
ða2"a3ÞH2;

W2¼
"
a4þ

!2

jqj2a3"2
!

jqja5þ
1

2

#
1" !2

jqj2
$
ða2"a3Þ

%
H2;

W3¼
mT

mN

#
a7"

!

jqja6
$
H3;

W4¼
m2

T

m2
N

"
a1H4þ

mN

jqj a6H5þ
m2

N

2jqj2 ð3a3"a2ÞH2

%
;

W5¼
mT

mN

#
a7"

!

jqja6
$
H5þ

mT

jqj

"
2a5þ

!

jqjða2"3a3Þ
%
H2;

(A22)

where we are using ! ¼ q0. Recall that the Hi are func-
tions of q2 ¼ !2 " jqj2. For the integrals ai let us define
!eff ¼ !" !b, and observe that

&ð!p " !pþq þ q0Þ
¼ &ðEp " Epþq þ!effÞ

¼ Epþq

jpjjqj&
#
cos'pq "

!2
eff " jqj2 þ 2!effEp

2jpjjqj

$
: (A23)

The integrals ai can be expressed in terms of

bj ¼
mTV

2#jqj
Z

dEp

Ep

Ep " !b

#
Ep

mN

$
j
; (A24)

for j ¼ 0; 1; 2. In particular,

b0 ¼
mTV

2#jqj ðEþ !b logðE" !bÞÞjEhi
Elo
;

b1 ¼
mTV

2#mNjqj

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%&&&&&&&&
Ehi

Elo

;

b2 ¼
mTV

2#m2
Njqj

*
'
1

3
E3 þ !b

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%(&&&&&&&&
Ehi

Elo

:

(A25)
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(A10) and then making in (A13) the replacements

p0 ! !p ! Ep " !b; p00 ! !0p0 ! Ep0 ; (A14)

with Ep !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ jpj2
q

. Again, there is some arbitrariness

to the insertion of !b into the formalism; for definiteness
we have followed the conventions of [10]. The cross sec-
tion is then

"nuclear ¼
G2

F

16jk % pTj
Z d3k0

ð2#Þ32Ek0
L$%W$%; (A15)

where p$
T is the 4-momentum of the target nucleus with

massmT ! AmNð1" !bÞ. We work in the target rest frame
where p$

T ¼ mT&
$
0 . The model nuclear structure function

W$% is defined as

W$% !
Z

d3pfðp; q0; qÞH$%ð!p;p; q0; qÞ; (A16)

with

fðp; q0; qÞ ¼ mTV

4#2 niðpÞ½1" nfðpþ qÞ)

*
&ð!p " !0pþq þ q0Þ

!p!
0
pþq

: (A17)

The distribution of neutrons and protons is

niðpÞ¼'ðpF" jpjÞ; nfðp0Þ¼'ðpF" jp0jÞ; (A18)

where pF is a parameter of the model. The normalization V
is fixed by requiring A=2 neutrons below the Fermi surface
(accounting for two fermionic spin states),

A

2
¼ 2V

Z d3p

ð2#Þ3 niðpÞ ) V ¼ 3#2A

2p3
F

: (A19)

We can expand W$% in a similar way to H$% in (A10):

W$% ¼ "g$%W1 þ
pT
$p

T
%

m2
T

W2 " i
!$%("

2m2
T

p(
Tq

"W3

þ q$q%
m2

T

W4 þ
ðpT

$q% þ q$p
T
%Þ

2m2
T

W5: (A20)

The functions Wi are related to integrals over Hi.
The relations can be expressed in terms of the following
integrals [10]:

a1 ¼
Z

d3pfðp; qÞ; a2 ¼
Z

d3pfðp; qÞ jpj
2

m2
N

;

a3 ¼
Z

d3pfðp; qÞ ðp
zÞ2

m2
N

; a4 ¼
Z

d3pfðp; qÞ !
2
p

m2
N

;

a5 ¼
Z

d3pfðp; qÞ !pp
z

m2
N

; a6 ¼
Z

d3pfðp; qÞ p
z

mN
;

a7 ¼
Z

d3pfðp; qÞ !p
mN

; (A21)

where jpj2 ¼ ðpxÞ2 þ ðpyÞ2 þ ðpzÞ2 and the z axis is par-
allel to q. A straightforward but tedious comparison shows
that

W1¼a1H1þ
1

2
ða2"a3ÞH2;

W2¼
"
a4þ

!2

jqj2a3"2
!

jqja5þ
1

2

#
1" !2

jqj2
$
ða2"a3Þ

%
H2;

W3¼
mT

mN

#
a7"

!

jqja6
$
H3;

W4¼
m2

T

m2
N

"
a1H4þ

mN

jqj a6H5þ
m2

N

2jqj2 ð3a3"a2ÞH2

%
;

W5¼
mT

mN

#
a7"

!

jqja6
$
H5þ

mT

jqj

"
2a5þ

!

jqjða2"3a3Þ
%
H2;

(A22)

where we are using ! ¼ q0. Recall that the Hi are func-
tions of q2 ¼ !2 " jqj2. For the integrals ai let us define
!eff ¼ !" !b, and observe that

&ð!p " !pþq þ q0Þ
¼ &ðEp " Epþq þ!effÞ

¼ Epþq

jpjjqj&
#
cos'pq "

!2
eff " jqj2 þ 2!effEp

2jpjjqj

$
: (A23)

The integrals ai can be expressed in terms of

bj ¼
mTV

2#jqj
Z

dEp

Ep

Ep " !b

#
Ep

mN

$
j
; (A24)

for j ¼ 0; 1; 2. In particular,

b0 ¼
mTV

2#jqj ðEþ !b logðE" !bÞÞjEhi
Elo
;

b1 ¼
mTV

2#mNjqj

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%&&&&&&&&
Ehi

Elo

;

b2 ¼
mTV

2#m2
Njqj

*
'
1

3
E3 þ !b

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%(&&&&&&&&
Ehi

Elo

:

(A25)
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(A10) and then making in (A13) the replacements

p0 ! !p ! Ep " !b; p00 ! !0p0 ! Ep0 ; (A14)

with Ep !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ jpj2
q

. Again, there is some arbitrariness

to the insertion of !b into the formalism; for definiteness
we have followed the conventions of [10]. The cross sec-
tion is then

"nuclear ¼
G2

F

16jk % pTj
Z d3k0

ð2#Þ32Ek0
L$%W$%; (A15)

where p$
T is the 4-momentum of the target nucleus with

massmT ! AmNð1" !bÞ. We work in the target rest frame
where p$

T ¼ mT&
$
0 . The model nuclear structure function

W$% is defined as

W$% !
Z

d3pfðp; q0; qÞH$%ð!p;p; q0; qÞ; (A16)

with

fðp; q0; qÞ ¼ mTV

4#2 niðpÞ½1" nfðpþ qÞ)

*
&ð!p " !0pþq þ q0Þ

!p!
0
pþq

: (A17)

The distribution of neutrons and protons is

niðpÞ¼'ðpF" jpjÞ; nfðp0Þ¼'ðpF" jp0jÞ; (A18)

where pF is a parameter of the model. The normalization V
is fixed by requiring A=2 neutrons below the Fermi surface
(accounting for two fermionic spin states),

A

2
¼ 2V

Z d3p

ð2#Þ3 niðpÞ ) V ¼ 3#2A

2p3
F

: (A19)

We can expand W$% in a similar way to H$% in (A10):

W$% ¼ "g$%W1 þ
pT
$p

T
%

m2
T

W2 " i
!$%("

2m2
T

p(
Tq

"W3

þ q$q%
m2

T

W4 þ
ðpT

$q% þ q$p
T
%Þ

2m2
T

W5: (A20)

The functions Wi are related to integrals over Hi.
The relations can be expressed in terms of the following
integrals [10]:

a1 ¼
Z

d3pfðp; qÞ; a2 ¼
Z

d3pfðp; qÞ jpj
2

m2
N

;

a3 ¼
Z

d3pfðp; qÞ ðp
zÞ2

m2
N

; a4 ¼
Z

d3pfðp; qÞ !
2
p

m2
N

;

a5 ¼
Z

d3pfðp; qÞ !pp
z

m2
N

; a6 ¼
Z

d3pfðp; qÞ p
z

mN
;

a7 ¼
Z

d3pfðp; qÞ !p
mN

; (A21)

where jpj2 ¼ ðpxÞ2 þ ðpyÞ2 þ ðpzÞ2 and the z axis is par-
allel to q. A straightforward but tedious comparison shows
that

W1¼a1H1þ
1

2
ða2"a3ÞH2;

W2¼
"
a4þ

!2

jqj2a3"2
!

jqja5þ
1

2

#
1" !2

jqj2
$
ða2"a3Þ

%
H2;

W3¼
mT

mN

#
a7"

!

jqja6
$
H3;

W4¼
m2

T

m2
N

"
a1H4þ

mN

jqj a6H5þ
m2

N

2jqj2 ð3a3"a2ÞH2

%
;

W5¼
mT

mN

#
a7"

!

jqja6
$
H5þ

mT

jqj

"
2a5þ

!

jqjða2"3a3Þ
%
H2;

(A22)

where we are using ! ¼ q0. Recall that the Hi are func-
tions of q2 ¼ !2 " jqj2. For the integrals ai let us define
!eff ¼ !" !b, and observe that

&ð!p " !pþq þ q0Þ
¼ &ðEp " Epþq þ!effÞ

¼ Epþq

jpjjqj&
#
cos'pq "

!2
eff " jqj2 þ 2!effEp

2jpjjqj

$
: (A23)

The integrals ai can be expressed in terms of

bj ¼
mTV

2#jqj
Z

dEp

Ep

Ep " !b

#
Ep

mN

$
j
; (A24)

for j ¼ 0; 1; 2. In particular,

b0 ¼
mTV

2#jqj ðEþ !b logðE" !bÞÞjEhi
Elo
;

b1 ¼
mTV

2#mNjqj

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%&&&&&&&&
Ehi

Elo

;

b2 ¼
mTV

2#m2
Njqj

*
'
1

3
E3 þ !b

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%(&&&&&&&&
Ehi

Elo

:

(A25)
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Nuclear model

(A10) and then making in (A13) the replacements

p0 ! !p ! Ep " !b; p00 ! !0p0 ! Ep0 ; (A14)

with Ep !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ jpj2
q

. Again, there is some arbitrariness

to the insertion of !b into the formalism; for definiteness
we have followed the conventions of [10]. The cross sec-
tion is then

"nuclear ¼
G2

F

16jk % pTj
Z d3k0

ð2#Þ32Ek0
L$%W$%; (A15)

where p$
T is the 4-momentum of the target nucleus with

massmT ! AmNð1" !bÞ. We work in the target rest frame
where p$

T ¼ mT&
$
0 . The model nuclear structure function

W$% is defined as

W$% !
Z

d3pfðp; q0; qÞH$%ð!p;p; q0; qÞ; (A16)

with

fðp; q0; qÞ ¼ mTV

4#2 niðpÞ½1" nfðpþ qÞ)

*
&ð!p " !0pþq þ q0Þ

!p!
0
pþq

: (A17)

The distribution of neutrons and protons is

niðpÞ¼'ðpF" jpjÞ; nfðp0Þ¼'ðpF" jp0jÞ; (A18)

where pF is a parameter of the model. The normalization V
is fixed by requiring A=2 neutrons below the Fermi surface
(accounting for two fermionic spin states),

A

2
¼ 2V

Z d3p

ð2#Þ3 niðpÞ ) V ¼ 3#2A

2p3
F

: (A19)

We can expand W$% in a similar way to H$% in (A10):

W$% ¼ "g$%W1 þ
pT
$p

T
%

m2
T

W2 " i
!$%("

2m2
T

p(
Tq

"W3

þ q$q%
m2

T

W4 þ
ðpT

$q% þ q$p
T
%Þ

2m2
T

W5: (A20)

The functions Wi are related to integrals over Hi.
The relations can be expressed in terms of the following
integrals [10]:

a1 ¼
Z

d3pfðp; qÞ; a2 ¼
Z

d3pfðp; qÞ jpj
2

m2
N

;

a3 ¼
Z

d3pfðp; qÞ ðp
zÞ2

m2
N

; a4 ¼
Z

d3pfðp; qÞ !
2
p

m2
N

;

a5 ¼
Z

d3pfðp; qÞ !pp
z

m2
N

; a6 ¼
Z

d3pfðp; qÞ p
z

mN
;

a7 ¼
Z

d3pfðp; qÞ !p
mN

; (A21)

where jpj2 ¼ ðpxÞ2 þ ðpyÞ2 þ ðpzÞ2 and the z axis is par-
allel to q. A straightforward but tedious comparison shows
that

W1¼a1H1þ
1

2
ða2"a3ÞH2;

W2¼
"
a4þ

!2

jqj2a3"2
!

jqja5þ
1

2

#
1" !2

jqj2
$
ða2"a3Þ

%
H2;

W3¼
mT

mN

#
a7"

!

jqja6
$
H3;

W4¼
m2

T

m2
N

"
a1H4þ

mN

jqj a6H5þ
m2

N

2jqj2 ð3a3"a2ÞH2

%
;

W5¼
mT

mN

#
a7"

!

jqja6
$
H5þ

mT

jqj

"
2a5þ

!

jqjða2"3a3Þ
%
H2;

(A22)

where we are using ! ¼ q0. Recall that the Hi are func-
tions of q2 ¼ !2 " jqj2. For the integrals ai let us define
!eff ¼ !" !b, and observe that

&ð!p " !pþq þ q0Þ
¼ &ðEp " Epþq þ!effÞ

¼ Epþq

jpjjqj&
#
cos'pq "

!2
eff " jqj2 þ 2!effEp

2jpjjqj

$
: (A23)

The integrals ai can be expressed in terms of

bj ¼
mTV

2#jqj
Z

dEp

Ep

Ep " !b

#
Ep

mN

$
j
; (A24)

for j ¼ 0; 1; 2. In particular,

b0 ¼
mTV

2#jqj ðEþ !b logðE" !bÞÞjEhi
Elo
;

b1 ¼
mTV

2#mNjqj

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%&&&&&&&&
Ehi

Elo

;

b2 ¼
mTV

2#m2
Njqj

*
'
1

3
E3 þ !b

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%(&&&&&&&&
Ehi

Elo

:

(A25)
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 [R. A. Smith and E. J. Moniz, Nucl. Phys. B43, 605(1972), B101, 547(E) (1975)]Relativistic Fermi gas 

For the purposes of this talk, view nucleus as part of the 
detector (experiments are needed to calibrate)

(A10) and then making in (A13) the replacements

p0 ! !p ! Ep " !b; p00 ! !0p0 ! Ep0 ; (A14)

with Ep !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ jpj2
q

. Again, there is some arbitrariness

to the insertion of !b into the formalism; for definiteness
we have followed the conventions of [10]. The cross sec-
tion is then

"nuclear ¼
G2

F

16jk % pTj
Z d3k0

ð2#Þ32Ek0
L$%W$%; (A15)

where p$
T is the 4-momentum of the target nucleus with

massmT ! AmNð1" !bÞ. We work in the target rest frame
where p$

T ¼ mT&
$
0 . The model nuclear structure function

W$% is defined as

W$% !
Z

d3pfðp; q0; qÞH$%ð!p;p; q0; qÞ; (A16)

with

fðp; q0; qÞ ¼ mTV

4#2 niðpÞ½1" nfðpþ qÞ)

*
&ð!p " !0pþq þ q0Þ

!p!
0
pþq

: (A17)

The distribution of neutrons and protons is

niðpÞ¼'ðpF" jpjÞ; nfðp0Þ¼'ðpF" jp0jÞ; (A18)

where pF is a parameter of the model. The normalization V
is fixed by requiring A=2 neutrons below the Fermi surface
(accounting for two fermionic spin states),

A

2
¼ 2V

Z d3p

ð2#Þ3 niðpÞ ) V ¼ 3#2A

2p3
F

: (A19)

We can expand W$% in a similar way to H$% in (A10):

W$% ¼ "g$%W1 þ
pT
$p

T
%

m2
T

W2 " i
!$%("

2m2
T

p(
Tq

"W3

þ q$q%
m2

T

W4 þ
ðpT

$q% þ q$p
T
%Þ

2m2
T

W5: (A20)

The functions Wi are related to integrals over Hi.
The relations can be expressed in terms of the following
integrals [10]:

a1 ¼
Z

d3pfðp; qÞ; a2 ¼
Z

d3pfðp; qÞ jpj
2

m2
N

;

a3 ¼
Z

d3pfðp; qÞ ðp
zÞ2

m2
N

; a4 ¼
Z

d3pfðp; qÞ !
2
p

m2
N

;

a5 ¼
Z

d3pfðp; qÞ !pp
z

m2
N

; a6 ¼
Z

d3pfðp; qÞ p
z

mN
;

a7 ¼
Z

d3pfðp; qÞ !p
mN

; (A21)

where jpj2 ¼ ðpxÞ2 þ ðpyÞ2 þ ðpzÞ2 and the z axis is par-
allel to q. A straightforward but tedious comparison shows
that

W1¼a1H1þ
1

2
ða2"a3ÞH2;

W2¼
"
a4þ

!2

jqj2a3"2
!

jqja5þ
1

2

#
1" !2

jqj2
$
ða2"a3Þ

%
H2;

W3¼
mT

mN

#
a7"

!

jqja6
$
H3;

W4¼
m2

T

m2
N

"
a1H4þ

mN

jqj a6H5þ
m2

N

2jqj2 ð3a3"a2ÞH2

%
;

W5¼
mT

mN

#
a7"

!

jqja6
$
H5þ

mT

jqj

"
2a5þ

!

jqjða2"3a3Þ
%
H2;

(A22)

where we are using ! ¼ q0. Recall that the Hi are func-
tions of q2 ¼ !2 " jqj2. For the integrals ai let us define
!eff ¼ !" !b, and observe that

&ð!p " !pþq þ q0Þ
¼ &ðEp " Epþq þ!effÞ

¼ Epþq

jpjjqj&
#
cos'pq "

!2
eff " jqj2 þ 2!effEp

2jpjjqj

$
: (A23)

The integrals ai can be expressed in terms of

bj ¼
mTV

2#jqj
Z

dEp

Ep

Ep " !b

#
Ep

mN

$
j
; (A24)

for j ¼ 0; 1; 2. In particular,

b0 ¼
mTV

2#jqj ðEþ !b logðE" !bÞÞjEhi
Elo
;

b1 ¼
mTV

2#mNjqj

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%&&&&&&&&
Ehi

Elo

;

b2 ¼
mTV

2#m2
Njqj

*
'
1

3
E3 þ !b

"
1

2
E2 þ !bðEþ !b logðE" !bÞÞ

%(&&&&&&&&
Ehi

Elo

:
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Symptom of oversimplified form factor and nuclear models 
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Figure 5: Values of the axial mass parameter mA extracted from neutrino scattering experi-
ments, taken from the compilation in [56]. The gray band represents the world average value
from pion electroproduction taken from [57]. The most recent MiniBooNE extraction from
neutrino quasi-elastic data is from [58] and from neutral current neutrino data is from [59].

2.2.3 Non-relativistic effective theory analysis of proton structure

A complete resolution of the discrepancy between the proton charge radius determined from
muonic hydrogen and from electronic hydrogen or electron-proton scattering may involve
revisiting the bound state analysis. A systematic approach is provided by matching the
QCD/QED problem onto a nonrelativistic field theory, NRQED [32], or onto (fixed particle
number) quantum mechanics [39, 40, 71]. Elements of this analysis include

• Identification of the “contact” interaction parameters in the NRQED lagrangian that are
determined by particular one-photon exchange and two-photon exchange scattering matrix
elements for e−p → e−p (or µ−p → µ−p in the case of muonic hydrogen). Note that matching
onto the effective theory does not involve nonperturbative bound state computations.

• Careful treatment of the two-photon exchange contribution using dispersion analysis, with
appropriate subtractions, to isolate the elastic (single proton intermediate state) and inelastic
contributions. Proper definition of “Zemach” moments that parameterize the two-photon
exchange contribution.

10

● Discrepancies (~3 sigma) in CCQE measurements
● Unclear whether due to nuclear effects or nucleon-level amplitudes

pion electroproduction

● (rhetorical) question: would we believe a collider measurement of [X] if it 
required a different value of mW, or invoked a definition of mW that could not 
be compared to other sources? 

[Bernard et al 2002]

Difficult measurements, but your favorite signal

4

Q2
QE (GeV2) I II III IV V VI Total

0.0 � 0.025 0.06 0.04 0.02 0.04 0.09 0.03 0.13

0.025 � 0.05 0.06 0.03 0.02 0.03 0.09 0.02 0.12

0.05 � 0.1 0.06 0.03 0.02 0.03 0.09 0.02 0.12

0.1 � 0.2 0.06 0.03 0.03 0.02 0.09 0.02 0.11

0.2 � 0.4 0.05 0.02 0.03 0.03 0.09 0.01 0.11

0.4 � 0.8 0.05 0.03 0.04 0.04 0.09 0.01 0.13

0.8 � 1.2 0.08 0.07 0.07 0.15 0.09 0.02 0.22

1.2 � 2.0 0.12 0.07 0.07 0.16 0.09 0.02 0.24

TABLE I: Fractional systematic uncertainties on d�/dQ2
QE

associated with (I) muon reconstruction, (II) recoil recon-
struction, (III) neutrino interaction models, (IV) final state
interactions, (V) flux and (VI) other sources. The rightmost
column shows the total fractional systematic uncertainty due
to all sources.

Q2
QE Cross-section Fraction of

(GeV2) (10�38cm2/GeV2/neutron) Cross-section (%)

0.0 � 0.025 0.761 ± 0.035 ± 0.097 2.15 ± 0.10 ± 0.17

0.025 � 0.05 1.146 ± 0.047 ± 0.137 3.24 ± 0.13 ± 0.22

0.05 � 0.1 1.343 ± 0.034 ± 0.156 7.60 ± 0.19 ± 0.50

0.1 � 0.2 1.490 ± 0.028 ± 0.170 16.85 ± 0.32 ± 1.04

0.2 � 0.4 1.063 ± 0.019 ± 0.120 24.06 ± 0.43 ± 1.06

0.4 � 0.8 0.582 ± 0.013 ± 0.074 26.33 ± 0.58 ± 0.85

0.8 � 1.2 0.242 ± 0.014 ± 0.053 10.95 ± 0.64 ± 1.45

1.2 � 2.0 0.097 ± 0.008 ± 0.024 8.81 ± 0.71 ± 1.43

TABLE II: Flux-averaged di↵erential cross-sections and the
fraction of the cross-section in bins of Q2

QE . In each measure-
ment, the first error is statistical and the second is systematic.

strained by test beam measurements [38]), the Birk’s law
constant discussed above, and GENIE’s final state in-
teractions model. The latter is evaluated by varying the
underlying model tuning parameters within their system-
atic uncertainties.

The measured di↵erential cross-section d�/dQ

2
QE is

shown in Table II and Fig. 3. Integrating over the flux
from 1.5 to 10 GeV, we find3 � = 0.93 ± 0.01(stat) ±
0.11(syst)⇥10�38 cm2

/neutron. Figures 3 and 4 and Ta-
ble III compare the data to the RFG model in the GENIE
event generator and a set of calculations made with the
NuWro generator [19].

Di↵erent models of nuclear e↵ects in quasi-elastic scat-
tering lead to significant variations in the shape of
d�/dQ

2 from the expectation of the RFG model. In
particular, correlations between nucleons not considered
in the mean field RFG approach are predicted to con-
tribute to the cross-section at neutrino energies below
2 GeV [28–30]. Figure 4 compares the shape of the mea-
sured cross section to five di↵erent models of the quasi-
elastic process on carbon. The GENIE prediction, based
on a RFG nuclear model and dipole axial form factor
with MA = 0.99 GeV, is taken as a reference; the data
and other models are normalized to have the same to-
tal cross section across the range shown before forming
the ratio. The NuWro calculations utilize an axial-vector
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FIG. 3: Neutrino quasi-elastic cross-section as a function of
Q2

QE compared with several di↵erent models of the interac-
tion.
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FIG. 4: Ratio between the measured neutrino d�/dQ2
QE

shape in Q2
QE and several di↵erent models, where the denom-

inator is the GENIE default quasi-elastic cross-section.

form factor parameterized with a dipole form that has
one free parameter, the axial mass MA, and also in-
corporate di↵erent corrections for the nuclear medium.
There is little sensitivity to replacement of the Fermi gas
with a spectral function (SF) model of the target nucleon
energy-momentum relationship [31]. The neutrino data
are marginally more compatible, at least in Q

2
QE shape,

with a higher axial mass extracted from fits of the Mini-
BooNE neutrino quasi-elastic data in the RFG model
(MA = 1.35GeV/c2) [22] than with that extracted from
deuterium data (MA = 0.99GeV/c2). As with the cor-
responding antineutrino results [35], our data are in best
agreement with a transverse enhancement model (TEM)
with MA = 0.99GeV/c2. This model implements an en-
hancement of the magnetic form factors of bound nucle-
ons that has been extracted from electron-carbon scat-
tering data [27], and is the only one of this type that is
applicable at neutrino energies above 2 GeV. Table III
shows a comparison using �

2 values between the mea-

[MINERvA, Phys.Rev.Lett. 
111 (2013) 022502]
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Math
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Taylor expansions and fitting

Suppose we are given a set of data with errors and wish 
to determine derived quantities

In general, QM observable given by 

�i ⇠ |A(xi)|2

Let us Taylor expand (e.g.  σ=x.s.,  A=f.f.,  x=q2)

Now consider (e.g. A real)

�

2 =
X

i

[�i � [A(xi)]2]2

d�

2
i

= fourth order polynomial in ai

A(x) = a0 + a1x+ a2x
2 + . . .
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In finding minimum and ΔΧ2 =1 intervals, etc., important 
in practice to know whether Χ2 function is convex: is a  
local minimum necessarily a global minimum?  

Unfortunately, determining whether a general fourth-
order polynomial is convex is NP hard 

Fortunately, our fourth-order polynomial is special, and 
can be shown to obey “non-perverse convexity”

3[A(xi)]
2
> �i =) Χ2 is convex

i.e., unless errors are O(1),  Χ2 is convex and we may 
simply and efficiently “roll to the minimum”

“Virtually nothing is known about about finding global extrema in general...” 
Press et.al., Numerical Recipes, 
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proof (sketch): 

⇔ @2M
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= positive definiteM(ai) = convex
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Unfortunately, a simple Taylor expansion of hadronic 
amplitudes has finite (small) radius of convergence

Fortunately, the analytic structure of amplitudes allows 
us to “resum” by change of variables into expansion 
covering the entire physical region 

z(t, tcut, t0) =
⇥

tcut � t�
⇥

tcut � t0⇥
tcut � t +

⇥
tcut � t0

point mapping to z=0
(scheme choice)

9mπ2 (isoscalar channel)



16

Particle (nucleon) physics



- basic idea: small expansion parameter, z, with order unity 
expansion coefficients 

- in fact, a little better, e.g. 
��

n=0

a2
n <� ⇒ an smaller for large n

The z expansion has become a standard tool for meson 
transitions  (e.g. |Vub| determinations in B → π l ν )
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Figure 6: The B → π form factor F+ plotted in terms of the q2 variable (left) and z variable
(right). Data are from [60]. Plots are reproduced from [61].
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Figure 7: The proton form factor GE plotted in terms of the Q2 variable (left) and the z
variable (right). Data are from [62]. Plots are reproduced from [43].

• Comparison to the complete range of hydrogen and muonic hydrogen observables.

• Possible extension to parity-violating atomic observables. The effective theory analysis
systematizes “Coulomb subtractions” that may appear ad hoc in more phenomenological
treatments [72].

2.2.4 Precision measurements: impact and relation to previous work

The PI’s research has contributed to the improved determination of several fundamental
parameters. These include:

• rp
E, the mean-square charge radius of the proton, using isospin decomposition and analyt-

icity of electron-nucleon scattering amplitudes [43].
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• Comparison to the complete range of hydrogen and muonic hydrogen observables.

• Possible extension to parity-violating atomic observables. The effective theory analysis
systematizes “Coulomb subtractions” that may appear ad hoc in more phenomenological
treatments [72].

2.2.4 Precision measurements: impact and relation to previous work

The PI’s research has contributed to the improved determination of several fundamental
parameters. These include:

• rp
E, the mean-square charge radius of the proton, using isospin decomposition and analyt-

icity of electron-nucleon scattering amplitudes [43].
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→
[Bourrely et al 1981]
[Boyd, Grinstein, Lebed 1995]
[Lellouch et al 1996]

[Arnesen et al 2005]

[Becher, Hill 2006] ....
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F (q2) =
1X

n=0

anz(q
2)n



Note that the real power of the expansion is based on observation of O(1) coefficients, 
not unitarity bounds.   E.g., for K→π vector form factor, can measure bound: 

2

Crossing symmetry and form factor bounds. It is impor-
tant in practice to determine whether large “order unity”
coefficients ak/a0 could upset the formal power counting
in z. To address this question, a norm may be defined
via

||F ||2 ≡
∞
∑

k=0

a2
k =

1

2πi

∮

dz

z
|φF |2

=
1

π

∫ ∞

t+

dt

t − t0

√

t+ − t0
t − t+

|φF |2 . (4)

By crossing symmetry, the norm can be evaluated using
form factors for the related process of Kπ production.
The following sections investigate bounds on the integral
appearing on the right hand side of (4).

II. VECTOR FORM FACTOR CONSTRAINTS

To compare with unitarity predictions, and to motivate
a choice of φ in (3), we consider the correlation function,

Πµν(q) ≡ i

∫

d4x eiq·x〈0|T
{

V µ(x)V ν(0)†
}

|0〉

= (−gµνq2 + qµqν)Π1(q
2) + qµqνΠ0(q

2) . (5)

An unsubtracted dispersion relation can be written for
the quantity: (Q2 = −q2)

χ1(Q
2) ≡

1

2

∂2

∂(q2)2
[

q2Π1

]

=
1

π

∫ ∞

0

dt
tImΠ1(t)

(t + Q2)3
. (6)

Assuming isospin symmetry, the contribution of all Kπ
states to the (positive) spectral function ImΠ1(t) is

3

2

1

48π

[(t − t+)(t − t−)]3/2

t3
|F+(t)|2θ(t − t+) ≤ ImΠ1(t) .

(7)
Choosing: [note that |z| = 1 along the contour in (4) ]

φF+
(t, t0, Q

2) =

√

1

32π

z(t, 0)

−t

(

z(t,−Q2)

−Q2 − t

)3/2

×
(

z(t, t0)

t0 − t

)−1/2 (

z(t, t−)

t− − t

)−3/4 t+ − t

(t+ − t0)1/4
, (8)

then yields the inequality: [23] [note that a0(t0, Q2) =
φ(t0, t0, Q2)F (t0)]

A2
F+

(t0, Q
2) ≡

∞
∑

k=0

a2
k

a2
0

≤
χ1(Q2)

|φF+
(t0, t0, Q2)F+(t0)|2

. (9)

For Q ' ΛQCD, χ1(Q2) can be reliably calculated using
the OPE in (5). Collecting results from the literature [11,
12], we have at renormalization scale µ = Q: [24]

χ1(Q
2) =

1

8π2Q2

{

1 +
αs

π
− 0.062α2

s − 0.162α3
s + . . .

+
1

Q2

[

−
3

2
m2

s + . . .

]

(10)

+
8π2

Q4

[

− ms〈ūu〉 −
αs

12π
〈G2〉 + . . .

]

+ . . .

}

,
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FIG. 1: Bounds on the expansion coefficients for the vector
form factor. The top (light) band represents the unitarity
bound, and the lower (dark) band is a direct evaluation from τ
decay and perturbative QCD. The perturbative contribution
is shown separately as the dashed line.
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FIG. 2: Bounds on AF+
in (9), as a function of t0. The

dashed lines are for the default choice of φF+
in (8), with

Q = 0 (top) and Q = 10GeV (bottom). The solid band gives
the (Q-independent) result when φF+

≡ 1.

where corrections of order mu/ms are neglected,
and ms(2 GeV) = 0.087(8)GeV [13], −ms〈ūu〉 −
αs〈G2〉/12π = −0.0001(8)GeV4 [14]. The light band
in Fig. 1 shows the resulting bound on the quantity
AF+

(t0, Q2), setting t0 = 0 and F+(0) ≈ 1. The per-
turbative uncertainty is estimated by varying µ2 from
Q2/2 to 2Q2, and allowing for higher-order contributions
of relative size ±1×α4

s. Uncertainties from perturbative
and power corrections are small above Q = 2 GeV, but
become significant below this scale. The width of the
band represents a 1σ contour obtained by adding uncer-
tainties in perturbative and power corrections linearly.

A =

⇥
�

k

a2k
a20

actual size of A 
(measured τ→Kπν)

unitarity bound on A  (require exclusive rate< inclusive rate)

scheme choice to evaluate OPE for inclusive 
rate

⇒ Unitarity bound either uncertain (low Q) or overestimates bound (high Q) 

For nucleon form factors, unitarity even less relevant, as dominant dispersive contribution to 
form factors is from states below NN threshold

18

[RJH Phys.Rev. D74 (2006) 096006]
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At least until very recently, curvature never measured in any meson transition form 
factor

Flavor Physics and CP Violation Conference, Vancouver, 2006 5

Table II Linear expansion coefficient a1/a0 from (4) at

t0 = t+(1 −
√

1 − t−/t+) and Q = 0.

Process a1/a0 Reference

B → D −2.6 ± 2.3 [13]

K+ → π0 −0.2 ± 0.2 [14]

KL → π± −0.5 ± 0.2 [15]

0.0 ± 0.3 [16]

−0.2 ± 0.2 [17]

D → K −2.7 ± 0.5 ± 0.4 [18]

−2.2 ± 0.4 ± 0.4 [19]

−3.2 ± 0.5 ± 0.2 [20]

D → π −2.3 ± 0.7 ± 1.3 [18]

−1.6 ± 0.5 ± 1.0 [20]

B → π −1.3 ± 0.6 ± 2.3 [21]

−1.9 ± 0.3 ± 1.1 [12]

−1.3 ± 0.8 ± 2.2 [22]

and then identifying the coefficients in a Taylor series
at t = t+(1 −

√

1 − t−/t+). The results for D → K,
D → π and B → π were obtained by fitting the linear
z parameterization in (4) to the data. A second error
is included by redoing the fits with the quadratic z
parameterization, subject to the conservative bound
|ak/a0| < 10. Due to the smallness of z for pion beta
decay, π+ → π0 (cf. Table I), the slope in this case is
orders of magnitude from being measured experimen-
tally [25].

At least through linear order, there is no evidence
of anomalously large coefficients that could upset the
power counting. While it would be desirable to push
to the next order and examine the size of a2/a0, com-
parison to data establishes the remarkable conclusion
that form-factor curvature has not yet been seen in
any semileptonic transition. In fact, for many cases,
a form factor slope has yet to be measured. An ex-
ample of the transformed form factor is illustrated for
B → π in Fig. 3.

From the amusing coincidence that zDK/zDπ ∼
|Vcd|/|Vcs|, and zBD/zBπ ∼ |Vub|/|Vcb|, it turns
out that the higher statistics of the Cabibbo-allowed
modes (B → D, D → K) are offset at linear order
by the smallness of z. It is thus likely that curva-
ture will eventually be measured first in the Cabibbo-
suppressed modes (B → π, D → π).

The results in Table II are by no means the fi-
nal word on these quantities, but illustrate the main
point, that there is no sign that the z expansion is
breaking down. It is also easy to see that unitarity has
very little impact. For example, for B → π, the bound
on F+ taken from the OPE at Q = 0 is overestimated
by a factor ∼ (mb/ΛQCD)3 [53]. Taking for definite-
ness, F+(t0 = 16 GeV) ≈ 0.8, the unitarity bound
tells us only that

∑

k a2
k/a2

0
<∼ 2500 [6, 26, 27]. For

B → D, at Q = 0 with the approximate symmetry re-
lation F+(t−) ≈ (mB+mD)/2

√
mBmD, and including

three subthreshold poles as in (6), the unitarity bound
is overestimated by a factor ∼ (mb/mc)3 and yields
∑

k a2
k/a2

0
<∼ 9000 [6, 9]. While these bounds can be

improved somewhat by subtracting off subthreshold
poles, extending isospin SU(2) to SU(3) flavor sym-
metry, or by lowering Q2, all of these modifications
introduce their own uncertainties. 8

4. A fundamental question

Given that the form factors (after extracting stan-
dard kinematic factors, and expressing them in terms
of the appropriate standard variable) are so far indis-
tinguishable from a straight line, it is apparent that
any insight to be gained from the shape of the form
factors, whether it be tests of nonperturbative meth-
ods, inputs to other processes, or more fundamental
questions about QCD, must be based in first approx-
imation on the slope of the form factor. In fact, this
quantity does provide a clear test of lattice QCD, is an
important input to hadronic B decays, and in an ap-
propriate limit can provide the answer to a longstand-
ing open question about the QCD dynamics governing
form factors.

It is convenient to define the physical shape observ-
ables in terms of the form factor slopes at t = 0 [28],

1

β
≡

m2
H − m2

L

F+(0)

dF0

dt

∣

∣

∣

∣

t=0

,

δ ≡ 1 −
m2

H − m2
L

F+(0)

(

dF+

dt

∣

∣

∣

∣

t=0

−
dF0

dt

∣

∣

∣

∣

t=0

)

≡
F+(0) + F−(0)

F+(0)
. (12)

The quantities β and δ depend only on the masses
of the mesons involved. 9 Being physical quantities,
they are independent of any renormalization scale or
scheme. As discussed in the introduction, these quan-
tities take definite values for all mH and mL, values
that are accessible experimentally at the fixed masses
mπ, mK , mD and mB. 10

8For modes such as B → D, the incredible smallness of z,
and the judicious use of heavy-quark symmetry, allows even
very conservative unitarity bounds to guarantee few-percent
level accuracy by keeping only the linear term in (4) [5, 8].

9Recall that we consider mesons with a fixed light spectator
quark, which for simplicity in the discussion is assumed mass-
less. The meson mass is therefore in one-to-one correspondence
with the heavy (non-spectator) quark mass.

10For some studies of δ − 1 ≡ F−(0)/F+(0), also called ξ(0),
in the early literature of light-meson form factors, see the re-
view [29]. The positive sign for ξ(0) predicted in a number of
models, e.g. [30, 31], is in disagreement with current data. For
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Table I Maximum |z(t, t0)| throughout semileptonic

range with symmetrizing choice t0 = t+(1−
√

1 − t−/t+).

Process CKM element |z|max

π+ → π0 Vud 3.5 × 10−5

B → D Vcb 0.032

K → π Vus 0.047

D → K Vcs 0.051

D → π Vcd 0.17

B → π Vub 0.28

have about the form factors, following just from kine-
matics without dynamics. Pseudoscalar-pseudoscalar
transitions between “heavy-light”, nonsinglet mesons
are particularly simple and are the main focus. 3

Rigorous power-counting arguments provide the basis
for a powerful expansion based on analyticity. Sec-
tion 3 illustrates how the experimental data is simpli-
fied by making use of this expansion. In particular,
we find the remarkable conclusion that in terms of
standard variables, no semileptonic meson form fac-
tor has ever been observed to deviate from a straight
line. Given that the form factors are indistinguishable
from straight lines, if the shape of the semileptonic
spectrum is to provide insight on QCD, it must be
through the slope of the form factor; in fact, a clear
but unsolved question in QCD translates directly into
the numerical value of this slope in an appropriate
limit, as described in Section 4. Phenomenological
implications in the B → π system are considered in
Section 5. The methodology described here provides
a convenient framework in which to understand pre-
cisely what measurements in the charm system can,
and cannot, say that is relevant to the bottom sys-
tem, as discussed in Section 6. Section 7 outlines the
extension to pseudoscalar-vector transitions.

2. Analyticity and crossing symmetry

An oft-cited downside of old and well-known
dispersion-relation arguments is that the results are
too general, and do not make specific predictions for
detailed dynamics. In fact, precisely these properties
make them useful to the problem at hand—it is essen-
tial to make some statement on the possible functional
form of the form factors, yet we do not want to make
assumptions, explicit or implicit, on the dynamics.

The analytic structure of the form factors can be

3The nonsinglet restriction ensures that only a single topol-
ogy is relevant as in Figure 1.

zt

Figure 2: Mapping (3) of the cut t plane onto the unit
circle. The semileptonic region is represented by the blue
line.

investigated by standard means. 4 Let us focus on
the form factors for pseudoscalar-pseudoscalar transi-
tions, defined by the matrix element of the relevant
weak vector current, (q ≡ p − p′)

〈L(p′)|V µ|H(p)〉
= F+(q2) (pµ + p′µ) + F−(q2)qµ

= F+(q2)

(

pµ + p′µ −
m2

H − m2
L

q2
qµ

)

+F0(q
2)

m2
H − m2

L

q2
qµ . (1)

To ensure that there is no singularity at q2 = 0, the
form factors obey the constraint

F+(0) = F0(0) . (2)

Ignoring possible complications from anomalous
thresholds or subthreshold resonances, to be discussed
below, the form factors F (t = q2) can be extended
to analytic functions throughout the complex t plane,
except for a branch cut along the positive real axis,
starting at the point t = t+ [t± ≡ (mH ±mL)2] corre-
sponding to the threshold for production of real H̄L
pairs in the crossed channel. By a standard transfor-
mation, as illustrated in Figure 2, the cut t plane is
mapped onto the unit circle |z| ≤ 1,

z(t, t0) ≡
√

t+ − t −
√

t+ − t0√
t+ − t +

√
t+ − t0

, (3)

where t0 is the point mapping onto z = 0. The iso-
lation of the semileptonic region from singularities in
the t plane implies that |z| < 1 throughout this re-
gion. Choosing t0 = t+(1 −

√

1 − t−/t+) minimizes
the maximum value of |z|; for typical decays these
maximum values are given in Table I.

Since the form factor is analytic, it may be ex-
panded,

F (t) =
1

P (t)φ(t, t0)

∞
∑

k=0

ak(t0)z(t, t0)
k , (4)

4For a general discussion, see e.g. [3]. For early work on
applications to semileptonic form factors, see [4, 5, 6, 7, 8, 9, 10].
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[RJH, eConf C060409 (2006) 027]

First hints perhaps seen in B→π  (to be expected, cf. above) 

[BaBar, Phys.Rev. D83 (2011) 052011]
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- more concretely, fits to data yield 

a0 ⇥ 1 , a1 = �1.01(6) , a2 = �1.4+1.1
�0.7 , a3 = 2+2

�6

- to assign error, constrain coefficients, e.g. <5 (conservative) or <10 (very 
conservative) 
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Bringing the z expansion into the domain of baryon form factors

[Bhattacharya, Hill, Paz, Phys.Rev. D84 (2011) 
073006]

- as for mesons, also for nucleons: curvature as-yet unmeasured (so in 
practice, shape is determined by one number)

- study of vector dominance models, ππ approximation to isovector form 
factors: expect O(1) is really order 1 (e.g. not 10)



Parameter Value Reference

|Vud| 0.9742 [12]

µp 2.793 [12]

µn −1.913 [12]

mµ 0.1057 GeV [12]

GF 1.166× 10−5 GeV−2 [12]

mN 0.9389 GeV [12]

FA(0) −1.269 [12]

εb 0.025 GeV [17]

pF 0.220 GeV [3]

Table 2: Numerical values for input parameters.

for the double differential cross section are taken from Table VI of [3]. We form an error
matrix,

Eij = (δσi)
2δij + (δN)2σiσj , (17)

where σi = (dσ/dEµd cos θµ)∆Eµ∆ cos θµ denotes a partial cross section, δσi denotes the shape
uncertainty from Table VII of [3], and δN = 0.107 is the normalization error from [3]. We
form the chi-squared function

χ2 =
∑

ij

(σexpt.
i − σtheory

i )E−1
ij (σexpt.

j − σtheory
j ) , (18)

and minimize χ2 to find best fit values for mA. Error intervals are defined by ∆χ2 = 1.
The nucleon form factors and the nuclear model employ parameter values listed in Table 2.
Following the analysis of [3], the vector form factors F1 and F2 are given by the BBA2003
parameterization [18]. We use a default value εb = 0.025 GeV, as extracted from electron
scattering data on nuclei in [17]. This value is different from the central value adopted in the
MiniBooNE analysis [3], where εb = 0.034± 0.09 GeV. We show below that such a high value
of εb is not favored by the MiniBooNE data, but investigate fit results for different values of
εb.

The slope at q2 = 0, and hence mA from (5) is most sensitive to low-Q2 data. We analyze
this sensitivity by considering the effect of a cut on Q2. The value of Q2 for a given value of
the observed muon energy and angle can be reconstructed assuming quasielastic scattering on
a free neutron, but is not determined unambiguously once nuclear effects are included. As a
proxy for Q2, we define an approximate “reconstructed” Q2,

Q2
rec = 2Erec

ν Eµ − 2Erec
ν

√

E2
µ −m2

µ cos θµ −m2
µ , (19)

where Erec
ν approximates the neutrino energy in the nucleon rest frame,

Erec
ν =

mNEµ −m2
µ/2

mN −Eµ +
√

E2
µ −m2

µ cos θµ
. (20)

6

Parameter Value Reference

|Vud| 0.9742 [12]

µp 2.793 [12]

µn −1.913 [12]

mµ 0.1057 GeV [12]

GF 1.166× 10−5 GeV−2 [12]

mN 0.9389 GeV [12]

FA(0) −1.269 [12]

εb 0.025 GeV [17]

pF 0.220 GeV [3]

Table 2: Numerical values for input parameters.

for the double differential cross section are taken from Table VI of [3]. We form an error
matrix,

Eij = (δσi)
2δij + (δN)2σiσj , (17)

where σi = (dσ/dEµd cos θµ)∆Eµ∆ cos θµ denotes a partial cross section, δσi denotes the shape
uncertainty from Table VII of [3], and δN = 0.107 is the normalization error from [3]. We
form the chi-squared function

χ2 =
∑

ij

(σexpt.
i − σtheory

i )E−1
ij (σexpt.

j − σtheory
j ) , (18)

and minimize χ2 to find best fit values for mA. Error intervals are defined by ∆χ2 = 1.
The nucleon form factors and the nuclear model employ parameter values listed in Table 2.
Following the analysis of [3], the vector form factors F1 and F2 are given by the BBA2003
parameterization [18]. We use a default value εb = 0.025 GeV, as extracted from electron
scattering data on nuclei in [17]. This value is different from the central value adopted in the
MiniBooNE analysis [3], where εb = 0.034± 0.09 GeV. We show below that such a high value
of εb is not favored by the MiniBooNE data, but investigate fit results for different values of
εb.

The slope at q2 = 0, and hence mA from (5) is most sensitive to low-Q2 data. We analyze
this sensitivity by considering the effect of a cut on Q2. The value of Q2 for a given value of
the observed muon energy and angle can be reconstructed assuming quasielastic scattering on
a free neutron, but is not determined unambiguously once nuclear effects are included. As a
proxy for Q2, we define an approximate “reconstructed” Q2,

Q2
rec = 2Erec

ν Eµ − 2Erec
ν

√

E2
µ −m2

µ cos θµ −m2
µ , (19)

where Erec
ν approximates the neutrino energy in the nucleon rest frame,

Erec
ν =

mNEµ −m2
µ/2

mN −Eµ +
√

E2
µ −m2

µ cos θµ
. (20)

6

Parameter Value Reference

|Vud| 0.9742 [12]

µp 2.793 [12]

µn −1.913 [12]

mµ 0.1057 GeV [12]

GF 1.166× 10−5 GeV−2 [12]

mN 0.9389 GeV [12]

FA(0) −1.269 [12]

εb 0.025 GeV [17]

pF 0.220 GeV [3]

Table 2: Numerical values for input parameters.

for the double differential cross section are taken from Table VI of [3]. We form an error
matrix,

Eij = (δσi)
2δij + (δN)2σiσj , (17)

where σi = (dσ/dEµd cos θµ)∆Eµ∆ cos θµ denotes a partial cross section, δσi denotes the shape
uncertainty from Table VII of [3], and δN = 0.107 is the normalization error from [3]. We
form the chi-squared function

χ2 =
∑

ij

(σexpt.
i − σtheory

i )E−1
ij (σexpt.

j − σtheory
j ) , (18)

and minimize χ2 to find best fit values for mA. Error intervals are defined by ∆χ2 = 1.
The nucleon form factors and the nuclear model employ parameter values listed in Table 2.
Following the analysis of [3], the vector form factors F1 and F2 are given by the BBA2003
parameterization [18]. We use a default value εb = 0.025 GeV, as extracted from electron
scattering data on nuclei in [17]. This value is different from the central value adopted in the
MiniBooNE analysis [3], where εb = 0.034± 0.09 GeV. We show below that such a high value
of εb is not favored by the MiniBooNE data, but investigate fit results for different values of
εb.

The slope at q2 = 0, and hence mA from (5) is most sensitive to low-Q2 data. We analyze
this sensitivity by considering the effect of a cut on Q2. The value of Q2 for a given value of
the observed muon energy and angle can be reconstructed assuming quasielastic scattering on
a free neutron, but is not determined unambiguously once nuclear effects are included. As a
proxy for Q2, we define an approximate “reconstructed” Q2,

Q2
rec = 2Erec

ν Eµ − 2Erec
ν

√

E2
µ −m2

µ cos θµ −m2
µ , (19)

where Erec
ν approximates the neutrino energy in the nucleon rest frame,

Erec
ν =

mNEµ −m2
µ/2

mN −Eµ +
√

E2
µ −m2

µ cos θµ
. (20)

6

15

(GeV)
µT

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
µ
θ

cos

-1
-0.8

-0.6
-0.4

-0.2
-0

0.2
0.4

0.6
0.8
1
0

5

10

15

20

25

-39
10×

/GeV)
2

(cm
µθdcosµdT

σ
2d

=10.7%)TNδMiniBooNE data (

MiniBooNE data with shape error

FIG. 13: (Color online). Flux-integrated double differential
cross section per target neutron for the νµ CCQE process.
The dark bars indicate the measured values and the surround-
ing lighter bands show the shape error. The overall normal-
ization (scale) error is 10.7%. Numerical values are provided
in Table VI in the Appendix.

simplicity, the full error matrices are not reported for all
distributions. Instead, the errors are separated into a to-
tal normalization error, which is an error on the overall
scale of the cross section, and a “shape error” which con-
tains the uncertainty that does not factor out into a scale
error. This allows for a distribution of data to be used
(e.g. in a model fit) with an overall scale error for un-
certainties that are completely correlated between bins,
together with the remaining bin-dependent shape error.

V. RESULTS AND DISCUSSION

A. CCQE flux-integrated double differential cross
section

The flux-integrated, double differential cross section
per neutron, d2σ

dTµd cos θµ
, for the νµ CCQE process is ex-

tracted as described in Section IVD and is shown in
Figure 13 for the kinematic range, −1 < cos θµ < +1,
0.2 < Tµ(GeV) < 2.0. The errors, for Tµ outside of this
range, are too large to allow a measurement. Also, bins
with low event population near or outside of the kine-
matic edge of the distribution (corresponding to large
Eν) do not allow for a measurement and are shown as
zero in the plot. The numerical values for this double
differential cross section are provided in Table VI in the
Appendix.
The flux-integrated CCQE total cross section, ob-

tained by integrating the double differential cross section
(over −1 < cos θµ < +1, 0 < Tµ(GeV) < ∞), is mea-
sured to be 9.429× 10−39 cm2. The total normalization
error on this measurement is 10.7%.
The kinematic quantities, Tµ and cos θµ, have been cor-
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FIG. 14: (Color online). Flux-integrated single differential
cross section per target neutron for the νµ CCQE process.
The measured values are shown as points with the shape
error as shaded bars. Calculations from the nuance RFG
model with different assumptions for the model parameters
are shown as histograms. Numerical values are provided in
Table IX in the Appendix.

rected for detector resolution effects only (Section IVD).
Thus, this result is the most model-independent mea-
surement of this process possible with the MiniBooNE
detector. No requirements on the nucleonic final state
are used to define this process. The neutrino flux is an
absolute prediction [19] and has not been adjusted based
on measured processes in the MiniBooNE detector.

B. Flux-integrated single differential cross section

The flux-integrated, single differential cross section per
neutron, dσ

dQ2

QE
, has also been measured and is shown

in Figure. 14. The quantity Q2
QE is defined in Eq. 2

and depends only on the (unfolded) quantities Tµ and
cos θµ. It should be noted that the efficiency for events
with Tµ < 200 MeV is not zero because of difference
between reconstructed and unfolded Tµ. The calculation
of efficiency for these (low-Q2

QE) events depends only on
the model of the detector response, not on an interaction
model and the associated uncertainty is propagated to
the reported results.
In addition to the experimental result, Figure 14 also

shows the prediction for the CCQE process from the nu-
ance simulation with three different sets of parameters
in the underlying RFG model. The predictions are ab-
solutely normalized and have been integrated over the
MiniBooNE flux. The RFG model is plotted assum-
ing both the world-averaged CCQE parameters (MA =
1.03 GeV, κ = 1.000) [9] and the CCQE parameters ex-
tracted from this analysis (MA = 1.35 GeV, κ = 1.007)
in a shape-only fit. The model using the world-averaged

Fit to double differential 
CCQE data from MiniBooNE

[MiniBooNE, PRD81, 092005 (2010)]Assume Relativistic Fermi Gas
nuclear model [Smith and Moniz (1972)]
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the RFG model with free parameter εb yields the value, without an assumption on the value
of mA, (for Q2

max = 1.0GeV2, kmax = 7)

εb = 28± 3MeV , (22)

where the result is insensitive to the choice of bound, |ak| ≤ 5 or |ak| ≤ 10.4 While the data
do not appear to favor significantly higher values of εb, we note that for εb = 34MeV [3], the
result (21) becomes mA(εb = 34MeV) = 1.05+0.45

−0.18± 0.12, compared to mdipole
A (εb = 34MeV) =

1.44± 0.05.
We have performed fits at different values of the parameter t0, finding no significant devia-

tion in the results. The results do not depend strongly on the precise value of the bound (e.g.
|ak| ≤ 5 versus |ak| ≤ 10). Similar to [9], we conclude that the estimation of shape uncer-
tainty in (21) should be conservative. The fit (21) yields coefficients5 a0 ≡ FA(0) = −1.269,
a1 = 2.9+1.1

−1.0, a2 = −8+6
−3. These values are in accordance with our assumption of order-unity

coefficient bounds. As discussed in the Introduction, current experiments do not significantly
constrain shape parameters beyond the linear term, a1.
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Figure 3: Comparison of the axial-vector form factor FA as extracted using the z expansion
(green diamonds) and dipole ansatz (red circles).

Figure 3 compares the form factor extraction resulting from the z expansion fit to the
extraction from the dipole fit. Here we take Q2

max = 1.0GeV2, kmax = 7 and |ak| ≤ 10 for the
z fit. The dipole fit assumes mdipole

A = 1.29± 0.05GeV.

4 Comparison to charged pion electroproduction

The axial-vector component of the weak current defining FA(q2) in (3) can also be probed in
pion electroproduction measurements. The electric dipole amplitude for threshold charged-

4Using a dipole ansatz for Q2
max = 1.0GeV2 without fixing m

dipole
A

yields εb = 22± 7MeV.
5For this purpose we take kmax = 7 in (9) and enforce |ak| ≤ 10 for k ≥ 3.

8

We note that Q2
rec coincides with Q2

rec used by K2K in the limit εb → 0 [1], and with Q2
QE used

by MiniBooNE in the limit εb → 0 and equal proton and neutron masses [3]. For simplicity
we have chosen to make the cut independent of the binding energy used in the nuclear model.
We emphasize that this choice is used simply to define the subset of data to be analyzed, and
does introduce theoretical uncertainty in the numerical results.
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Figure 2: Extracted value of mA versus Q2
max. Dipole model results for mdipole

A are shown by
the red circles; z expansion results with |ak| ≤ 5 are shown by the blue squares, z expansion
results with |ak| ≤ 10 are shown by the green diamonds.

Our results are displayed in Fig. 2, where we compare extractions of mdipole
A in the dipole

ansatz (2) with extractions of mA employing the z expansion (9). We present results for data
with Q2

rec ≤ Q2
max, where Q2

rec is defined in (19) and Q2
max = 0.1, 0.2, . . . , 1.0GeV2. We study

two different coefficient bounds, |ak| ≤ 5 and |ak| ≤ 10. For definiteness we have truncated
the sum in (9) at kmax = 7, but have checked that the results to not change significantly if
higher orders are included. As the figure illustrates, the z expansion results lie systematically
below results assuming the dipole ansatz. In contrast to results from the one-parameter dipole
ansatz, high-Q2 data have relatively small impact on the model-independent determination of
mA. Taking for definiteness Q2

max = 1.0GeV2, we find

mA = 0.85+0.22
−0.07 ± 0.09GeV (neutrino scattering), (21)

where the first error is experimental, using the fit with |ak| ≤ 5, and the second error represents
residual form factor shape uncertainty, taken as the maximum change of the 1σ interval when
the bound is increased to |ak| ≤ 10. As a comparison, a fit assuming the dipole form factor,
and the same Q2

max yields mdipole
A = 1.29± 0.05 GeV.3

It is not our purpose in this paper to investigate in detail the additional uncertainty that
should be assigned to (21) due to nuclear effects. We note that a fit of the MiniBooNE data to

3A dipole fit including the entire dataset without a cut on Q2
rec yields mdipole

A
= 1.28+0.03

−0.04.

7

model-indep

dipole model

Results for axial form factor:

We note that Q2
rec coincides with Q2

rec used by K2K in the limit εb → 0 [1], and with Q2
QE used

by MiniBooNE in the limit εb → 0 and equal proton and neutron masses [3]. For simplicity
we have chosen to make the cut independent of the binding energy used in the nuclear model.
We emphasize that this choice is used simply to define the subset of data to be analyzed, and
does introduce theoretical uncertainty in the numerical results.
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residual form factor shape uncertainty, taken as the maximum change of the 1σ interval when
the bound is increased to |ak| ≤ 10. As a comparison, a fit assuming the dipole form factor,
and the same Q2
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A = 1.29± 0.05 GeV.3

It is not our purpose in this paper to investigate in detail the additional uncertainty that
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mdipole
A = 1.29± 0.05GeV
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quasielastic neutrino scattering, Q2 = −q2 ≥ 0. As discussed in the Introduction, an expansion
at q2 = 0 defines an “axial mass parameter” mA, via

FA(q
2) = FA(0)

[

1 +
2

m2
A

q2 + . . .

]

=⇒ mA ≡

√

2FA(0)

F ′
A(0)

. (5)

Equivalently, we may define an “axial radius” rA, via

FA(q
2) = FA(0)

[

1 +
r2A
6
q2 + . . .

]

=⇒ rA ≡

√

6F ′
A(0)

FA(0)
. (6)

The factors appearing in (5) and (6) are purely conventional, motivated by the dipole ansatz
(2), and by the analogous charge-radius definition for the vector form factors. Asymptotically,
perturbative QCD predicts [10, 11] a ∼ 1/Q4 scaling, up to logarithms, for the axial-vector
form factor. However, the region Q2 ! 1GeV2 is far from asymptotic, and the functional
dependence of FA(q2) remains poorly constrained at accessible neutrino energies.

2.2 Analyticity

−Q2
max 9m2

π

t z

Figure 1: Conformal mapping of the cut plane to the unit circle.

We proceed along lines similar to the vector form factor analysis in [9]. Recall the dispersion
relation for the form factor,

FA(t) =
1

π

∫ ∞

tcut

dt′
ImFA(t′ + i0)

t′ − t
, (7)

where t ≡ q2 and the integral starts at the three-pion cut, tcut = 9m2
π. We can make use

of this model-independent knowledge by noticing that the separation between the singular
region, t ≥ tcut, and the kinematically allowed physical region, t ≤ 0, implies the existence of
a small expansion parameter, |z| < 1. As illustrated in Fig. 1, by a standard transformation,
we map the domain of analyticity onto the unit circle in such a way that the physical region
is mapped onto an interval:

z(t, tcut, t0) =

√
tcut − t−

√
tcut − t0√

tcut − t+
√
tcut − t0

, (8)

3

a0 = FA(0) = �1.269, a1 = 2.9+1.1
�1.0, a2 = �8+6

�3

- again, no measurable curvature (in z) 



the RFG model with free parameter εb yields the value, without an assumption on the value
of mA, (for Q2

max = 1.0GeV2, kmax = 7)

εb = 28± 3MeV , (22)

where the result is insensitive to the choice of bound, |ak| ≤ 5 or |ak| ≤ 10.4 While the data
do not appear to favor significantly higher values of εb, we note that for εb = 34MeV [3], the
result (21) becomes mA(εb = 34MeV) = 1.05+0.45

−0.18± 0.12, compared to mdipole
A (εb = 34MeV) =

1.44± 0.05.
We have performed fits at different values of the parameter t0, finding no significant devia-

tion in the results. The results do not depend strongly on the precise value of the bound (e.g.
|ak| ≤ 5 versus |ak| ≤ 10). Similar to [9], we conclude that the estimation of shape uncer-
tainty in (21) should be conservative. The fit (21) yields coefficients5 a0 ≡ FA(0) = −1.269,
a1 = 2.9+1.1

−1.0, a2 = −8+6
−3. These values are in accordance with our assumption of order-unity

coefficient bounds. As discussed in the Introduction, current experiments do not significantly
constrain shape parameters beyond the linear term, a1.

4 Comparison to charged pion electroproduction
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Figure 3: Extraction of mA using charged pion electroproduction measurements, in the dipole
ansatz and in the z expansion. Datasets are as described in the text. Dipole results are shown
as the red circles, and z expansion results with |ak| ≤ 5 are shown as the blue squares.

The axial-vector component of the weak current defining FA(q2) in (3) can also be probed
in pion electroproduction measurements. The electric dipole amplitude for threshold charged-
pion electroproduction obeys a low-energy theorem in the chiral limit relating this amplitude

4Using a dipole ansatz for Q2
max = 1.0GeV2 without fixing m

dipole
A

yields εb = 22± 7MeV.
5For this purpose we take kmax = 7 in (9) and enforce |ak| ≤ 10 for k ≥ 3.
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Revisit pion electroproduction

• World average strongly affected by 
dipole assumption
• Extrapolation beyond chiral regime
• Naive/absent treatment of radiative 
corrections
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Figure 4: Extraction of mA using charged pion electroproduction measurements, in the dipole
ansatz and in the z expansion. Datasets are as described in the text. Dipole results are shown
as the red circles, and z expansion results with |ak| ≤ 5 are shown as the blue squares.

pion electroproduction obeys a low-energy theorem in the chiral limit relating this amplitude
to the axial-vector form factor of the nucleon [19]. After applying chiral corrections, such
measurements can thus in principle be used to determine mA. Data for this process have
been interpreted in the context of the dipole ansatz (2). We found that the dipole assumption
can strongly bias extractions of mA in neutrino scattering measurements. In order to gauge
whether the same statement is true for the electroproduction data, let us apply the z expansion
to extract mA from the inferred FA(q2) values for an illustrative dataset, taken from Refs. [20,
21, 22, 23, 24]. We have selected datasets that appear in the compilation [6] (cf. Figure 1 of that
reference), and that also explicitly list inferred values of FA(q2) (see also [25, 26, 27, 28, 29]).
Figure 4 displays extractions of mA in both the z expansion and the dipole ansatz (2) for each
of the five datasets.6 For the larger bound |ak| ≤ 10, the slope of FA(q2) is not constrained to
be positive by each individual dataset, and we display only the result for |ak| ≤ 5. Applying
the z expansion to the entire (17 point) dataset, we find

mA = 0.92+0.12
−0.13 ± 0.08GeV (electroproduction) , (23)

where the errors are experimental, and from residual shape uncertainty, as in (21). In contrast,
a fit of the same data to the dipole ansatz yields mdipole

A = 1.00 ± 0.02GeV. These averages
are also displayed in the figure. We emphasize that our chosen dataset is not exhaustive We
have not attempted to address questions such as correlations between different datasets, or

6For definiteness, where necessary we have chosen one amongst different models for applied hard-pion cor-
rections: the BNR prescription [30] in [22, 23, 24], and the BNR prescription with first form factor assumption
in [20] (“Fπ = FV

1 ” in Table 2 of [20] ). We have combined the low-Q2 and high-Q2 data from [22] and [23] to
obtain the Daresbury(1975/1976) data point in Fig. 4.

9

 (GeV)
A

m

0.5 1 1.5 2

ANL 69
ANL 73
ANL 77

ANL 82

BNL 81

BNL 90

Fermilab 83
NuTeV 04

CERN HLBC 64

CERN HLBC 67

CERN SC 68

CERN HLBC 69
CERN GGM 77
CERN GGM 79

CERN BEBC 90

IHEP 82

IHEP 85

IHEP SCAT 88
IHEP SCAT 90
K2K 06, SciFi

K2K 08, SciBar

MiniBooNE 07

NOMAD 08

MiniBooNE 10
MiniBooNE 10 NC

Figure 5: Values of the axial mass parameter mA extracted from neutrino scattering experi-
ments, taken from the compilation in [56]. The gray band represents the world average value
from pion electroproduction taken from [57]. The most recent MiniBooNE extraction from
neutrino quasi-elastic data is from [58] and from neutral current neutrino data is from [59].

2.2.3 Non-relativistic effective theory analysis of proton structure

A complete resolution of the discrepancy between the proton charge radius determined from
muonic hydrogen and from electronic hydrogen or electron-proton scattering may involve
revisiting the bound state analysis. A systematic approach is provided by matching the
QCD/QED problem onto a nonrelativistic field theory, NRQED [32], or onto (fixed particle
number) quantum mechanics [39, 40, 71]. Elements of this analysis include

• Identification of the “contact” interaction parameters in the NRQED lagrangian that are
determined by particular one-photon exchange and two-photon exchange scattering matrix
elements for e−p → e−p (or µ−p → µ−p in the case of muonic hydrogen). Note that matching
onto the effective theory does not involve nonperturbative bound state computations.

• Careful treatment of the two-photon exchange contribution using dispersion analysis, with
appropriate subtractions, to isolate the elastic (single proton intermediate state) and inelastic
contributions. Proper definition of “Zemach” moments that parameterize the two-photon
exchange contribution.
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Experimental anomalies are between 
a) high and low energy neutrino data
b) neutrino data and electroproduction data

dipole model
model-indep
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Summary
• degeneracy between flux, nucleon-level, and nuclear 

uncertainties in neutrino-nucleus scattering and related 
observables

• caution warranted.   cf.  “proton radius puzzle” in e.m.  Here 
radius determined to ~2% by e-p scattering.   Similar 
uncertainty often claimed for axial radius

• z expansion applied to nucleon f.f.s (implemented in GENIE: 
A. Meyer)

• lattice poised to make critical contribution at nucleon level, 
breaking the above degeneracy

• experimental input important to constrain nuclear models
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