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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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Neutrino cross section measurements at MINERvA F.D. Snider

2. Neutrino charged current inclusive analysis

The neutrino CC inclusive analysis will measure the cross section for events consistent with
any neutrino interaction that produces a final state muon. To isolate these interactions, we select
events wth a single muon candidate in MINERnA that is matched to a muon track in MINOS, and
a reconstructed interaction vertex within the fiducial volume of the detector. We then measure the
recoil energy by summing over the observed energy in all tracks (excluding the muon candidate),
showers, and isolated energy deposits in the tracker and EM calorimeter.

Requiring a match between the muon track in the central MINERnA detector and the MINOS
spectrometer limits the angular acceptance to scattering angles below 10�–20�, and the minimum
neutrino energy to about 2 GeV. At the time of writing, the analysis has measured the muon angle,
muon energy, recoil energy, and reconstructed neutrino energy distributions, all normalized to the
number of POT. Figure 3 shows the muon scattering angle distribution compared to a GENIE [6]
MC prediction, with full statistical and systematic uncertainties.

Figure 3: Left: measured POT-normalized muon scattering angle for neutrino CC inclusive events compared
to MC prediction. Right: the ratio of data to the MC prediction.

3. Neutrino charged-current quasi-elastic analysis

In neutrino CCQE interactions, the neutrino scatters coherently off a single neutron producing
a muon and a single proton in the final state. Assuming no final-state interactions, we can use
two-body kinematics to infer the incoming neutrino energy En and the Q2 of the interaction from
the scattering angle (qµ ) and momentum (pµ ) of the out-going muon:

En =
m2

µ � (mp �Eb)2 �m2
µ +2(mp �Eb)Eµ

2(mp �Eb �Eµ + pµ cosqµ)
, (3.1)

Q2 = 2En(Eµ � pµ cosqµ)�m2
µ , (3.2)

where Eb is the nuclear binding energy of the proton, and mµ and mp are the muon and proton
masses, respectively.

To isolate quasi-elastic interactions, we again begin by requiring a single muon track candidate
that is matched to a muon track in the MINOS detector. The interaction vertex, which is assumed
to be the start of the muon track, is required to be within the fiducial volume of the detector.

4

Budd, Bodek, Arrington	

Nucl.Phys.Proc.Suppl. 139 (2005) 90-95 

3

Figure 2. The percent change in the neutrino
cross section for a 1% change in the form factors.

cross sections from deuterium. We plan to study
the nuclear corrections, adopting models which
have been used in precision electron scattering
measurements from nuclei at SLAC and JLab.

4. Extraction of FA(q2)

A substantial fraction of the cross section
comes from the form factor FA(q2). Therefore,
we can extract FA(q2) from the differential cross
section. Figure 2 and 3 show the contribution
of FA(q2) to dσ/dQ2. Figure 2 shows the per-
cent change in the neutrino cross section for a 1%
change in the form factors. Figure 3 shows the
fractional contribution of the form factor deter-
mined by setting the form factor to zero and by
determining the fractional decrease in the differ-
ential cross section. Since some terms are prod-
ucts of different form factors, the sum of the
curves do not have be 1.

To extract FA, we write the equation for
dσ/dq2(q2, Eν) in terms of a quadratic function
of FA(q2).

a(q2, Eν)FA(q2)2 + b(q2, Eν)FA(q2)

+ c(q2, Eν) −
dσ

dq2
(q2, Eν) = 0

Figure 3. Fractional contribution of the form
factor determined by setting the form factor
to zero and by determining the fractional de-
crease in the differential cross section, 1 −
(dσ/dQ2(formfactor = 0))/(dσ/dQ2).

For each q2 bin, we integrate the above equation
over the q2 bin and the neutrino flux.
∫∫

dq2dEν{a(q2, Eν)FA(q2)2 + b(q2, Eν)FA(q2)

+c(q2, Eν) −
dσ

dq2
(q2, Eν)} = 0

The above equation can be written as a
quadratic equation in FA at the bin value q2

bin.

αFA(q2
bin)2 + βFA(q2

bin) + γ − ∆ − NData
Bin = 0

The terms of this equation are given below:

α =

∫∫

dq2dEνa(q2, Eν)

β =

∫∫

dq2dEνb(q2, Eν)

γ =

∫∫

dq2dEνc(q2, Eν)

23

conducted in the 1970’s and 1980’s using either bub-
ble chamber or spark chamber detectors and represent a
large fraction of the data presented in the summary plots
we will show. Over the years, interest in this energy re-
gion waned as e↵orts migrated to higher energies to yield
larger event samples and the focus centered on measure-
ment of electroweak parameters (sin2 ✓

W

) and structure
functions in the deep inelastic scattering region. With the
discovery of neutrino oscillations and the advent of higher
intensity neutrino beams, however, this situation has
been rapidly changing. The processes we will discuss here
are important because they form some of the dominant
signal and background channels for experiments search-
ing for neutrino oscillations. This is especially true for
experiments that use atmospheric or accelerator-based
sources of neutrinos. With a view to better understand-
ing these neutrino cross sections, new experiments such
as ArgoNeuT, K2K, MiniBooNE, MINER⌫A, MINOS,
NOMAD, SciBooNE, and T2K have started to study this
intermediate energy region in greater detail. New theo-
retical approaches have also recently emerged.
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FIG. 10 Plot comparing the total charged current ⌫
µ

(solid)
and ⌫

⌧

(dashed) per nucleon cross sections divided by neutrino
energy and plotted as a function of neutrino energy.

We start by describing the key processes which can
contribute to the total cross section at these intermediate
neutrino energies. Here, we will focus on several key
processes: quasi-elastic, NC elastic scattering, resonant
single pion production, coherent pion production, multi-
pion production, and kaon production before turning our
discussion to deep inelastic scattering in the following
chapter on high energy neutrino interactions. For com-
parison purposes, we will also include predictions from
the NUANCE event generator (Casper, 2002), chosen as
a representative of the type of models used in modern
neutrino experiments to describe this energy region.
The bulk of our discussions center around measurements
of ⌫

µ

-nucleon scattering. Many of these arguments also
carry over to ⌫

⌧

scattering, except for one key di↵erence;

the energy threshold for the reaction. Unlike for the
muon case, the charged current ⌫

⌧

interaction cross
section is severely altered because of the large ⌧ lepton
mass. Figure 10 reflects some of the large di↵erences in
the cross section that come about due to this threshold
energy.

A. Quasi-Elastic Scattering

For neutrino energies less than ⇠ 2 GeV, neutrino-
hadron interactions are predominantly quasi-elastic
(QE), hence they provide a large source of signal events in
many neutrino oscillation experiments operating in this
energy range. In a QE interaction, the neutrino scatters
o↵ an entire nucleon rather than its constituent partons.
In a charged current neutrino QE interaction, the target
neutron is converted to a proton. In the case of an an-
tineutrino scattering, the target proton is converted into
a neutron:

⌫
µ

n ! µ� p, ⌫
µ

p ! µ+ n (56)

Such simple interactions were extensively studied in the
1970-1990’s primarily using deuterium-filled bubbble
chambers. The main interest at the time was in testing
the V-A nature of the weak interaction and in measuring
the axial-vector form factor of the nucleon, topics that
were considered particularly important in providing an
anchor for the study of NC interactions (Section V.B).
As examples, references (Lyubushkin et al., 2009; Singh
and Oset, 1992) provide valuable summaries of some of
these early QE investigations.

In predicting the QE scattering cross section, early
experiments relied heavily on the formalism first writ-
ten down by Llewellyn-Smith in 1972 (Llewellyn-Smith,
1972). In the case of QE scattering o↵ free nucleons, the
QE di↵erential cross section can be expressed as:

d�

dQ2

=
G2

F

M2|V
ud

|2
8⇡E2

⌫


A ± (s � u)

M2

B +
(s � u)2

M4

C

�
(57)

where (�)+ refers to (anti)neutrino scattering, G
F

is
the Fermi coupling constant, Q2 is the squared four-
momentum transfer (Q2 = �q2 > 0), M is the nucleon
mass, m is the lepton mass, E

⌫

is the incident neutrino
energy, and (s�u) = 4ME

⌫

�Q2�m2. The factors A, B,
and C are functions of the familiar vector (F

1

and F
2

),
axial-vector (F

A

), and pseudoscalar (F
P

) form factors of
the nucleon:
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A =
(m2 + Q2)

M2

⇥
(1 + ⌘) F 2

A

� (1 � ⌘) F 2

1

+⌘ (1 � ⌘) F 2

2

+ 4⌘F
1

F
2

� m2

4M2

�
(F

1

+ F
2

)2 + (F
A

+ 2F
P

)2

�
✓

Q2

M2

+ 4

◆
F 2

P

◆�
(58)

B =
Q2

M2

F
A

(F
1

+ F
2

) (59)

C =
1

4

�
F 2

A

+ F 2

1

+ ⌘F 2

2

�
(60)

where ⌘ = Q2/4M2. Much of these equations should
be familiar from Section IV. Historically, this formal-
ism was used to analyze neutrino QE scattering data on
deuterium, subject to minor modifications for nuclear ef-
fects. In this way, experiments studying neutrino QE
scattering could in principle measure the vector, axial-
vector, and pseudoscalar form factors given that the weak
hadronic current contains all three of these components.
In practice, the pseudoscalar contribution was typically
neglected in the analysis of ⌫

µ

QE scattering as it en-
ters the cross section multiplied by m2/M2. Using CVC,
the vector form factors could be obtained from electron
scattering, thus leaving the neutrino experiments to mea-
sure the axial-vector form factor of the nucleon. For the
axial-vector form factor, it was (and still is) customary
to assume a dipole form:

F
A

(Q2) =
g

A

✓
1 +

Q2

M2

A

◆
2

(61)

which depends on two empirical parameters: the
value of the axial-vector form factor at Q2 = 0,
g

A

= F
A

(0) = 1.2694 ± 0.0028 (Nakamura et al.,
2010a), and an “axial mass”, M

A

. With the vector form
factors under control from electron scattering and g

A

determined with high precision from nuclear beta decay,
measurement of the axial-vector form factor (and hence
M

A

) became the focus of the earliest measurements of
neutrino QE scattering. Values of M

A

ranging from 0.65
to 1.09 GeV were obtained in the period from the late
1960’s to early 1990’s resulting from fits both to the total
rate of observed events and the shape of their measured
Q2 dependence (for a recent review, see (Lyubushkin
et al., 2009)). In addition to providing the first mea-
surements of M

A

and the QE cross section, many of
these experiments also performed checks of CVC, fit for
the presence of second-class currents, and experimented
with di↵erent forms for the axial-vector form factor. By
the end of this period, the neutrino QE cross section
could be accurately and consistently described by

V-A theory assuming a dipole axial-vector form factor
with M

A

= 1.026 ± 0.021 GeV (Bernard et al., 2002).
These conclusions were largely driven by experimental
measurements on deuterium, but less-precise data on
other heavier targets also contributed. More recently,
some attention has been given to re-analyzing this same
data using modern vector form factors as input. The use
of updated vector form factors slightly shifts the best-fit
axial mass values obtained from this data; however the
conclusion is still that M

A

⇠ 1.0 GeV 9.

Modern day neutrino experiments no longer include
deuterium but use complex nuclei as their neutrino
targets. As a result, nuclear e↵ects become much
more important and produce sizable modifications to
the QE di↵erential cross section from Equation 57.
With QE events forming the largest contribution to
signal samples in many neutrino oscillation experiments,
there has been renewed interest in the measurement
and modeling of QE scattering on nuclear targets. In
such situations, the nucleus is typically described in
terms of individual quasi-free nucleons that participate
in the scattering process (the so-called “impulse ap-
proximation” approach (Frullani and Mougey, 1984)).
Most neutrino experiments use a relativistic Fermi Gas
model (Smith and Moniz, 1972) when simulating their
QE scattering events, although many other independent
particle approaches have been developed in recent years
that incorporate more sophisticated treatments. These
include spectral function (Ankowski and Sobczyk, 2006;
Benhar et al., 2005; Benhar and Meloni, 2007; Juszczak
et al., 2010; Nakamura and Seki, 2002), superscal-
ing (Amaro et al., 2005), RPA (Leitner et al., 2009;
Nieves et al., 2004, 2006; Sajjad Athar et al., 2010),
and PWIA-based calculations (Butkevich, 2010). In
concert, the added nuclear e↵ects from these improved
calculations tend to reduce the predicted neutrino
QE cross section beyond the Fermi-Gas model based
predictions. These reductions are typically on the order
of 10 � 20% (Alvarez-Ruso, 2010).

Using Fermi-Gas model based simulations and ana-
lyzing higher statistics QE data on a variety of nuclear
targets, new experiments have begun to repeat the
axial-vector measurements that fueled much of the
early investigations of QE scattering. Axial mass values
ranging from 1.05 to 1.35 GeV have been recently ob-
tained (Aguilar-Arevalo et al., 2010a; Aguilar-Arevalo,
2008; Dorman, 2009; Espinal and Sanchez, 2007; Gran

9 A value of M
A

= 1.014 ± 0.014 GeV is obtained from a recent
global fit to the deuterium data in Reference (Bodek et al., 2007),
while a consistent value of M

A

= 0.999± 0.011 GeV is obtained
in Reference (Kuzmin et al., 2008) from a fit that additionally
includes some of the early heavy target data.
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the end of this period, the neutrino QE cross section
could be accurately and consistently described by

V-A theory assuming a dipole axial-vector form factor
with M

A

= 1.026 ± 0.021 GeV (Bernard et al., 2002).
These conclusions were largely driven by experimental
measurements on deuterium, but less-precise data on
other heavier targets also contributed. More recently,
some attention has been given to re-analyzing this same
data using modern vector form factors as input. The use
of updated vector form factors slightly shifts the best-fit
axial mass values obtained from this data; however the
conclusion is still that M

A

⇠ 1.0 GeV 9.

Modern day neutrino experiments no longer include
deuterium but use complex nuclei as their neutrino
targets. As a result, nuclear e↵ects become much
more important and produce sizable modifications to
the QE di↵erential cross section from Equation 57.
With QE events forming the largest contribution to
signal samples in many neutrino oscillation experiments,
there has been renewed interest in the measurement
and modeling of QE scattering on nuclear targets. In
such situations, the nucleus is typically described in
terms of individual quasi-free nucleons that participate
in the scattering process (the so-called “impulse ap-
proximation” approach (Frullani and Mougey, 1984)).
Most neutrino experiments use a relativistic Fermi Gas
model (Smith and Moniz, 1972) when simulating their
QE scattering events, although many other independent
particle approaches have been developed in recent years
that incorporate more sophisticated treatments. These
include spectral function (Ankowski and Sobczyk, 2006;
Benhar et al., 2005; Benhar and Meloni, 2007; Juszczak
et al., 2010; Nakamura and Seki, 2002), superscal-
ing (Amaro et al., 2005), RPA (Leitner et al., 2009;
Nieves et al., 2004, 2006; Sajjad Athar et al., 2010),
and PWIA-based calculations (Butkevich, 2010). In
concert, the added nuclear e↵ects from these improved
calculations tend to reduce the predicted neutrino
QE cross section beyond the Fermi-Gas model based
predictions. These reductions are typically on the order
of 10 � 20% (Alvarez-Ruso, 2010).

Using Fermi-Gas model based simulations and ana-
lyzing higher statistics QE data on a variety of nuclear
targets, new experiments have begun to repeat the
axial-vector measurements that fueled much of the
early investigations of QE scattering. Axial mass values
ranging from 1.05 to 1.35 GeV have been recently ob-
tained (Aguilar-Arevalo et al., 2010a; Aguilar-Arevalo,
2008; Dorman, 2009; Espinal and Sanchez, 2007; Gran

9 A value of M
A

= 1.014 ± 0.014 GeV is obtained from a recent
global fit to the deuterium data in Reference (Bodek et al., 2007),
while a consistent value of M

A

= 0.999± 0.011 GeV is obtained
in Reference (Kuzmin et al., 2008) from a fit that additionally
includes some of the early heavy target data.



Nucleon form factors

LQCD FFs studied from ratios of 2- and 3-point correlators  
[Martinelli & Sachrajda1988] 
 
 
 
 
 
 
 
 
 

!

Determines ground state FF at large source/operator/sink 
separation

3 pt function 2 pt function



Isovector nucleon form factors

EM FFs studied by many groups	


Recently: almost-physical quark mass 	


Quite different at heavy masses	


Nucleon axial and PS FFs accessible with 
same techniques	


Statistical uncertainties	


Systematics: volume, temporal extent, 
lattice spacing, quark mass, Nf=2+1	


AV current not conserved: renormalisation	


Large Q2:challenging in large volumes 
[Hsu/Fleming; Renner; Cohen/Lin, Della Morte etal.; Roberts et al.]

Nucleon form factors with light Wilson quarks Jeremy Green
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Figure 2: Isovector electric and magnetic form factors, computed on the mp = 149 MeV ensemble using
the summation method (data at nearby Q2 are binned for clarity). The curves are from the fit to experiment
in Ref. [9].

On each ensemble, we compute three-point correlators using three source-sink separations that are
close to the middle three used for the high-precision study in the previous section. Because the
data are noisier than in the previous section, we use the summation method in just one way, fitting
a line to the sums for the three source-sink separations.

With these ensembles, we performed dipole fits in the range 0  Q2 < 0.5 GeV2 to determine
the Dirac and Pauli radii and the anomalous magnetic moment. Using the summation method and
extrapolating these quantities to the physical pion mass produced agreement with experiment [8],
and their values on the ensemble with mp = 149 MeV and Ls = 5.6 fm were also close to the
experimental values.

To avoid the complications involved in determining behavior at Q2 = 0, it is interesting to
compare the form factors themselves with experiment. To that end, we plot the Sachs form factors,

Gv
E(Q

2) = Fv
1 (Q

2)� Q2

2mN
Fv

2 (Q
2) (3.1)

Gv
M(Q2) = Fv

1 (Q
2)+Fv

2 (Q
2), (3.2)

from the mp = 149 MeV ensemble together with experimental curves that include experimental
uncertainties [9], in Fig. 2. The lattice data are consistent with experiment (p = 0.64 for GE and
p = 0.81 for GM), but this is only achieved with both reasonable control over excited states and
a near-physical pion mass. If either of these conditions is not satisfied, then the agreement fails;
for example, using the ratio method with T = 1.16 fm or using an ensemble with mp = 254 MeV
yields p < 10�3.

4. Controlled study of finite-volume effects

A particular subset of the ensembles used for the calculations described in the previous section
allows for a controlled study of finite-volume effects. This consists of four ensembles with mp =

254 MeV that differ only in their space and time extents: with a = 0.116 fm, these are 243 ⇥ 24,
243 ⇥ 48, 323 ⇥ 24, and 323 ⇥ 48. We look for the volume dependence of a given observable by
fitting

A+Be�mp Ls +Ce�mp Lt (4.1)
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the Dirac and Pauli radii and the anomalous magnetic moment. Using the summation method and
extrapolating these quantities to the physical pion mass produced agreement with experiment [8],
and their values on the ensemble with mp = 149 MeV and Ls = 5.6 fm were also close to the
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from the mp = 149 MeV ensemble together with experimental curves that include experimental
uncertainties [9], in Fig. 2. The lattice data are consistent with experiment (p = 0.64 for GE and
p = 0.81 for GM), but this is only achieved with both reasonable control over excited states and
a near-physical pion mass. If either of these conditions is not satisfied, then the agreement fails;
for example, using the ratio method with T = 1.16 fm or using an ensemble with mp = 254 MeV
yields p < 10�3.

4. Controlled study of finite-volume effects

A particular subset of the ensembles used for the calculations described in the previous section
allows for a controlled study of finite-volume effects. This consists of four ensembles with mp =

254 MeV that differ only in their space and time extents: with a = 0.116 fm, these are 243 ⇥ 24,
243 ⇥ 48, 323 ⇥ 24, and 323 ⇥ 48. We look for the volume dependence of a given observable by
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J. Green et al. (LHPC),, arXiv:1310.7043 
mπ=149 MeV



Isovector axial and PS form factors

N Action a [fm] m L [fm] T [fm] m T Renorm. Q Ref
ETMC	

	


2 Twisted 
Mass

0.06–0.09 
(3)

260–470 2.1–2.8 4–6 3.3–5 1.0–1.1 (2) Nonpert 0–1.5 PRD 2011

ETMC 2+1+
1

Twisted 
Mass 0.07, 0.09 210,350 2.6, 3.1 5, 6 3.3 1.0,1.2 Nonpert 0–0.7 PRD 2013

ETMC	
 2+1+
1

Twisted 
Mass 0.08 380 2.5 5.0 4.9 0.9–1.6 (9) Nonpert 0 PLB 2011

PNDME 2+1+
1

Clover 
on HISQ 0.12 220, 300 2.9,3.8 7.6 4.4, 4.6 1.0–1.4 (5) Nonpert 0, in progress 1306.5435

LHPC 2+1 Clover 0.11 320 3.6 10 6 0.7–1.6 None 0–0.7 Green 
thesis

LHPC 2+1 Clover 0.09, 0.11 150-350 2.8–5.6 2.8–5.6 3.6–5 0.9–1,4 Nonpert 0–0.7 Green 
ongoing

LHPC 2+1 DWF on 
Asqtad

0.12 300-750 2.5,3.5 7.7 3.7-9 1.1 Nonpert 0–0.6 PRD 2010

LHPC 2+1 DWF 0.08, 0.11 330-400 2.7 5.4 4–5.5 1.0, 1.2 Nonpert 0 PRD 2010

CLS/M 2 Clover 0.05–0.08 195-650 2.0–4.0 4–6 4–8 0.8–1.3 (4) Nonpert 0 PRD 2012

QCDSF 2 Clover 0.06–0.08 130–500 1.0–3.5 2.4–4.8 2.6–9 ~1.1 + Nonpert 
Improved

0 1302.2233

RBC 2+1 DWF 0.14 170, 250 4.6 9.2 3.9, 5.8 1.0, 1.3 Nonpert 0 LATT13

RBC	
 2+1 DWF 0.11 350-700 1.8,2.7 5.4 4-8 1.4 Nonpert 0-0.75 PRD 2009

CSSM 2+1 Clover 0.09 290 2.9 5.8 4.3 0.5 (var) Nonpert 0 PLB 2013

Cohen/Lin 2+1 Aniso 
Clover

0.12 450–870 2.0 4.4 4.5–8 variational Perturb 0–4.0 Latt2010

Recent unquenched studies of axial vector current form factors/axial charge with results on arXiv	

See P Hägler, Phys. Rep. 490 (2010), 49 for earlier works



Isovector axial and PS form factors
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My assessment of current calculations: which systematics are treated well and  which could be improved



Isovector axial and PS form factors
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FIG. 12: Q2-dependence of GA(Q
2) for Nf=2+1+1 at mπ =

373 MeV (filled blue squares) and the Nf=2 [3] at mπ =
298 MeV (filled red circles) twisted mass data on a lattice
with spatial length L = 2.8 fm and similar lattice spacing. We
also show results with Nf=2+1 DWF at mπ = 329 MeV, L =
2.7 fm (crosses) [5] and with a hybrid action with Nf=2+1
staggered sea and DWF at mπ = 356 MeV and L = 3.5 fm
(open orange circles) [50].

FIG. 13: The Q2-dependence of Gp(Q
2). The notation is the

same as that in Fig. 12.

parameterized both form factors by a dipole form

GE(Q
2)=

1

(1+Q2/m2
E)

2
,

GM (Q2)=
GM (0)

(1+Q2/m2
M )2

. (24)

The values of GM (0) extracted are shown in Fig. 14, as
well as, the resulting fits with the dashed lines. The over-
all trend of the lattice QCD data clearly shows that as
the pion mass decreases they approach the experimental
values. However, even at mπ = 213 MeV the value of
GM (0), which determines the isovector anomalous mag-
netic moment, is still underestimated. In Table IV we
tabulate the resulting fit parameters mE , GM (0) and
mM for the two Nf=2+1+1 ensembles extracted from

the dipole fits of Eqs. (24).

β mE (GeV) GM (0) mM (GeV)

1.95 1.17(32) 3.93(12) 1.30(08)

2.10 0.86(07) 3.86(34) 0.99(15)

TABLE IV: Results on the nucleon electric and magnetic mass
extracted by fitting to the dipole form of Eq. (24).

In Fig. 15 we show the Q2 dependence of GE(Q2) and
GM (Q2) at β = 2.10 and mπ = 213 MeV comparing it
to the smallest available pion mass of 262 MeV obtained
using Nf=2 ensembles. Once again we do not observe
any sizable effects due to the strange and charm quarks
in the sea.
It is useful to compare TMF results to those obtained

within different fermion discretization schemes. In par-
ticular, we compare in Figs. 16 and 17with results ob-
tained using Nf=2+1 DWF [4], Nf=2 Wilson improved
clover fermions [52] and using the hybrid action [50] for
a pion mass of about 300 MeV. We see a nice agree-
ment among all lattice results for GE(Q2), confirming
that cut-off effects are small for these actions. In the
case of GM (Q2) there is also an overall agreement except
in the case of the Nf=2 clover results. These results are
somewhat lower and are more in agreement with our re-
sults at mπ = 213 MeV. The reason for this is unclear
and might be due to limited statistics as these data carry
the largest errors.
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FIG. 14: Comparison of the Nf=2+1+1 twisted mass data
on GE(Q

2) (upper) and GM (Q2) (lower) for the two different
pion masses considered. The solid lines are Kelly’s parame-
terization of the experimental data [55], whereas the dashed
lines are dipole fits to the lattice QCD data.

Having fitted the electromagnetic form factors we can
extract the isovector anomalous magnetic moment and
root mean square (r.m.s.) radii. The anomalous mag-
netic moment is given by the Pauli form factor F2(0)
and the slope of F1 at Q2 = 0 determines the transverse
size of the hadron, ⟨r2⊥⟩ = −4dF1/dQ2|Q2=0. In the non-
relativistic limit the r.m.s. radius is related to the slope
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Figure 5-17: Comparison of the isovector induced pseudoscalar form factor, computed
using di↵erent methods, on the m⇡ = 149 MeV ensemble and the 323 ⇥ 48, m⇡ =
254 MeV ensemble.
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Figure 5-14: Comparison of the isovector axial form factor, computed using di↵erent
methods, on the m⇡ = 149 MeV ensemble and the 323 ⇥ 48, m⇡ = 254 MeV ensemble.
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Isovector axial mass, radius

Perform dipole fits to extract axial mass and radius	


Dipole fails to describe experiment  in vector FF case
N

f

= 2+1 Nucleon and Pion Form Factors
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Figure 4: (upper left) Nucleon isovector axial form factors using 3 pion masses at 875, 580 and 450 MeV.
The lowest gray band is the extrapolation to the physical pion mass. The dashed line is a dipole form using
M

A

= 1.03(2) GeV extending beyond the Q

2 region of the available experimental data. g

A

(upper right) and

M

N

q
r

2
A

(lower left) obtained from the same ensembles, and comparisons with previous N

f

= 2+1 results.
(lower right) Polarized distribution in a longitudinally polarized neutron.

factors G

n

E

only known to 1.5 GeV2; thus a majority of the form-factor inputs are based on extrap-
olation to larger Q

2 region. Note that the asymmetry in the distribution for a polarized nucleon
is due to the relativistic effect of boosting the magnetic moment of the baryon. This induces an
electric dipole moment that shifts the charge distribution.

2.2 Nucleon Axial Form Factors

A similar approach can be applied to nucleon axial form factors, where experiments mostly de-
rive results from neutron beta decay or pion form factors where various theoretical models predict
a wide range of possibilities for the large-Q2 region. The upper-left graph of Fig. 4 shows the pre-
liminary results for the isovector axial form factors using ensembles with 3 different pion masses.
The data are simultaneously extrapolated in pion mass and Q

2 (as were the EM form factors). The
lowest gray band is the result at physical pion mass, and the dashed line is the dipole form with best
fit to the experimental data (M

A

= 1.026(21) GeV [26]).1 The nucleon axial coupling constants are

1The M

A

value used here is obtained from a weighted average of M

A

from (quasi)elastic neutrino and antineutrino
scattering experiments only. Ref. [26] also analyzed weighted values from charged pion electroproduction experiments

8

figure from HW Lin, SD Cohen, arXiv:1104.4319 Lattice 2010



Isoscalar nucleon form factors

Isoscalar FFs more difficult: “quark-line disconnected” 
contributions 
 
 
 
 
 
 

Various techniques for stochastic estimation	


Disconnected contributions typically small	


Strange quark v/av FFs relevant for NC scattering	


Also difficult experimentally 	


Important place for lattice contributions

3 pt function 3 pt function

+



Isoscalar axial and pseudo-scalar FFs

N Action a [fm] m L [fm] T [fm] m T Renorm. Q Ref

ETMC 2+1+1 Twisted	
 0.08 370 2.6 5.2 4.8 one-end Nonpert 0, 0.2 PRD 2014

LHPC 2+1 Clower 0.11 320 3.6 10 6 multiple Not yet 0–0.7 In progress

Bali et al. 2 Clover	
 0.07 290 2.3, 2.8 4.5 3.3,4.5 0.3 Nonpert 0 PRL 
(2012)

𝝌QCD 2 overlap 
on DWF 0.11 330 2.7 7 7.2 ? ? 0 Latt 2013

Regensburg 2 Clover 0.07 440 2.3 4.5 5.3 ? Not yet 0–1 Latt 2013



Isoscalar axial and pseudo-scalar FFs

Truncated solver methods, all mode averaging appear effective	


Promising new way of stochastically sampling: “hierarchical 
probing” [Stathopoulos,Laeuchli & Orginos]	


Being used by Meinel et al.

1 10 100
NHadamard

�0.15

�0.10

�0.05

0.00

0.05

G(u)
A (Q2 = 0) (disconnected, bare)

m⇡ ⇡ 317 MeV

LHPC preliminary



Transition form factors

Resonance region	


Dominant contribution from Δ resonance  
but N*’s also important at high Eν 
 
 

Very difficult to access experimentally 
Guess from PCAC	


QCD calculations possible	


Single calculation to date [Alexandrou et al.] 	


Need to account for unstable nature of  
resonance: extract N→Nπ transition FFs

C Alexandrou et al., Phys.Rev. D83 (2011) 014501 
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FIG. 5: In plot (a) we show the Coulomb quadrupole form factor GC2(Q2) extracted from the fine DWF

lattice measurements. Along with it we provide also the result from the hybrid action approach [28]. Plot (b)

depicts the corresponding RSM evaluated in the rest frame of the � baryon. Non-zero values are confirmed,

for the lowest Q2 values accessible on the lattices. We also show results using the hybrid action taken from

Ref. [28]. Experimental results are also included using the same notation as those in Fig. 4.

IV. AXIAL N TO � TRANSITION FORM FACTORS AND THE

GOLDBERGER-TREIMAN RELATION

A. The Electro-weak and Pseudo-scalar transition matrix element

The nucleon to � matrix element of the axial vector current is parameterized in terms of four

dimensionless form factors. In the Adler parameterization [44] it is written as follows

h�(p0, s0)|A3
µ|N(p, s)i = i

r

2

3

✓

m�mN

E�(p0)EN (p)

◆1/2

ū��+

(p0, s0)

✓

CA
3 (q

2)

mN
�⌫ +

CA
4 (q

2)

m2
N

p0⌫
◆

(g�µg⇢⌫ � g�⇢gµ⌫) q
⇢ + CA

5 (q
2)g�µ +

CA
6 (q

2)

m2
N

q�qµ

�

uP (p, s) (27)

with the axial current given in Eq. (6).

The form factors CA
3 (q

2) and CA
4 (q

2) belong to the transverse part of the axial current and are

both suppressed [27] relative to the longitudinal form factors CA
5 (q

2) and CA
6 (q

2), which are the

dominant ones and are the ones considered in this work.
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FIG. 6: Plot (a) shows the Q2-dependence of the axial form factor CA
5 extracted from the coarse and fine

DWF lattices. The corresponding mixed action results [21] have also been included. The solid blue (dashed

black) line is from the dipole (exponential) fit for to the fine DWF lattice results. Note that the error band

corresponds to the dipole fit. The dotted brown line is the dipole fit to the experimental data. The ratio

CA
6 /CA

5 versus Q2 is plotted in (b). The dashed black line refers to the fine DWF lattice results and is the

pion pole dominance prediction of Eq. (36). The solid blue line is a fit to a monopole form c0/(1+Q2/m2).

describes satisfactorily the ratio yielding a heavier mass parameter m than the lattice value of

the pion mass (see Table III). Such behavior has been observed also for the hybrid and quenched

Wilson actions [21].

The lattice results for the CA
6 are plotted on Fig. 7. The curve shown (solid line) in the figure

corresponds to the form

d0 c0
(1 +Q2/m2

A)
2(1 +Q2/m2)

, (41)

where c0 and m are the parameters of the monopole term given in Eq. (36) that are expected to

describe well the CA
6 /C

A
5 ratio provided the pion pole dominance is applicable. The form described

by the expression of Eq. (41), seems to provide the best fit to the fine DWF data. On the other

hand, CA
6 is related to the CA

5 form factor through the expression

CA
6 (Q

2) = CA
5 (Q

2)
m2

N

m2
⇡ +Q2

.

The curve that corresponds to the dashed line is obtained from fitting the fine DWF data to this

Δ

π

N

ν

l

N



Parton physics

In inelastic regime, quark PDFs of nucleon  
control scattering x-sec 
 

Both CC and NC processes relevant	


Known from global analyses to sufficient(?) accuracy	


Nuclear effects may be different in νA vs. eA (MINERνA)	


LQCD typically* calculates low moments of PDFs 

Clean access to strangeness	


Useful contributions to neutrino program??

ν

ν, l

N
X
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(84)
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where E
⌫

is the incident neutrino energy, M
N

is the
nucleon mass, ⌫ = E

had

is the energy of the hadronic

system, and E
µ

, p
µ

, and cos ✓
µ

are the energy, mo-
mentum, and scattering angle of the outgoing muon
in the laboratory frame. In the case of NC scattering,
the outgoing neutrino is not reconstructed. Thus,
experimentally, all of the event information must be
inferred from the hadronic shower in that case.

Using these variables, the inclusive cross section for
DIS scattering of neutrinos and antineutrinos can then
be written as:

d2�⌫, ⌫

dx dy
=
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F

ME
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⇡ (1 + Q2/M2
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�
xF

3

(x, Q2)

#
(86)

where G
F

is again the Fermi weak coupling constant,
M

W,Z

is the mass of the W± (Z0 boson) in the case
of CC (NC) scattering, and the +(–) sign in the last
term refers to neutrino (antineutrino) interactions. In
the above expression, F

i

(x, Q2) are the dimensionless
nucleon structure functions that encompass the under-
lying structure of the target. For electron scattering,
there are two structure functions while for neutrino scat-
tering there is additionally a third structure function,
xF

3

(x, Q2), which represents the V,A interference term.

Assuming the quark parton model, in which the nu-
cleon consists of partons (quarks and gluons), F

i

(x, Q2)
can be expressed in terms of the quark composition of
the target. They depend on the target and type of scat-
tering interaction and are functions of x and Q2. In the
simplest case, the nucleon structure functions can then
be expressed as the sum of the probabilities:

F
2

(x, Q2) = 2
X

i=u,d,...

(xq(x, Q2) + xq(x, Q2)) (87)

xF
3

(x, Q2) = 2
X

i=u,d,...

(xq(x, Q2) � xq(x, Q2)) (88)

where the sum is over all quark species. The struck quark
carries a fraction, x, of the nucleon’s momentum, such
that xq (xq) is the probability of finding the quark (an-
tiquark) with a given momentum fraction. These prob-
abilities are known as parton distribution functions or
PDFs, for short. In this way, F

2

(x, Q2) measures the sum
of the quark and antiquark PDFs in the nucleon, while
xF

3

(x, Q2) measures their di↵erence and is therefore sen-
sitive to the valence quark PDFs. The third structure
function, 2xF

1

(x, Q2), is commonly related to F
2

(x, Q2)
via a longitudinal structure function, R

L

(x, Q2):

F
2

(x, Q2) =
1 + R

L

(x, Q2)

1 + 4M2x2/Q2

2xF
1

(x, Q2) (89)

where R
L

(x, Q2) is the ratio of cross sections for
scattering o↵ longitudinally and transversely polarized
exchange bosons.

Measurement of these structure functions has been
the focus of many charged lepton and neutrino DIS
experiments, which together have probed F

2

(x, Q2),
R

L

(x, Q2), and xF
3

(in the case of neutrino scattering)
over a wide range of x and Q2 values (Nakamura et al.,
2010a). Neutrino scattering is unique, however, in that
it measures the valence quark distributions through
measurement of xF

3

and the strange quark distribution
through detection of neutrino-induced dimuon produc-
tion. These provide important constraints that cannot
be obtained from either electron or muon scattering
experiments.

While Equation 86 provides a tidy picture of neutrino
DIS, additional e↵ects must be included in any realistic
description of these processes. The inclusion of lepton
masses (Albright and Jarlskog, 1975; Kretzer and Reno,
2002), higher order QCD processes (Dobrescu and Ellis,
2004; McFarland and Moch, 2003; Moch and Vermaseren,
2000), nuclear e↵ects, radiative corrections (Arbuzov
et al., 2005; Bardin and Dokuchaeva, 1986; De Rujula
et al., 1979; Diener et al., 2004; Sirlin and Marciano,
1981), target mass e↵ects (Schienbein et al., 2008),
heavy quark production (Barnett, 1976; Georgi and
Politzer, 1976; Gottschalk, 1981), and non-perturbative
higher twist e↵ects (Buras, 1980) further modify the
scattering kinematics and cross sections. In general,
these contributions are typically well-known and do not
add large uncertainties to the predicted cross sections.

Having completed a very brief description of DIS,
let us next turn to some of the experimental measure-
ments. Table XIV lists the most recent experiments
that have probed such high energy neutrino scattering.

�N |q̄�{µ1Dµ2 . . . Dµn}q|N�



Nuclear effects

Targets are nuclei (C, Fe, Ar,  Pb, CHx, H2O)  
so how relevant are nucleon FFs, PDFs?	


EMC effect	


Quenching of gA in GT transitions	


Estimated ~10% effects on oscillation parameters [C Mariani, INT]	


Experimental investigations: MINERνA	


QCD calculations of few nucleon observables input for EFT-
based few-body methods

Δ

π

N

ν

l



Gamow-Teller : axial charge in nuclei

Gamow-Teller transitions in nuclei 
are a stark example of problems	


Well measured	


Best nuclear structure calculations 
are systematically off by 20–30%	


Large range of nuclei 
(30<A<60) where spectrum is 
well described	


QRPA, shell-model,...	


Correct for it by “quenching” 
axial charge in nuclei ...
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FIG. 1. Comparison of the experimental matrix ele-
ments R(GT ) with the theoretical calculations based on
the “free-nucleon” Gamow-Teller operator. Each transi-
tion is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.
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FIG. 2. Comparison of the experimental values of
the sums T (GT ) with the correspondig theoretical value
based on the “free-nucleon” Gamow-Teller operator.
Each sum is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.

TABLE I. Experimental and theoretical M(GT ) matrix elements. The experimental data have been taken from [19]. Iβ + Iϵ

are the branching ratios . All other quantities explained in the text.

Process 2Jπ
n , 2T π

n Q Iβ + Iϵ log ft M(GT ) W
(MeV) (%) Exp. Th.

41Sc(β+)41Ca 7−, 1 6.496 99.963(3) 3.461(7) 2.999 4.083 6.172
42Sc∗(β+)42Ca 12+, 2 3.851 100 4.17(2) 2.497 3.389 11.127
42Ti(β+)42Sc 2+, 0 6.392 55(14) 3.17(12) 2.038 2.736 3.086
43Sc(β+)43Ca 7−, 3 2.221 77.5(7) 5.03(2) 0.677 0.764 6.172

5−, 3 1.848 22.5(7) 4.97(3) 0.726 0.878
44Sc(β+)44Ca 4+

1 , 4 2.497 98.95(4) 5.30(2) 0.392 0.741 6.901
4+
2 , 4 0.998 1.04(4) 5.15(3) 0.466 0.205

4+
3 , 4 0.353 0.010(2) 6.27(8) 0.128 0.295

44Sc∗(β+)44Ca 12+, 4 0.640 1.20(7) 5.88(3) 0.324 0.276 11.127
45Ca(β−)45Sc 7−, 3 0.258 99.9981 5.983(1) 0.226 0.079 13.802
45Ti(β+)45Sc 7−, 3 2.066 99.685(17) 4.591(2) 1.123 1.551 6.172

5−, 3 1.342 0.154(12) 6.24(4) 0.168 0.280
7−, 3 0.654 0.090(10) 5.81(5) 0.276 0.397
9−, 3 0.400 0.054(5) 5.60(4) 0.351 0.712

45V(β+)45Ti 7−, 1 7.133 95.7(15) 3.64(2) 1.801 2.208 6.172
5−, 1 7.093 4.3(15) 5.0(2) 0.701 0.428

46Sc(β−)46Ti 8+, 2 0.357 99.9964(7) 6.200(3) 0.187 0.277 13.093
47Ca(β−)47Sc 7−, 5 1.992 19(10) 8.5(3) 0.012 0.262 16.331

5−, 5 0.695 81(10) 6.04(6) 0.212 0.235
47Sc(β−)47Ti 5−, 3 0.600 31.6(6) 6.10(1) 0.198 0.235 13.802

7−, 3 0.441 68.4(6) 5.28(1) 0.508 0.611

3

[Martinez-Pinedo et al., Phys. Rev. C53, 2602 (1996)]
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The effective gA in the pf-shell

G. Mart́ınez-Pinedo∗ and A. Poves†

Departamento de F́ısica Teórica C-XI,
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We have calculated the Gamow-Teller matrix elements of
64 decays of nuclei in the mass range A = 41–50. In all the
cases the valence space of the full pf -shell is used. Agreement
with the experimental results demands the introduction of an
average quenching factor, q = 0.744 ± 0.015, slightly smaller
but statistically compatible with the sd-shell value, thus indi-
cating that the present number is close to the limit for large
A.

PACS number(s): 21.10.Pc, 25.40.Kv, 27.40.+z

The observed Gamow Teller strength appears to be
systematically smaller than what is theoretically ex-
pected on the basis of the model independent “3(N−Z)”
sum rule. Much work has been devoted to the subject
in the last fifteen years [1–4]. The heart of the problem
can be summed up by defining the reduced transition
probability as

B(GT ) =

(

gA

gV

)2

⟨στ ⟩2, ⟨στ ⟩ =
⟨f ||

∑

k σ
k
t
k
±||i⟩√

2Ji + 1
,

(1)

and asking: Is the observed quenching due to a renormal-
ization of the gA coupling constant —originating in non
nucleonic effects— or is it the στ operator that should
be renormalized because of nuclear correlations?

The analysis of some pf -shell nuclei for which very
precise data are available and full 0h̄ω calculations are
possible, strongly suggests that most of the theoretically
expected strength has been observed [5,6] . The quench-
ing factor necessary to bring into agreement the calcu-
lated and measured values is directly related to the am-
plitude of the 0h̄ω model space components in the exact
wave functions. This normalization factor can also be
obtained from (d, p) or (e, e′p) reactions and reflects the

∗gabriel@nuc2.ft.uam.es
†poves@nucphys1.ft.uam.es
‡caurier@crnhp4.in2p3.fr
§zuker@crnhp4.in2p3.fr

reduction in the discontinuity at the Fermi surface in a
normal system. As such, it is a fundamental quantity,
whose evolution with mass number is of interest.

In principle there are two ways of extracting it from
Gamow Teller processes. One is to equate it to the frac-
tion of strength seen in the resonance region in (p, n)
reactions. The alternative is to calculate lifetimes for in-
dividual β decays and show that they correspond to the
experimental values within a constant factor. The latter
procedure is more precise, but demands high quality shell
model calculations that until recently were available only
up to A = 40 [7–9].

Our aim is to extend these analyses to the lower part of
the pf shell. Full 0h̄ω diagonalizations are done using the
antoine code [10] with the effective interaction KB3, a
minimally monopole modified version [11] of the original
Kuo Brown matrix elements [12]. We refer to [13] for
details of the shell model work.

Following ref. [14] we define quenching as follows: for
beta decays populating well-defined isolated states in the
daughter nucleus, the square root of the ratio of the ex-
perimental measured rate to the calculated rate in a full
0h̄ω calculation is called the quenching factor. An av-
erage quenching factor, q, implies an average over many
transitions, and may be incorporated into an effective
axial vector coupling constant:

q =
gA,eff

gA
, (2)

where gA is the free-nucleon value of −1.2599(25) [14].
Following ref. [7] we define

M(GT ) = [(2Ji + 1)B(GT )]1/2 , (3)

so as to have quantities independent of the direction of
the transition. Note here that our reduced matrix ele-
ments follow Racah’s convention [15]. In table I we list
the M(GT ) values and compare them with the exper-
imental results. The table contain all the transitions
known experimentally. We also include the quantum
numbers of the final states, the Q-values, the branch-
ing ratios and the experimental log ft values from which
the B(GT ) values were obtained using

1

T (GT ) ⇠
sX

f

h� · ⌧ ii!f

Points correspond to different nuclei



Nuclei in QCD (A=2,3,4)
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Nuclear matrix elements

Calculations of matrix elements of currents in light nuclei just 
beginning	


For deeply bound nuclei, use the same techniques as for single 
hadron matrix elements 
 
 
 
 
 
 
 
 

For near threshold states, need to be careful with volume effects

Σ
permutations

3 pt function 2 pt function



Matrix elements: philosophy

Power counting of nuclear effective field theory:	


1-body currents are dominant	


2-body currents are sub-leading but non-negligable 
and higher-body currents are even less important	


Determine one body contributions from single nucleon	


Determine few-body contributions from A=2,3,4... 	


Match EFT and many body methods to LQCD to  extend to 
larger nuclei



Nuclear matrix elements

Axial coupling to NN system	


pp fusion: “Calibrate the sun” 	


Muon capture: MuSun @ PSI	


d ν → n n e+ : SNO 	


Twist-2 operators: eg EMC effect 
 

Proof of principle (moments of pion  
PDF in pion gas) [WD, HW Lin 1112.5682]

p

p

e+

ν

d

pp→de+ν

�N,Z|q̄�{µ1Dµ2 . . . Dµn}q|N,Z�



Outlook

Lattice efforts have potential to impact ν energy determinations	


Outlook for future calculations	


Connected FFs at 3% circa 2017 [USQCD whitepaper]	


Disconnected contributions including strangeness: generally 
small, so overall 3% only needs ~20% on these - feasible	


Large momentum FFs (> GeV) difficult in large volumes  
but less precision needed. Ideas exist, need testing	


Transition FFs: tools exist for Δ, but developments necessary 
for higher states above Nππ inelastic threshold	


2-, 3- body matrix elements to constrain nuclear effects

Level of uncertainty
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