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Confinement: m, not a physical observable —— —0
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Renormalization and scheme dependent object

In general running mass (RG evolution)
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and running
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osition of pole of
EFOPagatorP Mpole = Mlshort—distance + om

does not suffer . 1S o ton g

from O(Aqcep) n=1
gﬁ@m@%@% ambiguity Contains renormalon
>

om defines the scheme infinitely many schemes !!!
and running

Some schemes better than others... best choice: process dependent

Short-distance masses in general

NTQ . . A2QCD
MS scheme have an ambiguity ~ O( e )
Short-distance scheme top 05-1 MeV
Standard mass for comparison 7, (77, bottom 20 -50 MeV

charm 60 - 150 MeV

And free from renormalon ambiguities _
provably better in MS scheme
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Charm mass determinations

Comparison of different methods
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Bottom mass determinations

Comparison of ditferent methods
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accurate results Borel determination (heavy to light)
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sensitive to the heavy quark mass




QCD sum rules

Total hadronic cross section Moments of the cross section

~ o(ete” — hadrons) B
R(s) = P P # M, —/m2 1 R(s)

Whole fit range

_I T T T I T I

* Some smearing is necessary for
perturbation theory to have any
chance to describe data

* We also need to design the
observable to be maximally
sensitive to the heavy quark mass




QCD sum rules

Total hadronic cross section Moments of the cross section
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* Some smearing is necessary for
perturbation theory to have any
chance to describe data

* We also need to design the
observable to be maximally
sensitive to the heavy quark mass




QCD sum rules

Total hadronic cross section Moments of the cross section
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* Some smearing is necessary for
perturbation theory to have any
chance to describe data

* We also need to design the
observable to be maximally
sensitive to the heavy quark mass




QCD sum rules

Total hadronic cross section Moments of the cross section
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QCD sum rules

Total hadronic cross section Moments of the cross section
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QCD sum rules

Total hadronic cross section Moments of the cross section
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Methods in perturbation theory

One can use four different expansion methods, equivalent in
perturbation theory, to test the convergence of the series expansion

All perturbative methods should give similar results when determining
the charm and bottom mass (within theoretical uncertainties)

We use different renormalization scales for a; (denoted by (i« )
and m, (denoted by /i )
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Solve analytically for mass, always has a solution
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Status of computations

Moments [Kiihn et al]
* For n = |, 2, 3 the C))° coefficients are known at O(a?) g“’“g”]eza’ et dl]
turm
* For n > 4, C>" are known in a semi-analytic approach (Pade)  maier et af
* The rest of C*’can be deduced by RGE evolution [Hoang,VM, Zebarjad]
CGo Ceo Ceo [Greynat et al]
2.0 -2 a s L
W TOETY T s T
o 51____11_1_1___1_ 6 ;I____l_{_I_i__I_ 7l 2 _{_}_i__}_
. CCO=-424+1.17 8 F CGO=_500=+1.67 9 CG0 =_528 +2.04
-8.0 -10 ¢ -11




Moments

« For n = [, 2, 3 the C) coefficients are known at O(a?)
* For n > 4, C2Y are known in a semi-analytic approach (Padé)
* The rest of C%’can be deduced by RGE evolution

(30
(j% )

CGo Ccev
2.0 27
WU TEVTTT T
y ;_I_I___Il_I_I___I_ 6 ;-_I_I___lj_I_i__I_
- - v =424+1.17 $ L con=500z1.67
-8.0 ¢ 10 |

R-ratio for a massive pair of quarks

* Analytically known up to O(ay)

Status of computations

[Kiihn et al]

[Boughezal et al]
[Sturm]

[Maier et al]
[Hoang,VM, Zebarjad|]

[Greynat et al]

CG» =.528 £ 2.04

[Hoang,VM, Zebarjad]
[Greynat et al]

» Known high-energy and threshold limits up to O(a?)

» Semi-analytic approach (Padé) up to O(a?)
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Charm mass determinations

From QCD sum rules
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Charm mass determinations

From QCD sum rules

Type of sum rule
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relativistic sum rules give the
most precise determinations

standard QCD sum rules



Charm mass determinations

Type of sum rule

From QCD sum rules
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NRQCD sum rules



Charm mass determinations

Type of sum rule

From QCD sum rules
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only HPQCD has attempted
this kind of analysis

QCD sum rules with lattice
Input

standard QCD sum rules

NRQCD sum rules



Charm mass determinations

Type of sum rule

From QCD sum rules
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QCD sum rules with lattice
Input

other types of sum rules

standard QCD sum rules

NRQCD sum rules



Charm mass determinations

Perturbative input

From QCD sum rules
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Charm mass determinations

Perturbative input

much smaller uncertainties
From QCD sum rules
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Charm mass determinations

Experimental data used

From QCD sum rules

m,(m.) [GeV]
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expected large uncertainties,
since narrow resonances are the
most important piece

old values for narrow
resonances parameters



Charm mass determinations

From QCD sum rules
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Experimental data used

smaller uncertainties

old values for narrow
resonances parameters

most up to date values



Experimental data: charm

J /W Y(25)
M (GeV)  3.096916(11) 3.686093(34)
Narrow resonances _
T.. (keV) 5.55(14) 2.48(6
(a/a(M))?  0.957785 0.95554
Experimental data
Moments budget apres _ 97 Dee
i i = - Narrow resonances " a,(ﬂ[)ZﬂIQn—}—l
i i B 7.25-10.54 GeV .
¥ i ¥ i 10.54 GeV — Infinity NarrOW-WIdth
approximation
2 4 6 8 10

E(GeV)



Charm mass determinations

Experimental data used

From QCD sum rules

m,(m.) [GeV]

| | | | | | | | | | I | | | | | |
1 ——i Chakraborty et al. '14
2 ——t McNeile et al.'10
3 —c— Allison et al. '08
4 ’ ' Narison : 2
[ — 10
5 P :
Bodenstein et al. '10
6 o .
Hoang & Jamin '04
7 Bodensteinetal.'ll
8 —— Chetyrkin et al.'09
9 ———— Kuhn et al. '07
10 —e—— Boughezal et al. '06
11 ° Signer et al. '09
12 o= = === == == [Jehnadietal.'l3
13 ® * Dehnadietal.'l5 [V]
14 ° Dehnadi et al. '15 [P]
[ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1
1.200 1.225 1250 1.275 1300 1.325 1.350

possible bias + underestimate of
experimental uncertainties

Only BES data + pQCD
instead of experimental info
for the rest of the spectrum



Experimental data: charm

Data used in Kuhn et al (2004, 05) and Bodenstein et al

Experimental data

| F Use perturbation theory
i ‘ SM® =031 ‘ right from here!

Even though there is
data available...

30% of the first

moment!
g Finite energy sum-rule?
T A .
E(GeV) Underest!mates erro_rs!
(they assing only naive
theory error)




Charm mass determinations

Experimental data used

From QCD sum rules

m,(m.) [GeV]

| | | | | | | | | | I | | | | | |
1 ——i Chakraborty et al. '14
2 ——t McNeile et al.'10
3 —c— Allison et al. '08
4 ’ ' Narison : 2
[ — 10
5 P :
Bodenstein et al. '10
6 o .
Hoang & Jamin '04
7 Bodensteinetal.'ll
8 —— Chetyrkin et al.'09
9 ———— Kuhn et al. '07
10 —e—— Boughezal et al. '06
11 ° Signer et al. '09
12 o = =——g== == == [Jehnadietal.'l3
13 ® * Dehnadi etal.'l5 [V]
14 ° Dehnadi et al. '15 [P]
[ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1
1.200 1.225 1250 1.275 1300 1.325 1.350

minimal dependence on
assumptions

Only BES data + pQCD
instead of experimental info
for the rest of the spectrum

use all available data



Experimental data: charm

« Only where there is no data

Perturbation theory » Assign a conservative 10% error
to reduce model dependence

Experimental data

1 [ -
| ¥ | " I I ] [ ]
I [ [ [ |
| | L L II I T
- | |
; Tl I [ ]
| | | ] { o
' o v il il ol b B - R i §
| It h 1 S j
| | ; ]
i i "| S | 4
li - L

E(GeV)

[Dehnadi, Hoang,VM & Zebarjad ‘1 5] [Dehnadi, Hoang, & VM ‘1 5]



Charm mass determinations

From QCD sum rules

] ] ] I ] ] ]
Chakraborty et al. '14

m,(m.) [GeV]

a =

2 —o0— McNeile et al. '10

3 —o— Allison et al. '08

4 . Narison :1(2)

: Bode:nstein etal.'l0

° Hoang & Jamin 'Oéi

7 T Bodenstein et al. '11

8 ——t Chetyrkin et al. '09

9 e Kuhn et al. '07

10 —e—— Boughezal et al. '06

11 o Signer et al. '09

12 I— =— —e=— =— = Dechnadietal.'l3

13 * Dehnadietal.'l5 [V]

14 ° Dehnadi et al. '15 [P]
1200 1225 1250 1275 1300 1325 1330

Type of QCD current

good convergence

vector correlator



Charm mass determinations

From QCD sum rules

m,(m.) [GeV]

ll | —C— Chakrz;b(l)rty letlall. '14

2 ——t McNeile et al. '10

3 e — Allison et al. '08

4 . Narison :1 0

: Bode:nstein etal.'l0

° Hoang & Jamin 'Oéi

7 e Bodenstein et al. '11

8 ——t Chetyrkin et al. '09

9 e — Kuhn et al. '07

10 —e—— Boughezal et al. '06

11 o Signer et al. '09

12 I = —g=—— == =—a Dechnadietal.'l3

13 * Dehnadietal.'l5 [V]

14 o Dehnadi et al. '15 [P]
1200 1225 1250 1275 1300 1325 1350

Type of QCD current

not so good convergence

pseudoscalar correlator

vector correlator



Convergence test

Cauchy root convergence test: S[a] = Z an, Voo = limsup(ay)'/™

n—oo

> 1 divergent
V., = — 17 inconclusive
<1 convergent



Convergence test

Cauchy root convergence test: S[a] = Z A Ve = lim Sup(an)l/ "
n n— 00
> 1 divergent
Ve =< =17 inconclusive
<1 convergent
1
(an)r Sla],
1.00] e I —
| 1.60F e
0.95F e __ | .
oool . | 155
080y ' y 40, ____________________ ?1..:
0 10 20 30 40 50 70 10 20 30 40 50
N
n

We do not known so many terms in QCD... need to adapt the test !



Convergence test  [Detnadi Hoang &VM"I5]

For each pear (im, ita) we define

mc(mc) — m(O) —+ 5m(1) —+ 5m(2) -+ 5m(3)

from the mass extractions at O(a'"*?) and define the convergence parameter

V. = max {5771(1) (5m(2) )1/2) (5m(3) )1/3}

m(0) 7\ m(0) m(0)



Convergence test  [Dehnad; Hoang, & VM ‘I5]

For each pear (im, ita) we define

mc(mc) — m(O) —+ 5m(1) —+ 5m(2) -+ 5m(3)

(8),1,2,3)

from the mass extractions at O(« and define the convergence parameter

V. = max {5m(1) (5m(2) )1/27 (5m(3) )1/3}

m0) 7\ m(0) m(0)

It is convenient to plot histograms, and see if there is a peaked structure

Charm, vector correlator, MY Charm, Pseudoscalar correlator, Mf

A B | S B A V7 |
17.5F .. — fixed order - r — fixed order ==
: — linearized : 25F — linearized
15.05— —iterative ' - — iterative
12.5F o — contour improved - 20F — contour improved
10.0F Lo E ;
o [
e =
N ;lLs e
0.2 0.3 04
Ve

Smaller value of V. means better convergence.



Convergence test  [Detnadi Hoang &VM"I5]

For each pear (im, ita) we define

mc(mc) — m(O) —+ 5m(1) —+ 5m(2) -+ 5m(3)

(8),1,2,3)

from the mass extractions at O(« and define the convergence parameter

Oom) sm@\1/2  §m3)\1/3
%:mwhwn(m@)’(mm)]

It is convenient to plot histograms, and see if there is a peaked structure

m.(m,) [GeV] from MY m.(m,) [GeV] from le

1.35F 7. . 1.35F T T :
1.30F ; 1.30F .. ]

: .o‘, {{{} {}{{ : : 't { :
1.25F | ) 125F .11 114 ]
1.20 - o fixed order e iterative - 1.20 - -‘ ¢ R T -

: e linearized e contour improved ! Z e fixed order e hnei‘med q
115 _ a.(my) = 0.1184 _ 1.15 _ ;S(lrgil)ra:tlaﬁmo contour improve _
{ 105 M (Me) < fm, Ho =4 GeV + cuton V. E | 105 mc(M¢) < Um, Mo <4 GeV + cuton V.

' 1 2 3 ' 1 2 3
02" O(at)

For our final analysis we discard series with V. > (V) (3% of series only)



Charm mass determinations

Estimate of perturbative uncertainties

inconsistent results for

From QCD sum rules

different methods and orders

correlated scale variation

2GeV < g = iy, < 4GeV

N

2GeV < o <4GeV
Hm — mC(mC)

| | | | | | | | | | I | | | | | |
1 —C— Chakraborty et al. '14
2 ——t McNeile et al.'10
3 —c— Allison et al. '08
4 ’ ' Narison : 2
[ — 10
5 P :
¢ Beoedensteinet al. '10
[ o
< - Hoang & Jamin -
7 Bodensteinetal.'ll
8 [ —
o O —
10 ——e—— Boughezal et a
11 ° Signer et al. '09
12 o= = === == == [Jehnadietal.'l3
13 ® * Dehnadietal.'l5 [V]
14 ° « Dehnadietal.'l5 [P]
[ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1
1.200 1.225 1250 1.275 1300 1.325 1.350

m,(m.) [GeV]



1.36}
1.34f
1.32
130}
128

1.26}

- ag(myz) =0.1184
= Uy, < 4GeV

2GeV < g

Fixed Order
Linearized
Iterative

Contour Improved

15 20 25 30 35 40

Hm

Exploration of scale variation
[Dehnadi, Hoang, & VM ‘1 5]

|t moment m.@.) [GeV]

correlated variation

2GeV < o = ty, < 4GeV

Charm mass scale is excluded

from the scale variation

Iterative mc (mc) [:um ) ,ua]

4.0p
3.5F
3.0F

Ho 2.5F

20F

1285 7]

1.0é ..... = 4

10 15 20 25 30 35 40
Hm




Charm mass determinations

Estimate of perturbative uncertainties

provides consistent results, reflects

From QCD sum rules

actual series convergence

correlated scale variation

2GeV < g = iy, < 4GeV

uncorrelated scale variation
Me(Me) < fhas im < 4GeV

m,(m.) [GeV]

| | | | | | | | | | I | | | | | |
1 —C— Chakraborty et al. '14
2 ——t McNeile et al.'10
3 —c— Allison et al. '08
4 ’ ' Narison : 2
[ — 10
5 P :
Bodenstein et al. '10
6 o .
Hoang & Jamin '04
7 Bodensteinetal.'ll
8 ——t Chetyrkin et al. '09
9 ———— Kuhn et al. '07
10 —e—— Boughezal et al. '06
11 ° Signer et al. '09
12 o = =——g== == == [Jehnadietal.'l3
13 ® * Dehnadi etal.'l5 [V]
14 ° Dehnadi et al. '15 [P]
[ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1
1.200 1.225 1250 1.275 1300 1.325 1.350



1.35]
1.30f
1.25F
1.20f
1.15
110k

Exploration of scale variation

[Dehnadi, Hoang, & VM ‘1 5]
m.(m.) [GeV] from M{

o a

e fixed order e iterative

e linearized e contour improved :

as(myz) = 0.1184

m.(M.) < Uy, Mo <4 GeV + cuton V.
| | |

1 2 3
O(ay)

our approach
Me(Me) < o, b < 4GeV

Charm mass scale should not be
excluded in the perturbative
extraction of the charm mass

Our default is iterative method

We implement a cut on badly convergent series (mild effect on error)

conclusions: independent variation of scales down to m.(m.)
so that using different expansions does not matter




Bottom mass from
sum rules



Bottom mass determinations

From QCD sum rules
L P L — _ T r T
1 — HPQCD 15
'"10
2 q) Narison '12
3 bo Narison '10
4 —— m — Bordes et al. '03
5 B |
GL) Corcella et al. '03
6 Bodensteinetal.'l12
7 - (>3 Chetyrkin et. al. '09
8 - « Boughezal et al. '06
9 b -U Kuhn et. al. '07
10 L  —— Erler et al. '03
11 O — Beneke et al.'l5
12 ; Penin et al. '14
Hoang et al. '12
13 —_— ‘
14 — Dehnadi et at '15
I 1 1 1 1 I lllllllll I 1 1 1 1 I 1 1 1
4.10 4.15 4.20 4.25 4.30

my(my) [GeV]
[Dehnadi, Hoang, & VM ‘1 5]



Bottom mass determinations

From QCD sum rules
r - 1. rr*rr "1 1+ 1" |'15' T
1 HPQCD , -
2 e~ Narison '12
3 ——t Narison '10
4 ® Bordes et al. '03
5 & = ]
Corcella et al. '03
6 — Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
9 . —— Kuhn et. al. '07
10 ° 2 Erler et al. '03
11 S Beneke et al.'l5
12 P Penin et al.'l14
13 : . Hoang?y etal.'l2
14 T —— Dehnadi et at '15
T N A T R T I VR

my(my) [GeV]
[Dehnadi, Hoang, & VM ‘1 5]



Bottom mass determinations

mp,(mp) [GeV]

From QCD sum rules
r - 1. rr*rr "1 1+ 1" |'15' T
1 HPQCD , -
2 e~ Narison '12
3 ——t Narison '10
4 . Bordes et al. '03
5 ¢ c 1
Corcella et al. '03
6 — Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
9 - — Kuhn et. al. '07
10 ° Erler et al. '03
11 S Beneke et al. '15
12 P Penin et al.'l14
13 Hoang?y etal.'l2
14 S —— Dehnadi et at '15
TN T R Y, LI VR

Type of sum rule

relativistic sum rules give the
most precise determinations

standard QCD sum rules



From QCD sum rules

Bottom mass determinations

mp,(mp) [GeV]

| | | | |'15' T

1 HPQCD , -

2 e~ Narison '12

3 ——t Narison '10

4 ® Bordes et al. '03

5 ¢ c |

Corcella et al. '03

6 — Bodenstein et al. '12

7 —— Chetyrkin et. al. '09

8 ° « Boughezal et al. '06

9 - — Kuhn et. al. '07

10 ° Erler et al. '03

11 — i Beneke et al. '15

12 P Penin et al. '14

13 Hoang?r etal.'l2

14 S —— Dehnadi et at '15
TN T R Y, LI VR

Type of sum rule

standard QCD sum rules

NRQCD sum rules



Bottom mass determinations

Type of sum rule

uses NRQCD lattice action,

From QCD sum rules but relativistic pQCD for
L g ' A lHPiO(; '?5) ' large-n moments
2 —— Narison '12
3 ——t Narison '10
4 ° ' Bordes et al. '03
5 S y
Corcella et al. '03
6 e Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
| _ I Kuhn et al. 07 standard QCD sum rules
10 ° ' Erler et al. '03
11 S Beneke et al. '15
12 ——s Penin ctal. 114 NRQCD sum rules
13 : . Hoang_;,y etal.'l2
14 ——— Dehnadi et at '15
T TR N R B & LI I R

mp,(mp) [GeV]



Bottom mass determinations

Type of sum rule

uses VNRQCD to sum up

. From QCDSUI’H rules Coulomb and log singularities

I | I I I 15' 1
1 HPQCD |
Q "10
2 o Narison '12
3 —0— Narison '10
4 & Bordes et al. '03
5 B o |
Corcella et al.'03
6 e Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
4 _ I Kubhn o al.'07 standard QCD sum rules
10 ® ' Erler et al. '03
11 —_— Beneke et al.'l5
12 —— Penin et al. '14 NRQCD sum rU|eS
Hoang et al.
13 T C |
14 e — Dehnadi et at '15
I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Bottom mass determinations

Type of sum rule

use NRQCD to sum up only

. From QCDSUI’H rules Coulomb singularities

I I I I I 15' 1
1 HPQCD |
Q "10
2 o Narison '12
3 —0— Narison '10
4 & Bordes et al. '03
5 B o |
Corcella et al.'03
6 Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ’ ° « Boughezal et al. '06
4 _ I Kubhn o al.'07 standard QCD sum rules
10 C ® ' Erler et al. '03
11 —_—— Beneke et al.
12 Penin et al. '14 NRQCD sum rU|eS
Hoang et al. '12
13 & @ o]
14 e — Dehnadi et at '15
I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Bottom mass determinations

Type of sum rule

incomplete perturbative

From QCD sum rules information, misses
L e 'HP'Q(;D':S "] resummation in the continuum
2 . Narison 12 contribution and has a very
3 —— Narison '10 optimistic theory error estimate
4 o Bordes et al. '03
5 B ® |

Corcella et al. '03
6 e Bodensteinetal.'l12
7 —— Chetyrkin et. al. '09
8 ’ ° « Boughezal et al. '06
| _ I Kuhn et al. 07 standard QCD sum rules
10 ® Erler et al. '03
11 e —— e— Beneke et al. '15
12 T Penin et al. 12> NRQCD sum rules
13 : ] Hoang?y etal.'l2
14 e —— Dehnadi et at '15
7T B L ) R, TSI T/ R

mp,(mp) [GeV]



Bottom mass determinations

Type of sum rule

theoretically less sound
From QCD sum rules

| | | | | 15' T
1 HPQCD |
Q '10

2 —— Narison '12

: — e LD other types of sum rules

4 ° g Bordes et al. '03

5 C o |

Corcella et al. '03

6 Bodenstein et al. '12

7 —— Chetyrkin et. al. '09

8 ° « Boughezal et al. '06

4 _ I Kubhn o al.'07 standard QCD sum rules

10 . ‘ Erler et al. '03

11 e —— —— Beneke et al. '15

12 —— Penin et al. '14 NRQCD sum rU|eS

Hoang et al. '12

13 C C 1

14 ——C—— Dehnadi et at '15

I '] '] '] '] I '] '] '] '] I '] '] '] '] I '] '] '] '] I '] '] ']
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Bottom mass determinations

Type of sum rule

only HPQCD has attempted

From QCD sum rules this kind of analysis

r -+ 1 """ '™ T 1T " T T T ] 1T 11

! HPQCD , > QCD sum rules with lattice input
2 —— Narison '12

: — e LD other types of sum rules
+ ° g Bordes et al. '03

5 L @ |

Corcella et al. '03

6 — Bodenstein et al. '12

7 —— Chetyrkin et. al. '09

8 ° « Boughezal et al. '06

4 _ I Kubhn o al.'07 standard QCD sum rules
10 e 1 Erler et al. '03

11 T Beneke et al. '15

12 —— Penin et al. '14 NRQCD sum rU|eS

Hoang et al. '12

13 C C 4

14 ——C—— Dehnadi et at '15

[ Irerere—— U i I S
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Bottom mass determinations

Perturbative input

From QCD sum rules
r- .1 rr [ r+rr1 r~rr 11 111
1 HPQCD , 2 expected large uncertainties
2 e~ Narison '12
3 ——t Narison '10
4 ® Bordes et al. '03
sH - : O(a?) input
Corcella et al. '03
6 — Bodensteinet al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
9 . —— Kuhn et. al. '07
10 ° g Erler et al. '03
11 S Beneke et al. '15
12 —— Penin et al. '14
13 : . Hoang?y etal.'l2
14 T —— Dehnadi et at '15
T N A T R T I VR

mp,(mp) [GeV]



Bottom mass determinations

Perturbative input

expected large uncertainties

O(a?) input

\

too precise !?!?

no scale variation, only narrow

mp,(mp) [GeV]

From QCD sum rules
r--~r 1 rrr*r [ r+rr1 1111 |'15' 1
1 HPQCD , -
2 =0 Narison '12
3 —— Narison '10
4 ® Bordes et al. '03
5 ¢ c 1
Corcella et al. '03
6 — Bodensteinet al. '12
7 —— Chetyrkin et. al. '09
8 ’ ° « Boughezal et al. '06
9 . —— Kuhn et. al. '07
10 < o Erleret@
11 — i W
12 —— Penin et al. '14
13 : . Hoang_;,y etal.'l2
14 T —— Dehnadi et at '15
T N A T R T I VR

resonances included + theory
model for the rest



Bottom mass determinations

Experimental data used

much smaller uncertainties

From QCD sum rules

| | | T
I HPQCD }(5)
3\ .
2 et Narison '12 O(Oés) InPUt
3 ———t Narison '10
4 = ' Bordes et al. '03 5
B - : O(a?) input
Corcella et al. '03 ( S ) P
6 Bodenstein et al. '12
7 ——t Chetyrkin et. al. '09
8 o + Boughezal et al.'06 430 my,(my,) [GeV] from M;’
9 —— Kuhn et. al.'07 ; I [Dehnadi, Hoang, & VM ‘1 5]
10 o ' Erler et al. '03 4.25 3 1 E
11 —e gt Beneke et al. '15 420F 114 -
12 —— Penin et al. '14 415k {{}* (323 1
H tal.'l2 : ¢ :
13 = Oang: o 4 10k | | efixed order eiterative :
” Dehnadi et at '15 I ¢ elincarized econtour 1mpr0ved .
I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 [ 1 I [ 1 [ 1 [ 1 4.05 .- a,S(mZ) 0 1184 -.
4.10 4.15 420 4.25 4.30 ; g Mp(Mp) < fm, fo < 15 GeV + cuton V. 3
my, (M) [GeV] 400 1 > 3

o(a%)
R e SRS



Bottom mass determinations

Experimental data used

mp,(mp) [GeV]

From QCD sum rules
r - 1. rr*rr "1 1+ 1" |'15' T
1 HPQCD , -
2 e~ Narison '12
3 ——t Narison '10
4 ® Bordes et al. '03
5 ¢ c 1
Corcella et al. '03
6 — Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
9 - — Kuhn et. al. '07
10 ° Erler et al. '03
11 S Beneke et al. '15
12 P Penin et al.'l14
13 Hoang_:,y etal.'l2
14 T —— Dehnadi et at '15
T N A T R T I VR

expected large uncertainties

old values for narrow resonances
parameters and threshold region



Bottom mass determinations

Strong impact on experimental uncertainties

From QCD sum rules

: —— .
| pacp 13 smaller uncertainties
2 —— Narison '12
3 ———t Narison '10
4 o Bordes et al. '03
5 C o 4]
Corcella et al. '03
6 e Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
, old values for narrow resonances
9 e Kuhn et. al.'07 )
0 . : Erler ot al. 03 parameters and threshold region
11 L —— — Beneke et al. '15
2 —— Penin et al.'14 most up to date values +
Hoa tal.'12
13 : . et BABAR data
14 S — Dehnadi et at '15
| T T WA TN N THNN TN TR T NN TN TR TN SA NN SHN TR T N R T T
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Bottom mass determinations

Treatment of continuum

From QCD sum rules underestimate the error

T N T due to modeling

1 HPQCD , o

2 —— Narison '12

3 ——t Narison '10

4 o Bordes et al. '03

5 C o |

Corcella et al. '03

6 e Bodenstein et al. '12

7 — Chetyrkinet.al 09| use pQCD with perturbative
i ' ° + Boughezaletal. 06| = ncertainties to model region
9 S — Kuhn et. al.'07 .

with no data

10 ® ' Erler et al. '03

11 e — — Beneke et al. '15

12 —— Penin et al. '14

13 : . Hoang_;,r etal.'l2

14 ———— Dehnadi et at '15

L v o b
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Bottom mass determinations

Treatment of continuum

From QCD sum rules

1 HPQCD :}(5) more I"ea|IStIC uncertainties
2 —— Narison '12
3 ——t Narison '10
4 o Bordes et al. '03
5 C o |
Corcella et al. '03
6 e Bodenstein et al. '12
7 —— Chetyrkinet.al.'09 | use pQCD with perturbative
5 ' ° + Boughezaletal. 06|y ncertainties to model region
9 S — Kuhn et. al.'07 Wlth no data
10 ® ' Erler et al. '03
11 e —— — Beneke et al. '15
12 —— Penin et al. '14
Hoang et al. '12 ;
13 : o : use pQCD with 4%
M systematic uncertainty
4.10 4.15 4.20 4.25 4.30

mp,(mp) [GeV]



Experimental data: bottom

Narrow resonances

Experimental data
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Experimental data: bottom

Babar data

Experimental data

20t | | |
oo | | ‘i

!

o | | ‘l
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0.5 | ; )
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Experimental data: bottom

Perturbation theory

Experimental data

20} : , 1

L3 i -

Reb 1 oL 1 vas) | Y(2S) Y3S) Il Yds)

i ﬁ Perturbative QCD

O.S-i i i |:|| I

00L . | . . . . | . . | . - I_--f-ﬂl’/ | = . . .
9.5 10.0 10.5 11.0
E(GeV)

Aren’t we comparing theory to theory!?
63% of the first moment

o : :
4% error gives a huge uncertainty to from region without data !
the first moment !!



High energy region
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SRR L L e L L L L L L L L L Rb
O.SL*BABARISRincluded pQCD ) L L
I - 050k ! ISR—corrected BABAR data —— pQCD
- BABAR ISR—corrected - C Rebinned BABAR data ]
- #} } o 0.40F S| ]
04'_ ﬁ{jfﬁﬂ iﬁﬂ { % w*ﬁ%ﬁ 0355— ‘ 1 ] - T ® o fo b L1 [ —E
0.2_ # )’1 éﬂ@ J _ E L I | E
: ‘g - 0.25F E
0Ll i R O2OE| l l l l l l L,
06107 108 109 10 T 12 113 1106 11.08 11.10 11.12 11.14 11.16 11.18 11.20

E (GeV)

E (GeV)

Discrepancy: (rebinned) data vs theory: 4%

» Conservative continuum model: Rrodel — Riheory 4 49

* Size of systematic error in rebinned data




High energy region contribution

Situation is less dramatic for
higher moments

For n > 2 we find issues with
perturbation theory

Therefore we use the 2d
moments as our default

High-energy region contributes
“only” 39% of total error if 4%
error assigned to theory

n=| n=2
n=3 n=4

New experimental data in high-energy region: dramatic impact to precision!



Bottom mass determinations

Type of QCD current

17SF T T T T ! L :
75 ' . — fixed order ]
15.0F — linearized -

- — iterative :

mp,(mp) [GeV]

From QCD sum rules
rrr-»r 1 rrr+r [+ "+ 1111 |'15'
1 HPQCD , -
2 =0 Narison '12
3 ——i Narison '10
4 ® Bordes et al. '03
5 ¢ c 1
Corcella et al. '03
6 — Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
9 - — Kuhn et. al. '07
10 ° Erler et al. '03
11 — i Beneke et al. '15
12 P Penin et al. '14
13 . Hoang: etal.'12
14 S —— Dehnadi et at '15
F0 A 40 an i3

good convergence

vector correlator

Bottom, vector correlator, My

12.5F | 3

g e — contour improved
100E l 3
50k

2.5E

t

{ ¢

0.3 0.4

BEIXE]
i 1
??
. K
=g fl—*




Bottom mass determinations

Type of QCD current

From QCD sum rules

I | | |
'15

1 HPQCD , -
2 =0 Narison '12
3 ——i Narison '10
4 . Bordes et al. '03
5 = g
Corcella et al. '03
6 — Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ° « Boughezal et al. '06
9 . —— Kuhn et. al. '07
10 ° Erler et al. '03
11 — i Beneke et al. '15
12 @t Penin et al. '14
13 : . Hoan% etal.'12
14 ——— Dehnadi et at '15
T T R N TR B & LI I

mp,(mp) [GeV]

not so good convergence

pseudoscalar correlator

vector correlator



Bottom mass determinations

Estimate of perturbative uncertainties

From QCD sum rules

inconsistent results for
different methods and orders

| | |  r
'15

correlated scale variation
5GeV < g = Uy < 15GeV

\ 5GeV < g <15GeV

m = M (mb)

I
1 HPQCD
Q '"10
2 P Narison '12
3 —— Narison '10
4 5 o Bordes et al. '03
Corcella et al.!
6 —— A .
Bodenstein et al. '12
7 —— Chetyrkin et. al. '09
8 ' ° ughezal et al. '06
9 L Kuhnsg, al. '07
10 < . : Erler et al.
W,
11 \ Beneke et al. 'l
12 e N\ Peninetal 72>
13 : Hoang et al. '12
14 I— —] Debygadi et at '15
I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 I 1 1
4.10 4.15 4.20 4.25

my (M) [GeV]
Lo

— Mm = mb(mb)



Exploration of scale variation

2" moment m,(7,) [GeV]

4.26F - >
: Fixed Order :
4.241 Linearized -
- Iterative i
4.221 Contour Improved ™
4.20F as(my) =0.1184 2
4.18F
4.16}
4.14F
4.0 - =TT
3.5k
3.0F
Mo 2.5F
2.0F
15_ ) 1.286 1.288 _
I 1.28 / 1
1.0. m. PR DT T T T T l-.
: 1.5 20 25 30 35 40

o

correlated
5GeV < gy = ty, < 15GeV

Iterative
4_0._, T T T T Ty
L 1.28
3.5:— ]
1.29 '
1.285
1.285':
1.28 1.29
) 20 25 30 35 40
Mm



Bottom mass determinations

Estimate of perturbative uncertainties

provides consistent results, reflects

From QCD sum rules actual series convergence

r-r-r*r 1 " "1 " """ T """ 1 "'

1 '15

HPQCD,

2 e Narison '12

3 ——t Narison '10

4 ® Bordes et al. '03

5" : PR correlated scale variation

6 O : .

Bodenstein et al. '12
< — <

7 —— Chetyrkin et. al. '09 5 GeV = Ha Hm = 15 GeV
8 ° « Boughezal et al. '06

9 —_—— Kuhn et. al. '07

10 o : Erler et al. '03

11 — i Beneke et al. '15

12 P Penin et al. '14

13 : . Hoang?y etal.'l2

L e uncorrelated scale variation
4.10 4.15 4.20 4.25 4.30 mb(mb) S Ly s S 15 GeV

mp,(mp) [GeV]



Exploration of scale variation

[Dehnadi, Hoang, & VM ‘1 5]
my(my) [GeV] from My

{{{{ $843

e f1xed order eiterative

as(mz) = 0.1184

~ | elinearized econtour improved:

mp(Mp) < Uy, Uy < 15 GeV + cuton V.

1 2 3
O(a’)

our approach
my(Mp) < fhay Um < 15 GeV

bottom mass scale should not be
excluded in the perturbative
extraction of the charm mass

Our default is iterative method

We implement a cut on badly convergent series (mild effect on error)

conclusions: independent variation of scales down to m;(my)
so that using different expansions does not matter




Conclusions



Conclusions & Qubtlook

o Sum rules Fravid@. the most accurake extractions

of the charm and bottom masses

o Double scale variakion appears to provide best

uncertainty estimate (charm, bottom, pseudo)
o Pseudo-scalar correlator has worse converqgence
® Comparisons with lattice, i‘,myar&av\& cross checlke

o Rottom: 29 moment smaller experimem&ai. error



