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Theoretical remarks

Confinement:       not a physical observable mq

Parameter in QCD Lagrangian              formal definition (as for     )↵s

LQCD =
1

4
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µ⌫G
µ⌫
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X
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Confinement:       not a physical observable mq

Parameter in QCD Lagrangian              formal definition (as for     )↵s

LQCD =
1

4
Ga

µ⌫G
µ⌫
a +

X

f

q̄f (D/�mf )qf

Renormalization and scheme dependent object

In general running mass         (RG evolution)
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Theoretical remarks

m
pole

= m
short�distance

+ �mposition of pole of 
propagator

does not suffer 
from    
ambiguity

O(⇤QCD)

infinitely many schemes !!!

Some schemes better than others… best choice: process dependent

schemeMS

• Short-distance scheme
• Standard mass for comparison
• And free from renormalon ambiguities

mq(mq)

Short-distance masses in general 

have an ambiguity ~ O
✓
⇤2
QCD

mq

◆

top           0.5 - 1    MeV
bottom     20  - 50   MeV
charm       60  - 150 MeV

�m defines the scheme 
and running

provably better in schemeMS

�m = µ
X

n=1

↵n+1
s 2n�n

0 n!

Contains renormalon



Recent charm and bottom 
mass determinations



Comparison of different methods

Charm mass determinations

1.15 1.20 1.25 1.30 1.35
mc!mc" #GeV$

Dehnadi et al. '15

Alhekin et al. '13

Laschka et al. '11

Hoang et al. '06

ALPHA '14

1.282 ! 0.024

1.24 !

1.28 ! 0.070.06

0.042
0.076

1.224 ! 0.057

1.274 ! 0.036

w
or

ld
 a

ve
ra

ge
relativistic sum rules, 
vector correlator

Charmonium spectrum

“traditional lattice”

DIS

Inclusive B decays

Relativist sum rules from the vector correlator give 
the most accurate results



Comparison of different methods

relativistic sum rules, 
vector correlator

Charmonium spectrum

“traditional lattice”

DIS

Relativist sum rules from the vector correlator give 
the most accurate results

Charm mass determinations

Inclusive B decays

1.15 1.20 1.25 1.30 1.35
mc!mc" #GeV$

Dehnadi et al. '15

Alhekin et al. '13

Laschka et al. '11

Hoang et al. '06

ALPHA '14

1.282 ! 0.024

1.24 !

1.28 ! 0.070.06

0.042
0.076

1.224 ! 0.057

1.274 ! 0.036



Bottom mass determinations

4.05 4.10 4.15 4.20 4.25 4.30
mb!mb" #GeV$

Dehnadi et al. '15

Ayala et al. '14

Lucha et al. '13

Dimopolous et al. '13

4.19 ! 0.40

4.29 ! 0.14

4.247 ! 0.034

4.201 ! 0.043

4.168 ! 0.023

DELPHI '08

relativistic sum rules

Borel sum rules

Jets

“traditional lattice”

spectrum⌥

Relativist sum rules give the most 
accurate results

There seems to be a tension with 
Borel determination (heavy to light)
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Bottom mass determinations

Comparison of different methods

4.05 4.10 4.15 4.20 4.25 4.30
mb!mb" #GeV$

Dehnadi et al. '15

Ayala et al. '14

Lucha et al. '13

Dimopolous et al. '13

4.19 ! 0.40

4.29 ! 0.14

4.247 ! 0.034

4.201 ! 0.043

4.168 ! 0.023

DELPHI '08

relativistic sum rules

Borel sum rules

Jets

“traditional lattice”

spectrum⌥

Relativist sum rules give the most 
accurate results

There seems to be a tension with 
Borel determination (heavy to light)



Sum rules: 
Theoretical framework



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Total hadronic cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q

Piotr Pietrulewicz ( University of Vienna ) Variable flavor number schemes (VFNS) in QCD Wien, 05.06.2014 5 / 34
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Mn =

Z 1

4m2

ds

sn+1
R(s)

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q

Piotr Pietrulewicz ( University of Vienna ) Variable flavor number schemes (VFNS) in QCD Wien, 05.06.2014 5 / 34

Total hadronic cross section Moments of the cross section
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QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

z =
s

4m2

change of variables

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Total hadronic cross section Moments of the cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production
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Z
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one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass
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Methods in perturbation theory

One can use four different expansion methods, equivalent in 
perturbation theory, to test the convergence of the series expansion

↵s µ↵

All perturbative methods should give similar results when determining 
the charm and bottom mass (within theoretical uncertainties)
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We use different renormalization scales for      (denoted by     ) 
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Status of computations
• For n = 1, 2, 3 the        coefficients are known at
• For n > 4,         are known in a semi-analytic approach (Padé)
• The rest of       can be deduced by RGE evolution

C0,0
n O(↵3

s)

Ca,b
n

C0,0
n

Moments

15

FIG. 4: Results from the reconstructed Π(3) function for the coefficients C(30)
3,4,5,6,7 that arise in the expansion around z = 0, for

the coefficients H(3)
0,1 that occur in the non-logarithmic terms in the high-energy expansion |z| → ∞ and for the constant K(3)

that appears in the expansion at threshold around z = 1. The dashed blue lines represent the envelope of all results obtained
from the reconstructed Π(3) functions. The individual error bars represent the range of vales obtained from the reconstructed
Π(3) functions using one particular Padé approximant Pm,n. The various types of Padé approximants that have been used are
indicated in the upper left panel; the same order is used for all other panels. All results are for nf = nℓ +1 = 4 running flavors
relevant for charm production.

a particularly large error and can merely serve as a rough constraint on its true values. Concerning the precision in
the determinations of K(3), we believe that a substantial improvement can be achieved once the full set of NNNLO

terms ∝
√

1 − z in the expansion for R at the threshold and the exact values for C̄(30)
k with k ≥ 3 become available.

nf = 4 nf = 5

C̄(30)
1 −5.6404 −7.7624

C̄(30)
2 −3.4937 −2.6438

C̄(30)
3 −3.279 ± 0.573 −1.457 ± 0.579

C̄(30)
4 −4.238 ± 1.171 −1.935 ± 1.201

C̄(30)
5 −4.996 ± 1.666 −2.507 ± 1.732

C̄(30)
6 −5.280 ± 2.045 −2.809 ± 2.150

C̄(30)
7 −5.151 ± 2.321 −2.847 ± 2.467

H(3)
0 −6.122 ± 0.054 −4.989 ± 0.053

H(3)
1 −3.885 ± 0.417 −3.180 ± 0.405

K(3) −10.09 ± 11.00 −5.97 ± 10.09

TABLE IV: Summary of the results for the coefficients C(30)
3,4,5,6,7, H(3)

0,1 and K(3) obtained from the reconstructed Π(3) function

for nf = nℓ + 1 = 4 and nf = nℓ + 1 = 5. The coefficients C(30)
1,2 are known exactly and shown for completeness.

One of the most important applications of the coefficients C̄(30)
n is the determination of the MS charm and bottom

quark masses from moments Mn of the charm and bottom quark e+e− cross section. For small values of n one way to
compute the moments is using fixed-order perturbation theory as shown in Eq. (10). Using the results from Tab. IV
we find for the fixed-order moments at O(α3

s) for charm quarks (nf = 4)

M3 = (0.1348± 0.0044± 0.0005)× 10−2 ,

M4 = (0.153 ± 0.032± 0.002)× 10−3 ,

M5 = (0.199 ± 0.084± 0.008)× 10−4

M6 = (0.084 ± 0.144± 0.036)× 10−5 . (33)

[Kühn et al]
[Boughezal et al]
[Sturm]
[Maier et al]
[Hoang, VM, Zebarjad]
[Greynat et al]
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the determinations of K(3), we believe that a substantial improvement can be achieved once the full set of NNNLO

terms ∝
√

1 − z in the expansion for R at the threshold and the exact values for C̄(30)
k with k ≥ 3 become available.

nf = 4 nf = 5

C̄(30)
1 −5.6404 −7.7624

C̄(30)
2 −3.4937 −2.6438

C̄(30)
3 −3.279 ± 0.573 −1.457 ± 0.579

C̄(30)
4 −4.238 ± 1.171 −1.935 ± 1.201

C̄(30)
5 −4.996 ± 1.666 −2.507 ± 1.732

C̄(30)
6 −5.280 ± 2.045 −2.809 ± 2.150

C̄(30)
7 −5.151 ± 2.321 −2.847 ± 2.467

H(3)
0 −6.122 ± 0.054 −4.989 ± 0.053

H(3)
1 −3.885 ± 0.417 −3.180 ± 0.405

K(3) −10.09 ± 11.00 −5.97 ± 10.09

TABLE IV: Summary of the results for the coefficients C(30)
3,4,5,6,7, H(3)

0,1 and K(3) obtained from the reconstructed Π(3) function

for nf = nℓ + 1 = 4 and nf = nℓ + 1 = 5. The coefficients C(30)
1,2 are known exactly and shown for completeness.

One of the most important applications of the coefficients C̄(30)
n is the determination of the MS charm and bottom

quark masses from moments Mn of the charm and bottom quark e+e− cross section. For small values of n one way to
compute the moments is using fixed-order perturbation theory as shown in Eq. (10). Using the results from Tab. IV
we find for the fixed-order moments at O(α3

s) for charm quarks (nf = 4)

M3 = (0.1348± 0.0044± 0.0005)× 10−2 ,

M4 = (0.153 ± 0.032± 0.002)× 10−3 ,

M5 = (0.199 ± 0.084± 0.008)× 10−4

M6 = (0.084 ± 0.144± 0.036)× 10−5 . (33)

• For n = 1, 2, 3 the        coefficients are known at
• For n > 4,         are known in a semi-analytic approach (Padé)
• The rest of       can be deduced by RGE evolution

C0,0
n

Ca,b
n

C0,0
n

O(↵3
s)
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FIG. 3: Results for 12πvIm[Π(2)(q2 + i0)] as a function of v for nf = 4. The red bands represent the uncertainties. In the
left panel the results are based on the reconstructed Π(2) function incorporating the coefficients in the small-z expansion up
to order z2 (approximation C) and in the right panel the coefficients up to order z6 are accounted for. The dotted and dashed
black lines show the expansions in the threshold and the high-energy region up to NNLO. See the text for more details.

is the area covered by all solutions for Π(2) that pass the criteria discussed in Sec. VI. For method (i) to account
the Coulomb singularity we found solutions based on the Padé approximants [9,0], [8,1], [7,2], [6,3], [5,4], [3,6], [1,8],
and for method (ii) we found solutions based on the Padé approximants [8,0], [7,1], [6,2], [5,3], [4,4], [3,5], [1,7]. The
width of the band is already smaller than the width of the solid lines used to draw the boundaries of the band. For
v = (0.2, 0.4, 0.6, 0.8) the relative uncertainty is ±(0.09, 0.4, 2.0, 2.5)% and thus negligible for all conceivable practical
applications. The approximation formulae for the O(α2

sC
2
F ) and O(α2

sCACF ) contributions given in Ref. [8, 20] (using
Eqs. (65) and (66) of Ref. [8]) together with the analytically known fermionic corrections agree within 1-2% with our
result. We thus confirm the results for the cross section given in Refs. [8, 20].

VIII. ANALYSIS FOR THE VACUUM POLARIZATION AT O(α3
s)

For the reconstruction of Π(3) we use all available information from the expansions in the threshold region, Eqs. (15),

the high-energy region, Eqs. (17) and around z = 0 in Eqs. (22). For the construction of Π(3)
reg we account for the

first two coefficients in the expansion around z = 0, the non-logarithmic term ∝
√

1 − z in the threshold limit and
the two constraints from the absence of terms ∼ 1/z3/2 and ∼ 1/z5/2 for |z| → ∞. This amounts to 6 constraints

on the Padé approximants for method (i), where the Coulomb singularity ∝ 1/(1− z) is accounted for in Π(3)
reg, and 5

constraints on the Padé approximants for method (ii), where this Coulomb singularity is accounted for in Π(3)
log. Thus

we have n + m = 5 for the Padé approximants Pm,n for method (i) and n + m = 4 for the Padé approximants Pm,n

for method (ii).

In Fig. 4 the results for the coefficients C̄(30)
k for k = 3, 4, 5, 6, 7, the high-energy constants H(3)

0,1 and the threshold

constant K(3) are displayed for nf = nℓ + 1 = 4 relevant for charm quark production. The different labels [m, n]

which have been added to the upper left panel for C̄(30)
3 refer to the Padé approximant used for the respective Π(3)

reg

function and their order is representative for all panels. The error bars represent the range of values covered by the
variations of the modification factors as described in Sec. IV, and the blue dashed lines indicate the range covered
by all individual results. We adopt this range as the uncertainty in our determination of these coefficients, and the
results are summarized together with the corresponding results for nf = nℓ +1 = 5 in Tab. IV. For the determination

of the high-energy coefficients H(3)
0 and H(3)

1 we find uncertainties of about 1% and 10%, respectively. This compares

well with the corresponding results for H(2)
0 and H(2)

1 we have obtained at O(α2
s) for approximation C, see Fig. 1 and

Tab. III. For the coefficients C̄(30)
k with k ≥ 3 we find somewhat larger relative uncertainties than in for the C̄(20)

k in
approximation C. This is, however, not unexpected since the cancellations that arise when the pole mass results for
these coefficients are transferred to the MS mass scheme are substantially larger at O(α3

s). The result for K(3) has

16

FIG. 5: Result for 12πvIm[Π(3)(q2 + i0)] as a function of v for nf = 4 using the currently available information for the
reconstruction of Π(3).The red band represent the uncertainty. The dotted and dashed black lines show the expansions in the
threshold and the high-energy region up to next-to-next-to-leading order. See the text for details.

Here we used mc(mc) = 1.27 GeV for the MS charm mass and α
(nf=4)
s (1.27 GeV) = 0.387637 for the strong coupling as

the input and four-loop renormalization group evolution. The first error arises from the variation of the renormalization

scale between 1.27 and 3.81 GeV and the second error is due to the uncertainties in the O(α3
s) coefficients C(30)

k shown

in Tab. IV. For bottom quarks (nf = 5) with mb(mb) = 4.17 GeV and α
(nf =5)
s (4.17 GeV) = 0.224778 as the input

we find

M3 =(2.350 ± 0.017 ± 0.002)× 10−7 ,

M4 =(2.167 ± 0.045 ± 0.005)× 10−9 ,

M5 =(2.126 ± 0.091 ± 0.011)× 10−11 ,

M6 =(2.160 ± 0.148 ± 0.022)× 10−13 . (34)

The first error arises from the variation of the renormalization scale between 2.085 and 8.34 GeV and the second error
is due to uncertainties in the O(α3

s) coefficients C(30)
k shown in Tab. IV. The results show that that the uncertainties

in M3,4,5 caused by the errors in the coefficients C(30)
3,4,5 we have obtained in this work are an order of magnitude smaller

than the overall uncertainties of the moments at O(α3
s) due to variations of the renormalization scale. For physically

relevant values of n they can be safely neglected.
Finally, let us analyze the O(α3

s) corrections to the e+e− cross section obtained from the Π(3). In Fig. 5 we have
plotted the function 12πvIm[Π(3)(q2 + i0)] for nf = 4 relevant for charm quark production in the pole mass scheme as
a function of the quark velocity v =

√

1 − 1/z. As for the analysis in Fig. 3 we have included the factor v to suppress
the Coulomb singularity. The function still diverges logarithmically for v → 0 because the O(α3

s) cross section has a
singularity ∼ ln(v)/v in the nonrelativistic limit. The red shaded band is the area covered by all solutions for Π(3)

that pass the criteria discussed in Sec. VI and represents the uncertainty. The relative uncertainty is about 10% at
v = 0.2 and 0.8 and should be acceptable for most applications where O(α3

s) accuracy is required. For comparison
we have also displayed the expansions in the threshold region for v → 0 (dotted lines) at NLO (short line) and at
NNLO (long line). Likewise the expansions in the high-energy limit for v → 1 (dashed lines) are shown, where the
short line refers to order 1/z0, the medium-length line to order 1/z and the longest lines to order 1/z2. We strongly
emphasize the importance of incorporating the NNLO contributions in the expansion close to the threshold and the
1/z2 terms at high energies for achieving our result. Once more information from the different kinematic regions
becomes available, the uncertainties can be further reduced substantially.

[Hoang, VM, Zebarjad]
[Greynat et al]O(↵s)

O(↵3
s)

O(↵3
s)
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Charm mass determinations

From QCD sum rules

! " # $

standard QCD sum rules

relativistic sum rules give the 
most precise determinations

Type of sum rule



Charm mass determinations

standard QCD sum rules

NRQCD sum rules

From QCD sum rules

! " # $

perturbative NRQCD not 
applicable to charmonium

Type of sum rule



Charm mass determinations

standard QCD sum rules

NRQCD sum rules

QCD sum rules with lattice 
input

From QCD sum rules

! " # $

only HPQCD has attempted 
this kind of analysis

Type of sum rule



Charm mass determinations

standard QCD sum rules

NRQCD sum rules

other types of sum rules

From QCD sum rules

! " # $

QCD sum rules with lattice 
input

theoretically less sound

Type of sum rule
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Charm mass determinations

inputO(↵2
s)

inputO(↵3
s)

From QCD sum rules

! " # $

much smaller uncertainties

Perturbative input

1 2 31.10

1.15

1.20

1.25

1.30

1.35

O!Αsk"

mc!mc" #GeV$ from"1
V

fixed order
linearized

iterative
contour improved

Αs!mZ " # 0.1184
mc!mc" $ Μm, ΜΑ $ 4 GeV & cut on Vc

[Dehnadi, Hoang, & VM ‘15]



Charm mass determinations

old values for narrow 
resonances parameters

From QCD sum rules

! " # $

expected large uncertainties, 
since narrow resonances are the 

most important piece

Experimental data used



Charm mass determinations

old values for narrow 
resonances parameters

most up to date values

From QCD sum rules

! " # $

smaller uncertainties

Experimental data used



Experimental data: charm
Narrow resonancesNarrow resonances

Narrow-width

approximation

Moments budget
Narrow resonances

3.73 – 4.8 GeV

4.8 – 7.25 GeV

7.25 – 10.54 GeV

10.54 GeV – Infinity

0.5%

0.3%

0.03%

0.04%

0.002%



Charm mass determinations

Only BES data + pQCD 
instead of experimental info 
for the rest of the spectrum

From QCD sum rules

! " # $

possible bias + underestimate of 
experimental uncertainties

Experimental data used



Data used in KData used in Küühn et al (2004, 2005, ...)hn et al (2004, 2005, ...)

Use perturbation theory 
right from here!

Even though there is 
data available...

30% of the first 
moment!

Experimental data: charm

exp
1 0.31MG  

Finite energy sum-rule?

Underestimates errors! 
(they assing only naive 
theory error)

Data used in Kuhn et al (2004, 05) and Bodenstein et al

70%

30%



Charm mass determinations

Only BES data + pQCD 
instead of experimental info 
for the rest of the spectrum

From QCD sum rules

! " # $

minimal dependence on 
assumptions

Experimental data used

use all available data



Perturbation theoryPerturbation theory
• Only where there is no data

• Assign a conservative 10% error 
to reduce model dependence

M1 Æ 6% 

Mn>1 Æ < 1%

Experimental data: charm

94%
6%

[Dehnadi, Hoang, VM & Zebarjad ‘15] [Dehnadi, Hoang, & VM ‘15]
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good convergence
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Type of QCD current
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Convergence test

Cauchy root convergence test: S[a] =
X

n

an V1 ⌘ lim sup
n!1

(an)
1/n

0 10 20 30 40 50
0.80

0.85

0.90

0.95

1.00

n

(an)
1
n

0 10 20 30 40 50
1.40
1.45
1.50
1.55
1.60
1.65

n

S[a]n

an =
1

n2 an =
1

n2

V1 =

8
<

:

> 1 divergent

= 1

+
inconclusive

 1 convergent

We do not known so many terms in QCD… need to adapt the test !



Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pear             we define(µm, µ↵)

Vc = max


�m(1)

m(0)
,
⇣�m(2)

m(0)

⌘1/2
,
⇣�m(3)

m(0)

⌘1/3 �
from the mass extractions at and define the convergence parameterO(↵0,1,2,3

s )
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Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pear             we define(µm, µ↵)

Vc = max


�m(1)

m(0)
,
⇣�m(2)

m(0)

⌘1/2
,
⇣�m(3)

m(0)

⌘1/3 �
from the mass extractions at and define the convergence parameterO(↵0,1,2,3

s )

It is convenient to plot histograms, and see if there is a peaked structure

0 0.1 0.2 0.3 0.40

5

10

15

20

25

30

Vc

Charm, Pseudoscalar correlator,!1
P

contour improved
iterative

fixed order
linearized

Vc

!
V

[Dehnadi, Hoang, & VM ‘15]

Smaller value of  Vc means better convergence.



Convergence test

mc(mc) = m(0) + �m(1) + �m(2) + �m(3)

For each pear             we define(µm, µ↵)

Vc = max


�m(1)

m(0)
,
⇣�m(2)

m(0)

⌘1/2
,
⇣�m(3)

m(0)

⌘1/3 �
from the mass extractions at and define the convergence parameterO(↵0,1,2,3

s )

It is convenient to plot histograms, and see if there is a peaked structure

For our final analysis we discard series with                  (3% of series only)Vc � hVci

[Dehnadi, Hoang, & VM ‘15]
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mc!mc" # Μm, ΜΑ # 4 GeV % cut on Vc
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fixed order
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Αs!mZ " # 0.1184
mc!mc" $ Μm, ΜΑ $ 4 GeV & cut on Vc



Charm mass determinations

From QCD sum rules

! " # $

Estimate of perturbative uncertainties

correlated scale variation

inconsistent results for 
different methods and orders

2GeV  µ↵ = µm  4GeV

2GeV  µ↵  4GeV
µm = mc(mc)



1 2 3

1.26

1.28

1.30

1.32

1.34

1.36

OHasi L

mcHmcL @GeVD
Fixed Order
Linearized
Iterative
Contour Improved

2GeV  µ↵ = µm  4GeV

correlated variation1st moment

1.28

1.28

1.284

1.284

1.286

1.286 1.288

1.288

1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Μm

ΜΑ

Fixed order
1.275

1.28

1.28

1.285

1.285

1.29

1.29

1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Μm

ΜΑ

Iterative

1.28 1.29

Exploration of scale variation

Charm mass scale is excluded 
from the scale variation

2GeV  µ↵ = µm  4GeV

↵s(mZ) = 0.1184

[Dehnadi, Hoang, & VM ‘15]

mc(mc)[µm, µ↵]

mc(mc)[µm, µ↵]



Charm mass determinations

From QCD sum rules

! " # $

Estimate of perturbative uncertainties

provides consistent results, reflects 
actual series convergence

correlated scale variation

uncorrelated scale variation
mc(mc)  µ↵, µm  4GeV

2GeV  µ↵ = µm  4GeV



Exploration of scale variation

our approach

Charm mass scale should not be 
excluded in the perturbative 
extraction of the charm mass

Our default is iterative method

conclusions: independent variation of scales down to mc(mc)

so that using different expansions does not matter

1 2 31.10

1.15

1.20

1.25

1.30

1.35

O!Αsk"

mc!mc" #GeV$ from"1
V

fixed order
linearized

iterative
contour improved

Αs!mZ " # 0.1184
mc!mc" $ Μm, ΜΑ $ 4 GeV & cut on Vc

We implement a cut on badly convergent series (mild effect on error)

mc(mc)  µ↵, µm  4GeV

[Dehnadi, Hoang, & VM ‘15]
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Bottom mass determinations

From QCD sum rules
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standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

relativistic sum rules give the 
most precise determinations

Type of sum rule



NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

Type of sum rule



NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

uses NRQCD lattice action, 
but relativistic pQCD for 

large-n moments

Type of sum rule



NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

uses vNRQCD to sum up 
Coulomb and log singularities

Type of sum rule



NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

use NRQCD to sum up only 
Coulomb singularities

Type of sum rule



NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

Type of sum rule

incomplete perturbative 
information, misses 

resummation in the continuum 
contribution and has a very 

optimistic theory error estimate



other types of sum rules

NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules

! " # $

theoretically less sound

Type of sum rule



other types of sum rules

NRQCD sum rules

standard QCD sum rules

Bottom mass determinations

From QCD sum rules
QCD sum rules with lattice input

Type of sum rule

! " # $

only HPQCD has attempted 
this kind of analysis
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Bottom mass determinations

From QCD sum rules

inputO(↵2
s)

Perturbative input

! " # $

expected large uncertainties

too precise !?!?

no scale variation, only narrow 
resonances included + theory 

model for the rest



inputO(↵3
s)

Bottom mass determinations

From QCD sum rules

inputO(↵2
s)

! " # $

much smaller uncertainties

Experimental data used

1 2 34.00

4.05

4.10

4.15

4.20

4.25

4.30

O!Αsk"

mb!mb" #GeV$ from"2
V

fixed order
linearized

iterative
contour improved

Αs!mZ " # 0.1184
mb!mb" $ Μm, ΜΑ $ 15 GeV & cut on Vc

[Dehnadi, Hoang, & VM ‘15]



Bottom mass determinations

From QCD sum rules

old values for narrow resonances 
parameters and threshold region

Experimental data used

! " # $

expected large uncertainties



most up to date values +  
BABAR data

Bottom mass determinations

From QCD sum rules

Strong impact on experimental uncertainties

! " # $

old values for narrow resonances 
parameters and threshold region

smaller uncertainties



Bottom mass determinations

From QCD sum rules

Treatment of continuum

! " # $

underestimate the error 
due to modeling

use pQCD with perturbative 
uncertainties to model region 

with no data



Bottom mass determinations

From QCD sum rules

Treatment of continuum

! " # $

more realistic uncertainties

use pQCD with perturbative 
uncertainties to model region 

with no data

use pQCD with 4% 
systematic uncertainty



Narrow resonancesNarrow resonances

Experimental data: bottom



Babar dataBabar data

Experimental data: bottom



65% of the first moment 
for bottom sum rules !!

Perturbative QCD

Aren’t we comparing theory to theory?

10% error gives a huge error to the 
total moment

Perturbation theoryPerturbation theory

Experimental data: bottom

Aren’t we comparing theory to theory?
4% error gives a huge uncertainty to 
the first moment !!

63%

37%

63% of the first moment 
from region without data !
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E HGeVL

BABAR ISR-corrected

BABAR ISR included pQCD

High energy region

Discrepancy: (rebinned) data vs theory: 4%

• Conservative continuum model:
• Size of systematic error in rebinned data

Rmodel

b = Rtheory

b ± 4%

!

! "

Rb



High energy region contribution

63%

37%

40%

60%

26%

74%

17%

83%

Situation is less dramatic for 
higher moments

For n > 2 we find issues with 
perturbation theory

Therefore we use the 2nd 
moments as our default

High-energy region contributes 
“only” 39% of total error if 4% 
error assigned to theory

n = 1 n = 2

n = 3 n = 4

New experimental data in high-energy region: dramatic impact to precision!



Bottom mass determinations

From QCD sum rules

vector correlator

Type of QCD current

! " # $

good convergence

!
V

Vc



Bottom mass determinations

From QCD sum rules

! " # $

pseudoscalar correlator

not so good convergence

Type of QCD current

vector correlator



Bottom mass determinations

From QCD sum rules

! " # $

correlated scale variation

inconsistent results for 
different methods and orders

Estimate of perturbative uncertainties

µm = mb(mb)
5GeV  µ↵  15GeV

5GeV  µ↵ = µm  15GeV

µ↵ = µm = mb(mb)



1 2 3
4.14

4.16

4.18

4.20

4.22

4.24

4.26

OHasi L

mbHmbL @GeVD

correlated
5GeV  µ↵ = µm  15GeV

2nd moment

1 2 3

1.26

1.28

1.30

1.32

1.34

1.36

OHasi L

mcHmcL @GeVD
Fixed Order
Linearized
Iterative
Contour Improved

1.28

1.28

1.284

1.284

1.286

1.286 1.288

1.288

1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Μm

ΜΑ

Fixed order

1.275

1.28

1.28

1.285

1.285

1.29

1.29

1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Μm

ΜΑ

Iterative

1.28 1.29

↵s(mZ) = 0.1184

Exploration of scale variation

mb(mb)[µm, µ↵]



Bottom mass determinations

From QCD sum rules

! " # $

correlated scale variation

Estimate of perturbative uncertainties

5GeV  µ↵ = µm  15GeV

uncorrelated scale variation
mb(mb)  µ↵, µm  15GeV

provides consistent results, reflects 
actual series convergence



Exploration of scale variation

1 2 34.00

4.05

4.10

4.15

4.20

4.25

4.30

O!Αsk"

mb!mb" #GeV$ from"2
V

fixed order
linearized

iterative
contour improved

Αs!mZ " # 0.1184
mb!mb" $ Μm, ΜΑ $ 15 GeV & cut on Vc

mb(mb)  µ↵, µm  15GeV

our approach

bottom mass scale should not be 
excluded in the perturbative 
extraction of the charm mass

Our default is iterative method

independent variation of scales down to 
so that using different expansions does not matter

We implement a cut on badly convergent series (mild effect on error)

[Dehnadi, Hoang, & VM ‘15]

conclusions: mb(mb)



Conclusions



Conclusions & Outlook

Sum rules provide the most accurate extractions 

of the charm and bottom masses 

Double scale variation appears to provide best 

uncertainty estimate (charm, bottom, pseudo) 

Pseudo-scalar correlator has worse convergence 

Comparisons with lattice, important cross check 

Bottom: 2nd moment smaller experimental error


