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T. Regge (1931-2014)

Regge investigated the non-relativistic scattering off a Yukawa potential
using the theory of complex angular momentum.1

Before the advent of QCD, these ideas were carried over trying to describe
relativistic hadron scattering.

1T. Regge: Nuovo Cim. 14 951 (1959).
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At very high energies, one interesting prediction of Regge theory is the
emergence of power-law behavior in scattering amplitudes in the forward
limit.

Regge behavior

As s→∞, t fixed, the asymptotic behavior of the amplitude grows as
M∼ sα(t).

Our interest in this work is to describe Regge behavior in an EFT
framework.

Motivation

Regge behavior turns logarithms to a power-law.
How does Regge behavior arise in SCET?

Basem Kamal El-Menoufi Regge behavior in effective field theory



Brief historical remarks on Regge physics
What is the kinematics making up the Reggeon?

Regge behavior using the method of regions (MOR)
Summary and future directions

Regge original idea
Regge behavior in perturbation theory

Using a scalar theory with a cubic interaction, J. C. Polkinghorne
demonstrated that Regge behavior emerges in perturbation theory.2

s = (p1 + p2)2, t = (p3 − p1)2, s� −t,m2.

Seemingly very complicated, the Regge limit of the ladder graphs can
nevertheless be analyzed and summed.

2J. C. Polkinghorne: J. Math. Phys. 4 503 (1963).
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Let us analyze the box graph:

Integrating over the loop momentum:

iMbox = i
g4

16π2

∫
FP

δ(1− x1 − x2 − y1 − y2)

(x1x2s+ y1y2t−m2D(x, y))2

The leading behavior of this graph precisely comes from the corner xi ∼ 0:

iMbox = ig
2
β(t)

1

−s
ln(−s− i0)

The function β(t) is what eventually defines the Regge exponent.

β(t) =
g2

16π2

∫
dy1dy2

δ(1− y1 − y2)

[m2 − y1y2t]
=
g2

4π

∫
d2l⊥

(2π)2

1

[l2⊥ +m2][(l⊥ + q⊥)2 +m2]
.
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The cross-box: send s→ u ≈ −s.

Note

In the sum, only the imaginary part of the box survives:

Mbox + crossed
= −g2

β(t)

[
1

s
ln(−s) +

1

−s
ln(s)

]
=
iπ

s
g

2
β(t).

At higher loops:

M(n)
Total =

iπg2

s

βn(t)

(n− 1)!
ln
n−1

(s)

Regge behavior emerges:

MRegge = iπg
2
β(t)s

−1+β(t)

Lesson

Regge Logs come from the imaginary part of the ladder graphs which
corresponds to the s-channel cut associated with all the rungs of the ladder
becoming on-shell.
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Strong ordering

The previous analysis does not lead to any insight into the momentum modes
that make up the Reggeon.

To answer the above question: use Cutkosky rule.
Counting parameter:

λ =

√
−t
s

On-shell final states:

q ∼
√
s(λ

2
, λ

2
, λ), p

µ
= (p · n, p · n̄,p⊥)

The Reggeon is a Glauber object.
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Strong ordering

The answer is not that simple: strong ordering → Regge logs

|l+1 | � |l
+
2 | ....� |l

+
k | � |l

+
k+1| �, ...� |l

+
N |,

l
−
1 � l

−
2 , ....� l

−
k � l

−
k+1 �, ...� l

−
N .

Donoghue & Wyler3 found:

Feature

To connect an n-collinear particle with an n̄-collinear one, at least one of the
loop momenta needs to be in the Glauber region.

Question

How can we understand strong ordering in EFT?

3J. F. Donoghue and D. Wyler: Phys. Rev. D 81, 114023 (2010).
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Goal

Our goal is to employ the method of regionsa to study the ladder graphs and
isolate the modes reposnsible for generating Regge behavior.

aM. Beneke and V. A. Smirnov Nucl. Phys. B522, 321 (1998).

The most important aspect: pinch analysis.

The box graph: only collinear modes are pinched.

n− collinear : l ∼
√
s(λ2, 1, λ), n̄− collinear : l ∼

√
s(1, λ2, λ)

Hard and ultra-soft modes: sub-leading.

Basem Kamal El-Menoufi Regge behavior in effective field theory



Brief historical remarks on Regge physics
What is the kinematics making up the Reggeon?

Regge behavior using the method of regions (MOR)
Summary and future directions

The box graph: SCET vs. SCETG
The 2-loop ladder via Cutkosky rule
The n-fold overlap and the Regge mode

Smirnov reproduced the full result of the massless box diagram4.

Collinear modes using an analytic regulator:

Feature 1

The Glauber graph vansihes.

Feature 2

The overlap integrals are scaleless and therefore vanish.

Feature 3

The analytic regulator parameter cancels in the final answer.

4V. A. Smirnov: Springer Tracts Mod. Phys. 177, 1 (2002).
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The computation is correct: conforms to the result of the pinch analysis.

Conceptual problem: unitarity.

Look back at collinear graphs:

Perhaps the imaginary part comes from a subregion of the collinear graphs.
We need to employ a regulator that gives us the required insight.
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Regulator: massive internal lines with m2 ∼ λ2.

Matching: need full QCD result.

The answer contains a substantial number of dilogarithms.
Nevertheless, when expanded in the Regge limit:

M(1)
QCD =

iπg2β(t)

s

Note

The exact computation did not show any finite pieces accompanying the Regge
log at one loop. This is not the case at two loops.
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Matching in SCET:
M(1)

n =M(1)
n̄ =M(1)

QCD.

The result is twice the QCD result: matching fails? Zero-bin subtraction5.

Note

The overlap integrals are no longer vanishing with our regulator.

There is one overlap in this case:

M(1)

n/n̄
=M(1)

QCD.

Including the overlap, matching works in SCET:

M(1)
SCET =M(1)

n +M(1)
n̄ −M(1)

n/n̄
=M(1)

QCD.

5A. V. Manohar and I. W. Stewart: Phys. Rev. D 76, 074002 (2007),
B. Jantzen: J. High Energy Phys. 12 (2011) 076.
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Lesson 1

The overlap integral being equal to the QCD result hints that the Regge log is
coming from a subregion.

Use Cutkosky rule to pin down the true mode:

ImM(1)
QCD =

g4

16π2
√
s

∫
d

4
l

δ((p1 − l)2 −m2)δ(l0)
√
s(l0 − lz)(

√
s(l0 − lz) + q2 − 2~l · ~q)

Recall

l+ = l0 − lz, l− = l0 + lz

Delta function forces l0 = 0: the true mode has |l+| = |l−|.
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The integal over lz contains two roots. The smaller root is Taylor
expanded:

l
small
z =

∆
√
s

(
1 +

∆

s
+ ...

)
, ∆ = l

2
⊥ +m

2

The leading piece yields the Regge log.

Lesson 2

The true region that gives the imaginary part has a large transverse component.

The Glauber mode indeed plays a major role with our regulator.

The Glauber graph:
M(1)

G =M(1)
QCD
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The overlaps proliferate. All being equal to QCD:

M(1)

n/G
=M(1)

n̄/G
=M(1)

n/n̄/G
=M(1)

QCD .

The full overlap formula can be organized as follows:

M(1)
SCETG

=M(1)
n +M(1)

n̄ +M(1)
G −M(1)

n/n̄
−M(1)

n/G
−M(1)

n̄/G
+M(1)

n/n̄/G

=M(1)
G =M(1)

QCD.

Lesson 3

The genuine collinear contributions vanish with our regulator.

Lesson 4

At one loop, the Glauber mode is the true mode underlying Regge physics. In
coformation with unitarity, it is the only mode forcing the intermediate states
to be on-shell.
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Presciprtion

Use SCETG and identify the graphs with on-shell intermediate states.

From now onwards, we focus only on the imaginary part. At two loops, we
find:

ImM(2)
QCD(t = 0) =

g6

256π5s

∫
d

2
l1d

2
l2

1

(∆1∆2)2

[
ln

s

∆12

− 2

]
θ

(
s−

(√
∆1 +

√
∆2 +

√
∆12

)2
)
.

∆1 = l21⊥ +m2, ∆2 = l22⊥ +m2, ∆12 = (l1⊥ − l2⊥)2 +m2

Note

There are extra pieces at leading order which come with the log.
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The modes of interest at two loops are: (n,G), (G, n̄), (G,G).

Note

Notice the appearence of the Glauber connectors.

The (G,G) mode is sub-leading.

The contribution of the above modes is computable modulo one caveat.

Caveat

The internal masses do not suffice to regulate the infrared any more. We had
to relax strict power counting in the arguments of the step functions to
regulate the integrals.
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The result for the (n,G) mode is:

ImM(2)
nG =

g6

256π5

∫
d2l1⊥d

2l2⊥

s∆1∆2∆1q∆2q

[
ln

s

∆12

+
1

2
ln

∆1q

∆1

−
arctanU

U

]
.

U =
√

4∆1∆1q

(t+∆1+∆1q)2
− 1 ≥ 0. The answer is well behaved.

Note

In the limit t = 0, the arctangent piece is equal to 1.

Similar to the one loop case, the (G, n̄) mode yields an identical result.
The overlap shows up once again!
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The overlap integral must contain the Regge log. Indeed:

ImM(2)

nG/Gn̄
=

g6

256π5

1

s

∫
d2l1d

2l2

∆1∆2∆1q∆2q

ln
s

∆12

Matching works. We have the correct set of modes:

ImM(2)
SCETG

(t = 0) =
g6

256π5

∫
d2l1d

2l2

s (∆1∆2)2

[
ln

s

∆12

− 2

]
= ImM(2)

QCD(t = 0)

Lesson 5

Regge physics lives in the n-fold overlap of the graphs with on-shell
intermediate states. At n loops, we have a total of n graphs with a Glauber
cell connecting n-collinear momenta to n̄-collinear ones.

Let us move to the 3-loop ladder and test this program.
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At three loops, we have three graphs (G, n̄, n̄), (n,G, n̄), (n, n,G).

The 3-fold overlap between the three modes is rather simple:

ImM(3)

nnG/nGn̄/Gn̄n̄
=

g8

512π8

1

23

1

s

∫
d

2
l1⊥ d

2
l2⊥ d

2
l3⊥

I
l
−
1 l
−
2

∆1∆2∆3∆1q∆2q∆3q

.

I
l−1 l
−
2

=
∫√s

∆/
√
s

dl−2
l−2

∫√s
l−2

dl−1
l−1
≈ 1

2
ln2 s.

The logic generalizes in a straightforward way to n-loops. The expanded
propagators become transverse, and the remaining nested integral yields
the Regge log with the correct numerical factor.
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The strongly ordered region is a common subregion in any mode that
forces the intermediate states on-shell:

General$Picture$549 VII. GENERALIZATION TO ALL ORDERS

550 From our explicit calculations at one- and two-loop
551 orders it is easy to guess the answer for higher orders.
552 We first guess the answer and then prove it further
553 below. We expect that the true momentum region for the
554 Regge kinematics at N-loop order is N leading graphs
555 which are subset of SCETG graphs with on-shell inter-
556 mediate states. These are the graphs with a number of
557 n-collinear gluons in the loops, a single Glauber gluon,
558 and after it a number of n̄-collinear momentum in the
559 loops

MðNÞ
n…nG; MðNÞ

n…nGn̄…n̄; …MðNÞ
Gn̄…n̄: ð55Þ

560 Each of these amplitudes includes, by our definition,
561 both the direct box and the crossed box. Each of these
562 amplitudes reproduces the leading Regge behavior as
563 s → ∞ and also any overlap of any subset of these
564 amplitudes reproduces the Regge behavior. Thus, once
565 one combines all the modes, the answer is identical to
566 only including a single mode which is the overlap of all
567 N momentum regions.
568 In order to prove the above statements we use the
569 strong ordering derivation to show that the arbitrary graph
570 in the method of regions gives an identical result as a
571 single loop integral in QCD. Consider, for example, an

572 MðNÞ
Gn̄…n̄ graph. The loop momenta, li where i ¼ 1…N,

573 scale as ðlþi ; l−i ; li⊥Þ ∼ ðλ2; λ2; λÞ; ð1; λ2; λÞ;…ð1; λ2; λÞ.
574 Thus, the plus momentum satisfies lþ1 ∼ λ2 ≪ lþ2 ∼ % % % ∼
575 lþk ∼ lþkþ1 ∼ % % % ∼ lþN ∼ 1 and l−1 ∼l−2 ∼ %%%∼l−k ∼l−kþ1∼ %%%∼
576 l−N∼λ2. Clearly the strong ordering region is a subregion
577 of this region, since for the strong ordered region we
578 have6

jlþ1 j ≪ jlþ2 j % % % ≪ jlþk j ≪ jlþkþ1j ≪ % % % ≪ jlþN j;
l−1 ≫ l−2 % % % ≫ l−k ≫ l−kþ1 ≫ % % % ≫ l−N: ð56Þ

579 Thus, repeating the usual strong ordering region deriva-
580 tion we would presumably get the same answer as in the

581 full theory if we started to work on the graph MðNÞ
Gn̄…n̄.

582 Similarly we can show that every other relevant graph is
583 identical to one another, since they all contain the strong
584 ordering region as their sub-region.
585 An analogous statement holds for any of the loop
586 integrals involving Glauber gluons. These subsets of graphs
587 are the only ones out of entire set that allow on-shell
588 intermediate states. Our observation that the multi-overlap

589of these regions plays an important role has a simple
590interpretation. At N-loop order the single isolated momen-
591tum region that gives the leading Regge behavior is
592the multi-overlap of all on-shell modes n…nG=n…
593nGn̄…n̄=…=Gn̄…n̄. It is easy to verify by a straightfor-
594ward calculation similar to what we did at three-loop
595order

ImMðNÞ
n…nG=n…nGn̄…n̄=…=Gn̄…n̄ ¼

πg2βðtÞ
s

ðβðtÞ ln sÞN−1

ðN − 1Þ!
;

ð57Þ

596which reproduces the QCD Regge limit. In this
597section we showed that all leading modes have a strong
598ordering momentum region as their subregion, thus
599including only the multiple overlap of all these
600modes is sufficient and no surprise leads to the correct
601answer.

602VIII. CONCLUSIONS

603We have shown how one obtains Regge physics using
604the mode expansion of SCET. In the effective field theory,
605the key contributions come from overlap regions which
606must be carefully treated. The simplest and most consistent
607approach includes the Glauber modes of the effective field
608theory SCETG.
609In the scalar theory that we discuss, the one-loop
610contribution that starts the Regge ladder sum comes from
611the imaginary part of the box diagram. The box diagram
612can be reproduced in an effective theory which includes
613only the hard and collinear modes. However, this comes at
614the cost of seemingly violating the unitarity property of
615field theory in that the imaginary part of the amplitude
616arises from a hard intermediate state which the effective
617theory says is far off shell. This result tells us that in fact
618the contribution comes from an overlap region with an on-
619shell mode. By including the exchange of Glauber modes
620in the description, we can again recover the full box
621diagram via the mode expansion. In this case, after
622accounting for the overlap regions, the imaginary part
623of the amplitude is properly obtained from the t-channel
624Glauber exchange with s-channel on-shell collin-
625ear modes.
626At higher order the deconstruction of the various
627overlap regions continues, with a final result that is simple
628to state. Collinear modes provide many of the legs in the
629ladder sum, and all of the s-channel on-shell states.
630However, at any given loop order, a Glauber mode is
631responsible for the connection between the collinear n and
632n̄ modes. We have explicitly demonstrated this at two
633loops, and provided an argument that this continues for all
634higher loops.

6Note, that in this expression all the “þ” components are
negative and all the “−” components are positive. This is imposed
by the theta functions in the expression for the QCD cut graph.
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By$keeping$only$the$mutual$mul/@overlap$of$N$leading$region$(Regge$mode)$

We$reproduce$the$correct$Regge$behavior$in$QCD$(to$all$orders)$$

We$iden/fied$the$corresponding$momentum$regions$that$give$us$the$ladder$sum,$with$
on@shell$intermediate$states$
$
Lots$of$overlapping$regions$which$we$trace$down$to$strong$ordering$

78 region which the collinear mode shares with Glauber
79 exchange. By removing the overlap, the box can be
80 reformulated in a version of SCET including the Glauber
81 mode, SCETG, in which case the horizontal rung is in fact
82 an on-shell (collinear) mode. The need to include Glauber
83 modes in SCET has been shown by [10] (see also [11]);
84 they have been shown to be important in the context of jets
85 in a medium [12], and the relevance of these modes for
86 Regge physics was first shown in [13].
87 The plan of this paper involves a brief overview of Regge
88 behavior in Sec. 2, and of SCET kinematics in Sec. 3. Then
89 in Sec. 4 (along with Appendix A) we provide a detailed

90treatment of the box diagram, paying particular attention to
91the overlap regions between modes and demonstrating the
92importance of the Glauber mode. Section 5 treats the two-
93loop ladder graph and shows how to count the modes and
94match to the full theory. This is continued to higher orders
95in Secs. 6 and 7. A conclusion summarizes what has been
96accomplished. While this paper was being finalized, an
97important related work by Fleming was released [14], and
98we also discuss the relation of our work to his in the
99conclusion. Three appendices provide some relevant tech-

100nical details.

101II. REGGE BEHAVIOR IN FIELD THEORY

102For the purposes of this paper we will refer to Regge
103behavior as the dependence of the scattering amplitude on a
104power of the center-of-mass energy

MQCD ∼ sαðtÞ ð2Þ

105in the limit s → ∞, t fixed. The Regge exponent αðtÞ is
106dynamically generated through loop diagrams. At each
107order in perturbation theory, the loops generate logs, but in
108this kinematic region the logs exponentiate into a power. In
109general one finds

MQCD ∼ a0sa
X∞

n¼0

βnðtÞ
n!

lnnsþ % % % → a0saþβðtÞ þ % % % :;

ð3Þ

110where we have allowed an extra possible overall factor of sa

111to the amplitude. (In our example a ¼ −1.) It is this
112conversion of logs into powers that makes the phenomenon
113important for phenomenology. In real QCD one sees a
114variety of Regge exponents depending on the quantum
115numbers, including the Pomeron with αð0Þ ∼ 1.
116Polkinghorne [8] was the first to show how this behavior
117emerges in a field theory, using a massive scalar field with
118the ϕ3 interaction of Eq. (1). Although the ladder diagrams
119cannot be calculated completely, the leading high energy
120behavior emerges from a corner of the Feynman parameter
121integration and this corner can be analyzed and summed.
122For example, the direct box diagram shown in Fig. 3 after
123momentum integration becomes

F2:1 FIG. 2. The cut ladder graphs.

F1:1 FIG. 1. The ladder graphs.

F3:1 FIG. 3. One-loop Feynman diagrams with boxlike topology. We only show one internal momentum enough to clarify our conventions.
F3:2 The graphs represent the (s, t), (u, t), and (s, u) channels respectively. The last graph is suppressed by t=s compared to the first two.
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The overlap of all these modes; the (Regge mode), is precisely what
yields the Regge logs and thus this is where Regge behavior lives.
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Regge behavior in field theory is very important from a phenomenology
standpoint as it converts logarithms into powers of the energy.

So far, Regge behavior has not been easy to understand within SCET.

Using the method of regions, we were able to isolate the momentum
modes responsible for Regge behavior in a scalar toy theory. Albeit
technical details concerning regularization, we formed a good picture of
the underlying physics.

We found that Glauber modes are very efficient in describing Regge
behavior.

In the future, we hope to work with a full EFT appropriate for describing
Regge behavior and apply it to phenomenological applicaions.
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Thank you for listening.
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