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Motivation

2

❖ quarkonia @ LHC:

❖ “measured jets” : probed with mass, angularity, etc 

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.
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Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log ↵2

s ln2 µ2/(µ1µ2),
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1/Q

µout
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2/Q
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FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.

while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2

s ln2(µ/µ1) and ↵2
s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
ing logs ↵2

s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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softradiation
isprobed

in
di↵erent

sharply-divided
regions.

For
the

hem
isphere

m
ass

distribution
µ

1,2
=

m
2
1,2/Q

and
S

2
=

⇡2
/3.

For

the
⇢

R
distribution,

µ
1

=
Q

⇢
R

while
µ

2
=

Q
due

to

totalinclusivity
in

one
hem

isphere.
The

coe�
cient

S
2

is
a

geom
etric

m
easure

ofthe
region

into
which

the
two

softgluonscontributing
to

a
N

G
L

can
go.The

factthat

it
varies

with
the

size
ofthis

region
is

due
to

the
N

G
L

arising
from

a
purely

softdivergenceofQ
CD

.Techniques

to
resum

N
G

Lsusing
num

ericalfitsin
thelarge-N

C
lim

it

ofQ
CD

wereintroduced
by

[4],butanalyticresum
m

ation

ofN
G

Lsin
real-world

Q
CD

rem
ainsan

open
problem

.

In
thiswork

we
seek

to
extend

the
intuition

gained
in

[21]by
studying

a
m

ore
exclusive

set
ofcross

sections.

W
e

study
non-globalproperties

ofan
exclusive

jet
cross

section
�(m

1,m
2,⇤),wheretheinvariantm

assesm
1and

m
2oftwo

jets
ofsize

R
produced

in
an

e+
e�

collision

atcenter-of-m
assenergy

Q
are

m
easured,with

a
veto

⇤

on
the

energy
ofadditionaljets.W

e
considerfinding

the

jetsusing
variousalgorithm

s—
cone,anti-k

T,Cam
bridge-

A
achen,

and
k
T

[23–28].
W

e
will

find
that

N
G

Ls
of

the
ratio

of
the

jet
veto

and
the

jet
m

asses
⇤/m

1,2

are
present,in

addition
to

N
G

Ls
ofthe

ratio
ofm

asses

m
1/m

2.W
ecalculatethecoe�

cientsonly
ofleadingdou-

bleN
G

Ls↵2
sln2

(µ
1/µ

2)in
thispaper.Therelevantscales

forthisobservableareshown
in

Fig.1
fora

particularhi-

erarchy
ofm

1,2and
⇤,however

our
results

are
valid

for

any
choice

such
thatQ

�
m

1,2�
m

2
1,2/Q

,⇤.

In
[21],we

discovered
thatatO

(↵2
s)N

G
Lsoftwo

soft

scales
µ

1,2can
be

constructed
from

separate
pieces

de-

pendent
on

the
ratio

ofthe
factorization

scale
µ

to
one

physicalscale
at

a
tim

e.
N

am
ely,

the
region

of
phase

space
where

one
ofthe

softgluonsentersthe
region

sen-

sitive
to

the
scale

µ
1

and
the

other
enters

the
region

sensitiveto
µ

2generatesthedoublelog
↵2

sln2
µ2

/(µ
1µ

2),

Hard scale Left jet scale Right jet scale

Soft scales

µ
H

=
Q

µL
S=

m2
1/Q

µout S
=

⇤
µR

S=
m2

2/Q

µL
J=

m
1

µR
J=

m
2

FIG
.1:

The
relevant

scales
in

the
exclusive

jet
m

ass
cross

section
with

an
energy

veto,
⇤

outside
of

the
jets

is
shown

for
a

particular
choice

ofthe
hierarchy

m
2
2⌧

⇤Q⌧
m

2
1that

gives
rise

to
large

non-globallogs.
O

ur
results

apply
to

any

choice
ofm

1,2
and

⇤
that

satisfies
Q�

m
1,2�

m
2
1,2/Q

,⇤,

which
m

aintains
the

separation
between

hard,
jet

and
soft

scales.
whiletheregionswheresoftgluonsenteronly

region
1

or

only
region

2
generate↵2

sln2
(µ/µ

1)and
↵2

sln2
(µ/µ

2).In

[21]we
derived

from
RG

invariance
ofthe

cross
section

and
IR

safety
of

the
soft

function
that

the
coe�

cients

ofthese
logs

are
constrained

so
that

the
µ-dependence

cancels,but
an

N
G

L
↵2

sln2
(µ

1/µ
2)

is
left

over.
A

nalo-

gously
for

�(m
1,m

2,⇤),
the

three
soft

phase
space

re-

gions
that

give
rise

to
the

N
G

Ls
atO

(↵2
s)

are
shown

in
Fig.2.

Each
configuration

contributes
logarithm

s
of

µ
over

a
single

scale,the
“in-out”

regions
contributing

logs↵2
sln2

µ2
/(⇤

m
1,2),and

the“in-in”
region

contribut-

ing
logs

↵2
sln2

µ2
/(m

1m
2).

These
com

bine
with

single-

region
contributionsto

give
N

G
Lsof⇤/m

1,2with
coe�

-

cientsf
O

L
,O

R
and

ofm
1/m

2with
coe�

cientf
L

R.These

coe�
cients

give
the

geom
etric

factor
S

2in
Eq.(2).

IR

safety
and

RG
invariance

willallow
us

to
derive

addi-

tionalstrong
relationsam

ong
these

di↵erentcoe�
cients.
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es
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th
e
ra
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d
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r
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Q
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e
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[2
1]
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m
ad

e
pr
og

re
ss

in
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th
e
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n
of

N
G
Ls
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tiv

e
fie

ld
th
eo
ry
.
W
e
co
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id
er
ed

th
e
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ct
or
ize

d
di
je
t in

va
ria

nt
m
as
s di

st
rib

ut
io
n
�(

m
1 ,

m
2 )

in

e +
e �
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lli
sio

ns
pr
od
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in
g
ba

ck
-to

-b
ac
k
je
ts
, an

d
ca
lcu

-

la
te
d
to
O(↵ 2

s ),
as

al
so

in
[2
2]
, t

he
he

m
isp

he
re

so
ft

fu
nc

-

tio
n
S(

kL
, k

R ).
The

se
ca
lcu

la
tio

ns
cla

rifi
ed

th
e
or
ig
in

of

N
G
Ls

in
an

EF
T

fra
m
ew

or
k
as

th
e
de

pe
nd

en
ce

of
a
so
ft

fu
nc

tio
n

on
ra
tio

s
of

m
ul
tip

le
so
ft

sc
al
es
,
an

d
re
ve
al
ed

ne
w

su
bl
ea
di
ng

(s
in
gl
e)

N
G
Ls

an
d
no

n-
lo
ga

rit
hm

ic
no

n-

gl
ob

al
fu
nc

tio
ns
.

The
se

N
G
Ls

ar
e
or
ga

ni
ze
d
in
to

a
m
ul
tip

lic
at
iv
e
fa
ct
or

en
te
rin

g
th
e
to
ta
l c

ro
ss

se
ct
io
n,

with
th
e
lea

di
ng

N
G
Ls

ta
ki
ng

th
e
ge
ne

ric
fo
rm

S
N
G
(µ

1 /
µ
2 )

=
1�

↵ 2
s(2

⇡) 2 C
F C

A S
2 ln 2

µ
1

µ
2 +

· · ·
.

(2
)

H
er
e
µ
1,
2
ar
e
th
e
sc
al
es

at
whi

ch
so
ft

ra
di
at
io
n
is

pr
ob

ed

in
di
↵e

re
nt

sh
ar
pl
y-
di
vi
de

d
re
gi
on

s.
Fo

r
th
e
he

m
isp

he
re

m
as
s
di
st
rib

ut
io
n

µ
1,
2

=
m 2
1,
2 /Q

an
d

S
2

=
⇡ 2

/3
.

Fo
r

th
e
⇢R

di
st
rib

ut
io
n,

µ
1

=
Q
⇢R

whi
le

µ
2

=
Q

du
e
to

to
ta
l in

clu
siv

ity
in

on
e
he

m
isp

he
re
.

The
co

e�
cie

nt
S
2

is
a
ge
om

et
ric

m
ea
su
re

of
th
e
re
gi
on

in
to

whi
ch

th
e
tw

o

so
ft

gl
uo

ns
co
nt
rib

ut
in
g
to

a
N
G
L
ca
n
go

. The
fa
ct

th
at

it
va

rie
s
with

th
e
siz

e
of

th
is

re
gi
on

is
du

e
to

th
e
N
G
L

ar
isi
ng

fro
m

a
pu

re
ly

so
ft

di
ve
rg
en

ce
of

Q
CD

. T
ec
hn

iq
ue

s

to
re
su
m

N
G
Ls

us
in
g
nu

m
er
ica

l fi
ts

in
th
e la

rg
e-
N
C

lim
it

of
Q
CD

we
re

in
tr
od

uc
ed

by
[4
],
bu

t a
na

ly
tic

re
su
m
m
at
io
n

of
N
G
Ls

in
re
al
-w

or
ld

Q
CD

re
m
ai
ns

an
op

en
pr
ob

lem
.

In
th
is

wo
rk

we
se
ek

to
ex

te
nd

th
e
in
tu
iti
on

ga
in
ed

in

[2
1]

by
st
ud

yi
ng

a
m
or
e
ex

clu
siv

e
se
t
of

cr
os
s
se
ct
io
ns
.

W
e
st
ud

y
no

n-
gl
ob

al
pr
op

er
tie

s
of

an
ex

clu
siv

e
je
t
cr
os
s

se
ct
io
n
�(

m
1 ,

m
2 ,

⇤)
, w

he
re

th
e in

va
ria

nt
m
as
se
s m

1
an

d

m
2

of
tw

o
je
ts

of
siz

e
R

pr
od

uc
ed

in
an

e +
e �

co
lli
sio

n

at
ce
nt
er
-o
f-m

as
s en

er
gy

Q
ar
e
m
ea
su
re
d,

with
a
ve
to

⇤

on
th
e
en

er
gy

of
ad

di
tio

na
l j
et
s.

W
e
co
ns
id
er

fin
di
ng

th
e

je
ts

us
in
g
va

rio
us

al
go

rit
hm

s—
co
ne

, a
nt
i-k

T , C
am

br
id
ge
-

A
ac
he

n,
an

d
kT

[2
3–

28
].

W
e

will
fin

d
th
at

N
G
Ls

of

th
e

ra
tio

of
th
e

je
t

ve
to

an
d

th
e

je
t

m
as
se
s

⇤/
m
1,
2

ar
e
pr
es
en

t,
in

ad
di
tio

n
to

N
G
Ls

of
th
e
ra
tio

of
m
as
se
s

m
1 /

m
2 .

W
e c

al
cu

la
te

th
e c

oe
�
cie

nt
s o

nl
y
of

lea
di
ng

do
u-

bl
e N

G
Ls

↵ 2
s ln 2

(µ
1 /

µ
2 )

in
th
is
pa

pe
r.

The
re
lev

an
t s

ca
les

fo
r t

hi
s o

bs
er
va

bl
e ar

e sh
ow

n
in

Fi
g.

1
fo
r a

pa
rt
icu

la
r h

i-

er
ar
ch
y
of

m
1,
2

an
d
⇤,

ho
we

ve
r
ou

r
re
su
lts

ar
e
va

lid
fo
r

an
y
ch

oi
ce

su
ch

th
at

Q
�

m
1,
2
�

m 2
1,
2 /Q

, ⇤
.

In
[2
1]
, w

e
di
sc
ov

er
ed

th
at

at
O(↵ 2

s ) N
G
Ls

of
tw

o
so
ft

sc
al
es

µ
1,
2

ca
n

be
co
ns
tr
uc

te
d

fro
m

se
pa

ra
te

pi
ec
es

de
-

pe
nd

en
t
on

th
e
ra
tio

of
th
e
fa
ct
or
iza

tio
n
sc
al
e
µ

to
on

e

ph
ys
ica

l sc
al
e
at

a
tim

e.
N
am

ely
,
th
e
re
gi
on

of
ph

as
e

sp
ac
e
whe

re
on

e
of

th
e
so
ft

gl
uo

ns
en

te
rs

th
e
re
gi
on

se
n-

sit
iv
e
to

th
e
sc
al
e
µ
1

an
d

th
e
ot
he

r
en

te
rs

th
e
re
gi
on

se
ns
iti
ve

to
µ
2
ge
ne

ra
te
s t

he
do

ub
le

lo
g
↵ 2
s ln 2

µ 2
/(
µ
1 µ

2 ),

Hard
 sc

ale
Le

ft 
jet

 sc
aleRigh

t j
et

 sc
ale

So
ft 

sc
ale

s

µ
H

=
Q

µ L
S

=
m 2
1 /Q

µ ou
tS
=

⇤
µ R
S

=
m 2
2 /Q

µ L
J

=
m
1

µ R
J

=
m
2

FI
G
. 1
:
Th
e
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lev
an
t
sc
al
es
in
th
e
ex
clu
siv
e
je
t
m
as
s
cr
os
s

se
ct
io
n
wi
th
an

en
er
gy

ve
to
,
⇤
ou
ts
id
e
of
th
e
je
ts
is
sh
ow
n

fo
r
a
pa
rt
icu
la
r
ch
oi
ce
of
th
e
hi
er
ar
ch
y
m 2
2
⌧
⇤Q

⌧
m 2
1
th
at

gi
ve
s
ris
e
to
la
rg
e
no
n-
gl
ob
al
lo
gs
.
O
ur
re
su
lts

ap
pl
y
to
an
y

ch
oi
ce
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m
1,
2
an
d
⇤
th
at
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fie
s
Q
�
m
1,
2
�
m 2
1,
2 /
Q
, ⇤
,
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ich

m
ai
nt
ai
ns

th
e
se
pa
ra
tio
n
be
tw
ee
n
ha
rd
,
je
t
an
d
so
ft

sc
al
es
.

whi
le

th
e re

gi
on

s w
he

re
so
ft

gl
uo

ns
en

te
r o

nl
y
re
gi
on

1
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ly

re
gi
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2
ge
ne

ra
te

↵ 2
s ln 2

(µ
/µ

1 )
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s ln 2

(µ
/µ

2 ).
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1]
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fro
m
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in
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e
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e
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s
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n
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d
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e
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ft
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n

th
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e
co

e�
cie
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e
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e
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ns
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ne

d
so

th
at

th
e
µ-
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nd
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ce
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els
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ut
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N
G
L

↵ 2
s ln 2
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1 /

µ
2 )
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t
ov
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A
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-
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r
�(

m
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m
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e
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e
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s
th
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e
to
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e
N
G
Ls
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O(↵ 2

s )
ar
e
sh
ow

n
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g.

2.
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co
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ra
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m
1m

2 ).
The

se
co
m
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re
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N
G
Ls
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⇤/

m
1,
2
with

co
e�

-

cie
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s fO

L
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R
an
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m
1 /

m
2
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co
e�

cie
nt

fL
R . The

se
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e�

cie
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s
gi
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th
e
ge
om

et
ric

fa
ct
or

S
2

in
Eq

. (
2)
.

IR

sa
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d

RG
in
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e
will
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w
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de
riv
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ad

di
-

tio
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l s
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g
re
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g
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di
↵e

re
nt

co
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❖ “unmeasured jets” : tagged with algorithm but unproved

P P

quarkonia w/ momentum fraction z

jet of radius R 
and energy E

“jet shapes” (not the jet shape Ψ(r/R))

}
Ellis, Kunszt, Soper ’91, ‘92

see also: Yang-Ting Chien’s talk 
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Motivation

3

❖ quarkonia @ LHC: 2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.
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Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
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factorizeddijetinvariantmassdistribution�(m1,m2)in
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latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
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takingthegenericform
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ofQCDwereintroducedby[4],butanalyticresummation
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Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
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logs↵2
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sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
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coe�cientsgivethegeometricfactorS2inEq.(2).IR
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2

Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
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FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.
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s ln2(µ/µ1) and ↵2
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coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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❖ for “unmeasured jet” (tagged but inclusive in mass, etc)
(“unmeasured” fragmenting jet function)
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FIG. 1. The gluon fragmentation functions at µ = 2mc for 3S(1)
1 (black), 3S(8)

1 (red), 1S(8)
0 (green), 3P (8)

J (blue). Relative

normalization is arbitrary and relevant formulas are found in the Appendix.
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FIG. 2. The gluon FJF (color coding the same as in Fig. 1) and the charm quark FJF for 3S(1)

1 (purple).

which shows that the z distribution of a J/ within a jet with energy E and cone size R is approximately equal to
the fragmentation function evaluated at the jet scale µ

J

= 2E tan(R/2).

Since the fragmentation functions for 3S(1)
1 , 3S(8)

1 , 1S(8)
0 , and 3P (8)

J

are very di↵erent, this observable has the
power to discriminate between all four gluon-production mechanisms. This can seen from a cursory inspection of
the expressions for the fragmentation functions given in the Appendix and shown in Fig. 1. Though the dramatic
di↵erences in these functions are considerably softened by Altarelli-Parisi evolution, we will see that each contribution
to G 

g

(E,R, z, µ) has a di↵erent E dependence that varies for fixed z (cf. Fig. 3). This makes it clear that measurement

of G 
g

(E,R, z, µ) for di↵erent momentum fractions has potential to allow independent extraction of all four LDME.
In our calculations E and R will always enter in the combination E tan(R/2) and we will choose R = 0.4 .

In Fig. 2 we plot the 3S(1)
1 (black), 3S(8)

1 (red), 1S(8)
0 (green), and 3P (8)

J

(blue) gluon FJFs as well as the 3S(1)
1 charm

(purple) FJF for E = 50 GeV and E = 200 GeV. This plot illustrates the discriminating power of the jet observables.

For Fig. 2 we have chosen the LDME to be the central values extracted in the fits of Refs. [3, 4]: hOJ/ (3S(1)
1 )i =

1.32GeV3, hOJ/ (1S(8)
0 )i = 4.97 ⇥ 10�2 GeV3, hOJ/ (3S(8)

1 )i = 2.24 ⇥ 10�3 GeV3, and hOJ/ (3P (8)
0 )i = �1.61 ⇥

10�2 GeV5. Throughout this work we take m
c

= 1.4 GeV.
It is also interesting to study the energy dependence of the fragmentation functions. In Fig. 3 we plot the four

gluon FJFs as a function of energy E for three di↵erent values of z using the same color-coding as above. The LDME
of Refs. [3, 4] have again been used to set the normalization of the curves. In order to the make shapes of the curves

more easily viewable, we have divided the 3P (8)
J

by a factor of 5 and the color-singlet contribution has been divided by
a factor of 2. The shapes of the energy dependence at di↵erent values of z are quite distinct for all four fragmentation

functions. For example, the 3P (8)
J

FJF is an increasing function of energy for all three z values, while the 1S0 and the

Baumgart, Leibovich, Mehen, Rothstein 1406.2295
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J

1S(8)
0

� (z) / G g
�
E,R, z, µ = 2E tan

R
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Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.
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Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log ↵2

s ln2 µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH = Q

µL
S = m2

1/Q

µout
S = ⇤

µR
S = m2

2/Q

µL
J = m1

µR
J = m2

FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.

while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2

s ln2(µ/µ1) and ↵2
s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
ing logs ↵2

s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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region

2
generate↵2

sln2
(µ/µ

1)and
↵2

sln2
(µ/µ

2).In

[21]we
derived

from
RG

invariance
ofthe

cross
section

and
IR

safety
of

the
soft

function
that

the
coe�

cients

ofthese
logs

are
constrained

so
that

the
µ-dependence

cancels,but
an

N
G

L
↵2

sln2
(µ

1/µ
2)

is
left

over.
A

nalo-

gously
for

�(m
1,m

2,⇤),
the

three
soft

phase
space

re-

gions
that

give
rise

to
the

N
G

Ls
atO

(↵2
s)

are
shown

in
Fig.2.

Each
configuration

contributes
logarithm

s
of

µ
over

a
single

scale,the
“in-out”

regions
contributing

logs↵2
sln2

µ2
/(⇤

m
1,2),and

the“in-in”
region

contribut-

ing
logs

↵2
sln2

µ2
/(m

1m
2).

These
com

bine
with

single-

region
contributionsto

give
N

G
Lsof⇤/m

1,2with
coe�

-

cientsf
O

L
,O

R
and

ofm
1/m

2with
coe�

cientf
L

R.These

coe�
cients

give
the

geom
etric

factor
S

2in
Eq.(2).

IR

safety
and

RG
invariance

willallow
us

to
derive

addi-

tionalstrong
relationsam

ong
these

di↵erentcoe�
cients.

2

Refs.[5,19,20]studied
N

G
Ls

of⇤/Q
in

cross
sections

vetoing
radiation

with
totalenergy

greaterthan
⇤

in
an-

gularregionsoutside
offound

jets.Though
a

hard
scale

Q
appearsin

theseratios,wefound
in

[21]thattheN
G

Ls

stillarise
from

considering
both

scalesin
the

ratio
to

be

soft
and

later
taking

one
of

them
to

Q
in

an
inclusive

lim
it. In
[21]

we
m

ade
progress

in
understanding

the
ori-

gin
ofN

G
Ls

in
e↵ective

field
theory.

W
e

considered
the

factorized
dijetinvariantm

assdistribution
�(m

1,m
2)in

e+
e�

collisions
producing

back-to-back
jets,and

calcu-

lated
toO

(↵2
s),asalso

in
[22],the

hem
isphere

softfunc-

tion
S(k

L,k
R).

These
calculations

clarified
the

origin
of

N
G

Lsin
an

EFT
fram

ework
asthe

dependence
ofa

soft

function
on

ratios
of

m
ultiple

soft
scales,

and
revealed

new
subleading

(single)N
G

Lsand
non-logarithm

ic
non-

globalfunctions.

These
N

G
Lsare

organized
into

a
m

ultiplicative
factor

entering
the

totalcross
section,with

the
leading

N
G

Ls

taking
the

generic
form

S
N

G(µ
1/µ

2)=
1�

↵2
s (2⇡)2C

FC
AS

2ln2µ
1 µ

2+···.
(2)

H
ere

µ
1,2are

the
scalesatwhich

softradiation
isprobed

in
di↵erent

sharply-divided
regions.

For
the

hem
isphere

m
ass

distribution
µ

1,2
=

m
2
1,2/Q

and
S

2
=

⇡2
/3.

For

the
⇢

R
distribution,

µ
1

=
Q

⇢
R

while
µ

2
=

Q
due

to

totalinclusivity
in

one
hem

isphere.
The

coe�
cient

S
2

is
a

geom
etric

m
easure

ofthe
region

into
which

the
two

softgluonscontributing
to

a
N

G
L

can
go.The

factthat

it
varies

with
the

size
ofthis

region
is

due
to

the
N

G
L

arising
from

a
purely

softdivergenceofQ
CD

.Techniques

to
resum

N
G

Lsusing
num

ericalfitsin
thelarge-N

C
lim

it

ofQ
CD

wereintroduced
by

[4],butanalyticresum
m

ation

ofN
G

Lsin
real-world

Q
CD

rem
ainsan

open
problem

.

In
thiswork

we
seek

to
extend

the
intuition

gained
in

[21]by
studying

a
m

ore
exclusive

set
ofcross

sections.

W
e

study
non-globalproperties

ofan
exclusive

jet
cross

section
�(m

1,m
2,⇤),wheretheinvariantm

assesm
1and

m
2oftwo

jets
ofsize

R
produced

in
an

e+
e�

collision

atcenter-of-m
assenergy

Q
are

m
easured,with

a
veto

⇤

on
the

energy
ofadditionaljets.W

e
considerfinding

the

jetsusing
variousalgorithm

s—
cone,anti-k

T,Cam
bridge-

A
achen,

and
k
T

[23–28].
W

e
will

find
that

N
G

Ls
of

the
ratio

of
the

jet
veto

and
the

jet
m

asses
⇤/m

1,2

are
present,in

addition
to

N
G

Ls
ofthe

ratio
ofm

asses

m
1/m

2.W
ecalculatethecoe�

cientsonly
ofleadingdou-

bleN
G

Ls↵2
sln2

(µ
1/µ

2)in
thispaper.Therelevantscales

forthisobservableareshown
in

Fig.1
fora

particularhi-

erarchy
ofm

1,2and
⇤,however

our
results

are
valid

for

any
choice

such
thatQ

�
m

1,2�
m

2
1,2/Q

,⇤.

In
[21],we

discovered
thatatO

(↵2
s)N

G
Lsoftwo

soft

scales
µ

1,2can
be

constructed
from

separate
pieces

de-

pendent
on

the
ratio

ofthe
factorization

scale
µ

to
one

physicalscale
at

a
tim

e.
N

am
ely,

the
region

of
phase

space
where

one
ofthe

softgluonsentersthe
region

sen-

sitive
to

the
scale

µ
1

and
the

other
enters

the
region

sensitiveto
µ

2generatesthedoublelog
↵2

sln2
µ2

/(µ
1µ

2),

Hard scale Left jet scale Right jet scale

Soft scales

µ
H

=
Q

µL
S=

m2
1/Q

µout S
=

⇤
µR

S=
m2

2/Q

µL
J=

m
1

µR
J=

m
2

FIG
.1:

The
relevant

scales
in

the
exclusive

jet
m

ass
cross

section
with

an
energy

veto,
⇤

outside
of

the
jets

is
shown

for
a

particular
choice

ofthe
hierarchy

m
2
2⌧

⇤Q⌧
m

2
1that

gives
rise

to
large

non-globallogs.
O

ur
results

apply
to

any

choice
ofm

1,2
and

⇤
that

satisfies
Q�

m
1,2�

m
2
1,2/Q

,⇤,

which
m

aintains
the

separation
between

hard,
jet

and
soft

scales.
whiletheregionswheresoftgluonsenteronly

region
1

or

only
region

2
generate↵2

sln2
(µ/µ

1)and
↵2

sln2
(µ/µ

2).In

[21]we
derived

from
RG

invariance
ofthe

cross
section

and
IR

safety
of

the
soft

function
that

the
coe�

cients

ofthese
logs

are
constrained

so
that

the
µ-dependence

cancels,but
an

N
G

L
↵2

sln2
(µ

1/µ
2)

is
left

over.
A

nalo-

gously
for

�(m
1,m

2,⇤),
the

three
soft

phase
space

re-

gions
that

give
rise

to
the

N
G

Ls
atO

(↵2
s)

are
shown

in
Fig.2.

Each
configuration

contributes
logarithm

s
of

µ
over

a
single

scale,the
“in-out”

regions
contributing

logs↵2
sln2

µ2
/(⇤

m
1,2),and

the“in-in”
region

contribut-

ing
logs

↵2
sln2

µ2
/(m

1m
2).

These
com

bine
with

single-

region
contributionsto

give
N

G
Lsof⇤/m

1,2with
coe�

-

cientsf
O

L
,O

R
and

ofm
1/m

2with
coe�

cientf
L

R.These

coe�
cients

give
the

geom
etric

factor
S

2in
Eq.(2).

IR

safety
and

RG
invariance

willallow
us

to
derive

addi-

tionalstrong
relationsam

ong
these

di↵erentcoe�
cients.

2

Ref
s.

[5
, 1

9,
20

] s
tu
di
ed

N
G
Ls

of
⇤/

Q
in

cr
os
s
se
ct
io
ns

ve
to
in
g
ra
di
at
io
n
with

to
ta
l e

ne
rg
y
gr
ea
te
r t

ha
n
⇤

in
an

-

gu
la
r re

gi
on

s ou
ts
id
e
of

fo
un

d
je
ts
. Tho

ug
h
a
ha

rd
sc
al
e

Q
ap

pe
ar
s i
n
th
es
e r

at
io
s,
we

fo
un

d
in

[2
1]

th
at

th
e N

G
Ls

st
ill

ar
ise

fro
m

co
ns
id
er
in
g
bo

th
sc
al
es

in
th
e
ra
tio

to
be

so
ft

an
d

la
te
r
ta
ki
ng

on
e
of

th
em

to
Q

in
an

in
clu

siv
e

lim
it.In
[2
1]

we
m
ad

e
pr
og

re
ss

in
un

de
rs
ta
nd

in
g

th
e

or
i-

gi
n
of

N
G
Ls

in
e↵

ec
tiv

e
fie

ld
th
eo
ry
.
W
e
co
ns
id
er
ed

th
e

fa
ct
or
ize

d
di
je
t in

va
ria

nt
m
as
s di

st
rib

ut
io
n
�(

m
1 ,

m
2 )

in

e +
e �

co
lli
sio

ns
pr
od

uc
in
g
ba

ck
-to

-b
ac
k
je
ts
, an

d
ca
lcu

-

la
te
d
to
O(↵ 2

s ),
as

al
so

in
[2
2]
, t

he
he

m
isp

he
re

so
ft

fu
nc

-

tio
n
S(

kL
, k

R ).
The

se
ca
lcu

la
tio

ns
cla

rifi
ed

th
e
or
ig
in

of

N
G
Ls

in
an

EF
T

fra
m
ew

or
k
as

th
e
de

pe
nd

en
ce

of
a
so
ft

fu
nc

tio
n

on
ra
tio

s
of

m
ul
tip

le
so
ft

sc
al
es
,
an

d
re
ve
al
ed

ne
w

su
bl
ea
di
ng

(s
in
gl
e)

N
G
Ls

an
d
no

n-
lo
ga

rit
hm

ic
no

n-

gl
ob

al
fu
nc

tio
ns
.

The
se

N
G
Ls

ar
e
or
ga

ni
ze
d
in
to

a
m
ul
tip

lic
at
iv
e
fa
ct
or

en
te
rin

g
th
e
to
ta
l c

ro
ss

se
ct
io
n,

with
th
e
lea

di
ng

N
G
Ls

ta
ki
ng

th
e
ge
ne

ric
fo
rm

S
N
G
(µ

1 /
µ
2 )

=
1�

↵ 2
s(2

⇡) 2 C
F C

A S
2 ln 2

µ
1

µ
2 +

· · ·
.

(2
)

H
er
e
µ
1,
2
ar
e
th
e
sc
al
es

at
whi

ch
so
ft

ra
di
at
io
n
is

pr
ob

ed

in
di
↵e

re
nt

sh
ar
pl
y-
di
vi
de

d
re
gi
on

s.
Fo

r
th
e
he

m
isp

he
re

m
as
s
di
st
rib

ut
io
n

µ
1,
2

=
m 2
1,
2 /Q

an
d

S
2

=
⇡ 2

/3
.

Fo
r

th
e
⇢R

di
st
rib

ut
io
n,

µ
1

=
Q
⇢R

whi
le

µ
2

=
Q

du
e
to

to
ta
l in

clu
siv

ity
in

on
e
he

m
isp

he
re
.

The
co

e�
cie

nt
S
2

is
a
ge
om

et
ric

m
ea
su
re

of
th
e
re
gi
on

in
to

whi
ch

th
e
tw

o

so
ft

gl
uo

ns
co
nt
rib

ut
in
g
to

a
N
G
L
ca
n
go

. The
fa
ct

th
at

it
va

rie
s
with

th
e
siz

e
of

th
is

re
gi
on

is
du

e
to

th
e
N
G
L

ar
isi
ng

fro
m

a
pu

re
ly

so
ft

di
ve
rg
en

ce
of

Q
CD

. T
ec
hn

iq
ue

s

to
re
su
m

N
G
Ls

us
in
g
nu

m
er
ica

l fi
ts

in
th
e la

rg
e-
N
C

lim
it

of
Q
CD

we
re

in
tr
od

uc
ed

by
[4
],
bu

t a
na

ly
tic

re
su
m
m
at
io
n

of
N
G
Ls

in
re
al
-w

or
ld

Q
CD

re
m
ai
ns

an
op

en
pr
ob

lem
.

In
th
is

wo
rk

we
se
ek

to
ex

te
nd

th
e
in
tu
iti
on

ga
in
ed

in

[2
1]

by
st
ud

yi
ng

a
m
or
e
ex

clu
siv

e
se
t
of

cr
os
s
se
ct
io
ns
.

W
e
st
ud

y
no

n-
gl
ob

al
pr
op

er
tie

s
of

an
ex

clu
siv

e
je
t
cr
os
s

se
ct
io
n
�(

m
1 ,

m
2 ,

⇤)
, w

he
re

th
e in

va
ria

nt
m
as
se
s m

1
an

d

m
2

of
tw

o
je
ts

of
siz

e
R

pr
od

uc
ed

in
an

e +
e �

co
lli
sio

n

at
ce
nt
er
-o
f-m

as
s en

er
gy

Q
ar
e
m
ea
su
re
d,

with
a
ve
to

⇤

on
th
e
en

er
gy

of
ad

di
tio

na
l j
et
s.

W
e
co
ns
id
er

fin
di
ng

th
e

je
ts

us
in
g
va

rio
us

al
go

rit
hm

s—
co
ne

, a
nt
i-k

T , C
am

br
id
ge
-

A
ac
he

n,
an

d
kT

[2
3–

28
].

W
e

will
fin

d
th
at

N
G
Ls

of

th
e

ra
tio

of
th
e

je
t

ve
to

an
d

th
e

je
t

m
as
se
s

⇤/
m
1,
2

ar
e
pr
es
en

t,
in

ad
di
tio

n
to

N
G
Ls

of
th
e
ra
tio

of
m
as
se
s

m
1 /

m
2 .

W
e c

al
cu

la
te

th
e c

oe
�
cie

nt
s o

nl
y
of

lea
di
ng

do
u-

bl
e N

G
Ls

↵ 2
s ln 2

(µ
1 /

µ
2 )

in
th
is
pa

pe
r.

The
re
lev

an
t s

ca
les

fo
r t

hi
s o

bs
er
va

bl
e ar

e sh
ow

n
in

Fi
g.

1
fo
r a

pa
rt
icu

la
r h

i-

er
ar
ch
y
of

m
1,
2

an
d
⇤,

ho
we

ve
r
ou

r
re
su
lts

ar
e
va

lid
fo
r

an
y
ch

oi
ce

su
ch

th
at

Q
�

m
1,
2
�

m 2
1,
2 /Q

, ⇤
.

In
[2
1]
, w

e
di
sc
ov

er
ed

th
at

at
O(↵ 2

s ) N
G
Ls

of
tw

o
so
ft

sc
al
es

µ
1,
2

ca
n

be
co
ns
tr
uc

te
d

fro
m

se
pa

ra
te

pi
ec
es

de
-

pe
nd

en
t
on

th
e
ra
tio

of
th
e
fa
ct
or
iza

tio
n
sc
al
e
µ

to
on

e

ph
ys
ica

l sc
al
e
at

a
tim

e.
N
am

ely
,
th
e
re
gi
on

of
ph

as
e

sp
ac
e
whe

re
on

e
of

th
e
so
ft

gl
uo

ns
en

te
rs

th
e
re
gi
on

se
n-

sit
iv
e
to

th
e
sc
al
e
µ
1

an
d

th
e
ot
he

r
en

te
rs

th
e
re
gi
on

se
ns
iti
ve

to
µ
2
ge
ne

ra
te
s t

he
do

ub
le

lo
g
↵ 2
s ln 2

µ 2
/(
µ
1 µ

2 ),

Hard
 sc

ale
Le

ft 
jet

 sc
aleRigh

t j
et

 sc
ale

So
ft 

sc
ale

s

µ
H

=
Q

µ L
S

=
m 2
1 /Q

µ ou
tS
=

⇤
µ R
S

=
m 2
2 /Q

µ L
J

=
m
1

µ R
J

=
m
2

FI
G
. 1
:
Th
e
re
lev
an
t
sc
al
es
in
th
e
ex
clu
siv
e
je
t
m
as
s
cr
os
s

se
ct
io
n
wi
th
an

en
er
gy

ve
to
,
⇤
ou
ts
id
e
of
th
e
je
ts
is
sh
ow
n

fo
r
a
pa
rt
icu
la
r
ch
oi
ce
of
th
e
hi
er
ar
ch
y
m 2
2
⌧
⇤Q

⌧
m 2
1
th
at

gi
ve
s
ris
e
to
la
rg
e
no
n-
gl
ob
al
lo
gs
.
O
ur
re
su
lts

ap
pl
y
to
an
y

ch
oi
ce
of
m
1,
2
an
d
⇤
th
at
sa
tis
fie
s
Q
�
m
1,
2
�
m 2
1,
2 /
Q
, ⇤
,

wh
ich

m
ai
nt
ai
ns

th
e
se
pa
ra
tio
n
be
tw
ee
n
ha
rd
,
je
t
an
d
so
ft

sc
al
es
.

whi
le

th
e re

gi
on

s w
he

re
so
ft

gl
uo

ns
en

te
r o

nl
y
re
gi
on

1
or

on
ly

re
gi
on

2
ge
ne

ra
te

↵ 2
s ln 2

(µ
/µ

1 )
an

d
↵ 2
s ln 2

(µ
/µ

2 ).
In

[2
1]

we
de

riv
ed

fro
m

RG
in
va

ria
nc

e
of

th
e
cr
os
s
se
ct
io
n

an
d

IR
sa
fe
ty

of
th
e
so
ft

fu
nc

tio
n

th
at

th
e
co

e�
cie

nt
s

of
th
es
e
lo
gs

ar
e
co
ns
tr
ai
ne

d
so

th
at

th
e
µ-
de

pe
nd

en
ce

ca
nc

els
, b

ut
an

N
G
L

↵ 2
s ln 2

(µ
1 /

µ
2 )

is
lef

t
ov

er
.
A
na

lo
-

go
us
ly

fo
r
�(

m
1 ,

m
2 ,

⇤)
,
th
e
th
re
e
so
ft

ph
as
e
sp
ac
e
re
-

gi
on

s
th
at

gi
ve

ris
e
to

th
e
N
G
Ls

at
O(↵ 2

s )
ar
e
sh
ow

n

in
Fi
g.

2.
Ea

ch
co
nfi

gu
ra
tio

n
co
nt
rib

ut
es

lo
ga

rit
hm

s
of

µ
ov

er
a
sin

gl
e
sc
al
e,

th
e
“i
n-
ou

t”
re
gi
on

s
co
nt
rib

ut
in
g

lo
gs

↵ 2
s ln 2

µ 2
/(
⇤
m
1,
2 ),

an
d
th
e “i

n-
in
”
re
gi
on

co
nt
rib

ut
-

in
g
lo
gs

↵ 2
s ln 2

µ 2
/(
m
1m

2 ).
The

se
co
m
bi
ne

with
sin

gl
e-

re
gi
on

co
nt
rib

ut
io
ns

to
gi
ve

N
G
Ls

of
⇤/

m
1,
2
with

co
e�

-

cie
nt
s fO

L
,O

R
an

d
of

m
1 /

m
2
with

co
e�

cie
nt

fL
R . The
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❖ for “unmeasured jet” (tagged but inclusive in mass, etc)
(“unmeasured” fragmenting jet function)

jet of radius R 
and energy E

quarkonia w/ momentum fraction z

Procura, Waalewijn 1110.0839
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FIG. 1. The gluon fragmentation functions at µ = 2mc for 3S(1)
1 (black), 3S(8)

1 (red), 1S(8)
0 (green), 3P (8)

J (blue). Relative

normalization is arbitrary and relevant formulas are found in the Appendix.

Out[843]=

E = 50 GeV E = 200 GeV

G i

0.2 0.4 0.6 0.8
0.01

0.1

1.

0.2 0.4 0.6 0.8

0.01

0.1

1.

z z
FIG. 2. The gluon FJF (color coding the same as in Fig. 1) and the charm quark FJF for 3S(1)

1 (purple).

which shows that the z distribution of a J/ within a jet with energy E and cone size R is approximately equal to
the fragmentation function evaluated at the jet scale µ

J

= 2E tan(R/2).

Since the fragmentation functions for 3S(1)
1 , 3S(8)

1 , 1S(8)
0 , and 3P (8)

J

are very di↵erent, this observable has the
power to discriminate between all four gluon-production mechanisms. This can seen from a cursory inspection of
the expressions for the fragmentation functions given in the Appendix and shown in Fig. 1. Though the dramatic
di↵erences in these functions are considerably softened by Altarelli-Parisi evolution, we will see that each contribution
to G 

g

(E,R, z, µ) has a di↵erent E dependence that varies for fixed z (cf. Fig. 3). This makes it clear that measurement

of G 
g

(E,R, z, µ) for di↵erent momentum fractions has potential to allow independent extraction of all four LDME.
In our calculations E and R will always enter in the combination E tan(R/2) and we will choose R = 0.4 .

In Fig. 2 we plot the 3S(1)
1 (black), 3S(8)

1 (red), 1S(8)
0 (green), and 3P (8)

J

(blue) gluon FJFs as well as the 3S(1)
1 charm

(purple) FJF for E = 50 GeV and E = 200 GeV. This plot illustrates the discriminating power of the jet observables.

For Fig. 2 we have chosen the LDME to be the central values extracted in the fits of Refs. [3, 4]: hOJ/ (3S(1)
1 )i =

1.32GeV3, hOJ/ (1S(8)
0 )i = 4.97 ⇥ 10�2 GeV3, hOJ/ (3S(8)

1 )i = 2.24 ⇥ 10�3 GeV3, and hOJ/ (3P (8)
0 )i = �1.61 ⇥

10�2 GeV5. Throughout this work we take m
c

= 1.4 GeV.
It is also interesting to study the energy dependence of the fragmentation functions. In Fig. 3 we plot the four

gluon FJFs as a function of energy E for three di↵erent values of z using the same color-coding as above. The LDME
of Refs. [3, 4] have again been used to set the normalization of the curves. In order to the make shapes of the curves

more easily viewable, we have divided the 3P (8)
J

by a factor of 5 and the color-singlet contribution has been divided by
a factor of 2. The shapes of the energy dependence at di↵erent values of z are quite distinct for all four fragmentation

functions. For example, the 3P (8)
J

FJF is an increasing function of energy for all three z values, while the 1S0 and the

Baumgart, Leibovich, Mehen, Rothstein 1406.2295

3S(1)
1

3S(8)
1

3P (8)
J

1S(8)
0

high pT !
and global !
fit tensions

� (z) / G g
�
E,R, z, µ = 2E tan

R

2

�
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Motivation
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❖ quarkonia @ LHC: 2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
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sln2µ2/(µ1µ2),
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FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.
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inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

2

Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log ↵2

s ln2 µ2/(µ1µ2),
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Right jet scale
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µH = Q

µL
S = m2

1/Q

µout
S = ⇤

µR
S = m2

2/Q

µL
J = m1
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J = m2

FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.

while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2

s ln2(µ/µ1) and ↵2
s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
ing logs ↵2

s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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left

over.
A

nalo-

gously
for

�(m
1,m

2,⇤),
the

three
soft

phase
space

re-

gions
that

give
rise

to
the

N
G

Ls
atO

(↵2
s)

are
shown

in
Fig.2.

Each
configuration

contributes
logarithm

s
of

µ
over

a
single

scale,the
“in-out”

regions
contributing

logs↵2
sln2

µ2
/(⇤

m
1,2),and

the“in-in”
region

contribut-

ing
logs

↵2
sln2

µ2
/(m

1m
2).

These
com

bine
with

single-

region
contributionsto

give
N

G
Lsof⇤/m

1,2with
coe�

-

cientsf
O

L
,O

R
and

ofm
1/m

2with
coe�

cientf
L

R.These

coe�
cients

give
the

geom
etric

factor
S

2in
Eq.(2).

IR

safety
and

RG
invariance

willallow
us

to
derive

addi-

tionalstrong
relationsam

ong
these

di↵erentcoe�
cients.

2
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] s
tu
di
ed

N
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⇤/

Q
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at
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n
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ta
l e
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y
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te
r t
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n
⇤

in
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s ou
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e
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fo
un

d
je
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ug
h
a
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rd
sc
al
e

Q
ap

pe
ar
s i
n
th
es
e r

at
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s,
we

fo
un

d
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1]

th
at

th
e N

G
Ls

st
ill

ar
ise

fro
m

co
ns
id
er
in
g
bo

th
sc
al
es

in
th
e
ra
tio

to
be

so
ft

an
d

la
te
r
ta
ki
ng

on
e
of

th
em

to
Q

in
an

in
clu

siv
e

lim
it.In
[2
1]

we
m
ad

e
pr
og

re
ss

in
un

de
rs
ta
nd

in
g

th
e

or
i-

gi
n
of

N
G
Ls
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e↵

ec
tiv

e
fie

ld
th
eo
ry
.
W
e
co
ns
id
er
ed
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e

fa
ct
or
ize

d
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je
t in

va
ria

nt
m
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rib

ut
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n
�(

m
1 ,

m
2 )

in

e +
e �
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sio
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pr
od
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in
g
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ck
-to

-b
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k
je
ts
, an

d
ca
lcu

-
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te
d
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O(↵ 2

s ),
as

al
so
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[2
2]
, t

he
he

m
isp

he
re

so
ft
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-

tio
n
S(

kL
, k

R ).
The

se
ca
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la
tio

ns
cla

rifi
ed
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e
or
ig
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of

N
G
Ls
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an

EF
T

fra
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k
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e
de
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ce
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a
so
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n
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ra
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s
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m
ul
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sc
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d
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ve
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ed

ne
w
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bl
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ng

(s
in
gl
e)

N
G
Ls
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d
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gl
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.
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N
G
Ls
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e
or
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ze
d
in
to

a
m
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iv
e
fa
ct
or
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g
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e
to
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l c

ro
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se
ct
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n,
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th
e
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di
ng

N
G
Ls

ta
ki
ng

th
e
ge
ne

ric
fo
rm

S
N
G
(µ

1 /
µ
2 )

=
1�

↵ 2
s(2

⇡) 2 C
F C

A S
2 ln 2

µ
1

µ
2 +

· · ·
.
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)

H
er
e
µ
1,
2
ar
e
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e
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al
es

at
whi
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so
ft

ra
di
at
io
n
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ob

ed
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↵e
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nt
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on

s.
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r
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e
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m
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m
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n

µ
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2

=
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2 /Q
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S
2

=
⇡ 2
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r

th
e
⇢R
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µ
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=
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⇢R
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µ
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=
Q
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e
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l in
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.
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2
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e
re
gi
on

in
to

whi
ch

th
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iq
ue

s

to
re
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N
G
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m
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N
C
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Q
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at
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re
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.
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.
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e �
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n
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Q
ar
e
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⇤
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s.

W
e
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id
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fin
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e

je
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rit
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i-k
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id
ge
-

A
ac
he

n,
an

d
kT

[2
3–

28
].

W
e

will
fin

d
th
at

N
G
Ls

of

th
e

ra
tio

of
th
e

je
t

ve
to

an
d

th
e

je
t

m
as
se
s

⇤/
m
1,
2

ar
e
pr
es
en

t,
in

ad
di
tio

n
to

N
G
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e
ra
tio

of
m
as
se
s

m
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W
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�
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nl
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lea
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ng
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u-
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e N

G
Ls
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(µ
1 /

µ
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pe
r.

The
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an
t s
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les
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r t
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e sh
ow

n
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Fi
g.

1
fo
r a

pa
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i-
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1,
2

an
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ve
r
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r
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su
lts
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e
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r

an
y
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ce

su
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Q
�

m
1,
2
�

m 2
1,
2 /Q

, ⇤
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In
[2
1]
, w

e
di
sc
ov

er
ed

th
at

at
O(↵ 2

s ) N
G
Ls

of
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o
so
ft

sc
al
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µ
1,
2
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n
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te
d

fro
m

se
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ra
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es
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en
t
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th
e
ra
tio

of
th
e
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or
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tio
n
sc
al
e
µ
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e
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e
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a
tim

e.
N
am

ely
,
th
e
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gi
on
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ph
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e
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e
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e
of

th
e
so
ft
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en
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th
e
re
gi
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se
n-

sit
iv
e
to

th
e
sc
al
e
µ
1

an
d

th
e
ot
he

r
en

te
rs

th
e
re
gi
on

se
ns
iti
ve

to
µ
2
ge
ne

ra
te
s t

he
do

ub
le

lo
g
↵ 2
s ln 2

µ 2
/(
µ
1 µ

2 ),

Hard
 sc

ale
Le

ft 
jet

 sc
aleRigh

t j
et

 sc
ale

So
ft 

sc
ale

s

µ
H

=
Q

µ L
S

=
m 2
1 /Q

µ ou
tS
=

⇤
µ R
S

=
m 2
2 /Q

µ L
J

=
m
1

µ R
J

=
m
2

FI
G
. 1
:
Th
e
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lev
an
t
sc
al
es
in
th
e
ex
clu
siv
e
je
t
m
as
s
cr
os
s

se
ct
io
n
wi
th
an

en
er
gy

ve
to
,
⇤
ou
ts
id
e
of
th
e
je
ts
is
sh
ow
n

fo
r
a
pa
rt
icu
la
r
ch
oi
ce
of
th
e
hi
er
ar
ch
y
m 2
2
⌧
⇤Q

⌧
m 2
1
th
at

gi
ve
s
ris
e
to
la
rg
e
no
n-
gl
ob
al
lo
gs
.
O
ur
re
su
lts

ap
pl
y
to
an
y

ch
oi
ce
of
m
1,
2
an
d
⇤
th
at
sa
tis
fie
s
Q
�
m
1,
2
�
m 2
1,
2 /
Q
, ⇤
,

wh
ich

m
ai
nt
ai
ns

th
e
se
pa
ra
tio
n
be
tw
ee
n
ha
rd
,
je
t
an
d
so
ft

sc
al
es
.

whi
le

th
e re

gi
on

s w
he

re
so
ft

gl
uo

ns
en

te
r o

nl
y
re
gi
on

1
or

on
ly

re
gi
on

2
ge
ne

ra
te

↵ 2
s ln 2

(µ
/µ

1 )
an

d
↵ 2
s ln 2

(µ
/µ

2 ).
In

[2
1]

we
de

riv
ed

fro
m

RG
in
va

ria
nc

e
of

th
e
cr
os
s
se
ct
io
n

an
d

IR
sa
fe
ty

of
th
e
so
ft

fu
nc

tio
n

th
at

th
e
co

e�
cie

nt
s

of
th
es
e
lo
gs

ar
e
co
ns
tr
ai
ne

d
so

th
at

th
e
µ-
de

pe
nd

en
ce

ca
nc

els
, b

ut
an

N
G
L

↵ 2
s ln 2

(µ
1 /

µ
2 )

is
lef

t
ov

er
.
A
na

lo
-

go
us
ly

fo
r
�(

m
1 ,

m
2 ,

⇤)
,
th
e
th
re
e
so
ft

ph
as
e
sp
ac
e
re
-

gi
on

s
th
at

gi
ve

ris
e
to

th
e
N
G
Ls

at
O(↵ 2

s )
ar
e
sh
ow

n

in
Fi
g.

2.
Ea

ch
co
nfi

gu
ra
tio

n
co
nt
rib

ut
es

lo
ga

rit
hm

s
of

µ
ov

er
a
sin

gl
e
sc
al
e,

th
e
“i
n-
ou

t”
re
gi
on

s
co
nt
rib

ut
in
g

lo
gs

↵ 2
s ln 2

µ 2
/(
⇤
m
1,
2 ),

an
d
th
e “i

n-
in
”
re
gi
on

co
nt
rib

ut
-

in
g
lo
gs

↵ 2
s ln 2

µ 2
/(
m
1m

2 ).
The

se
co
m
bi
ne

with
sin

gl
e-

re
gi
on

co
nt
rib

ut
io
ns

to
gi
ve

N
G
Ls

of
⇤/

m
1,
2
with

co
e�

-

cie
nt
s fO

L
,O

R
an

d
of

m
1 /

m
2
with

co
e�

cie
nt

fL
R . The

se

co
e�

cie
nt
s
gi
ve

th
e
ge
om

et
ric

fa
ct
or

S
2

in
Eq

. (
2)
.

IR

sa
fe
ty

an
d

RG
in
va

ria
nc

e
will

al
lo
w

us
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de
riv

e
ad

di
-

tio
na

l s
tr
on

g
re
la
tio
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g
th
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di
↵e
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nt
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e�

cie
nt
s.
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al
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, t

he
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m
isp

he
re

so
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n
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R ).
The
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ed
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e
or
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in

of

N
G
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k
as

th
e
de

pe
nd

en
ce

of
a
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m
ul
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N
G
Ls

an
d
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.
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N
G
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e
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d
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to
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l c
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N
G
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e
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=
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⇡) 2 C
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er
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at
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ft

ra
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ed

in
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↵e
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r
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=
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.
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m
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al
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❖ Pythia/Madonia not great for LHC J/Ψ

❖ one step further:

❖ unmeasured factorization not as well understood

 ➔ setup σ for measured case
(bye quarkonia, for now)

❖ more info if “measured” jets?
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❖ e+e- jet shape setup: ❖ pp jet shape setup:

❖ changes:
R ! R
⌧e

+e�

a ! ⌧ppa

(1)

(2)

⇤ ! pcutT

 + (unmeasured) beam functions/PDFs(4)

(3)

E < ⇤ veto

jet of size R!
(e+e- algorithm)

measure !
  jet ⌧e

+e�

a

veto

jet of size    !
    (pp algorithm)

R

pT < pcutT

beam

measure !
  jet ⌧ppa

 beam func.

 rapidity cut
ycut

❖ fragmentation: “just” change J(τ) → J(τ, z)

Ellis, AH, Lee, Vermilion, Walsh 1001.0014
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❖ combine particles i,j if!

!

!

!

❖ same for all kT-type (kT, C/A, anti-kT) to !

❖ simple replacement

NGLs: [21, 22, 23, 24] beyond LO [25, 26, 27, 28]

attempt at NGL resummation: [29]

logs of R: [30, 31, 32]

attempt at R resummation: [33]

original angularity: [34, 35]

angularity in SCET: [36, 37]

f. petriello cites: (TODO) TODO add

citessubstructure/jet mass/hadron event shape calcs [38, 39, 40, 41, 42, 43, 44, 45, 46, 47]

etc, etc

e�ycut ⌧ 1

pJT ⇠ ŝ ⇠ t̂ ⇠ û

pcutT /pJT ⇠ ⌧a ⌧ R2 ⌧ 1 (1.1)

Focus is on resummation of ⌧a, the dynamical scale. We do not attempt to resum

(↵n
s ln

n) logs of R. NGLs of pJT /p
cut
T ⌧a ⇠ 1. Throw out R2 and ⌧2a/R4 corrections. For

unmeasured jets, we need small R for consistency. For measured, can take R ⇠ 1 but

easier to calculate Rij for R ⌧ 1; full R dependence numerically as in [48]. Factorization

formula; discuss SCETI vs SCETII approaches.

2. Jet Algorithms and Shapes at Hadron Colliders

The main di↵erences between measurements at e+e� colliders and hadron colliders is in the

latter preferring measurements that are invariant under boosts along the beam direction.

The kT -type algorithms used at the LHC merge particles successively using a pairwise

metric

⇢ij = min{(piT )2↵, (pjT )2↵}
�R2

ij

R2
, (2.1)

where ↵ = +1, 0, and �1 for the kT , C/A, and anti-kT algorithms, respectively, piT is

the transverse momentum (with respect to the beam) of particle i, R is a parameter

characterizing the jet size, and

�Rij ⌘
q

(�yij)2 + (��ij)2 , (2.2)

where �yij and ��ij are the pseudo-rapidity and azimuthal di↵erences of the particles

measured with respect to the beam axis. Since pseudo-rapidities simply shift under boosts

and azimuthal angles are invariant, this quantity is invariant under boosts along the beam

direction. This pairwise metric is compared to the single particle metric of each particle,

defined as

⇢i = (piT )
2↵ . (2.3)

– 2 –

Two particles are merged if their pairwise metric is the smallest for the (ij) pair over all

particle pairs and is less than both of the single particle metrics, i.e., ⇢ij < min{⇢i, ⇢j}.
This latter constraint amounts to

�Rij < R . (2.4)

In the following, we will work under the assumptions that Rij can be expanded for angles

close to each other and to a jet axis at polar angle ✓J with respect to the beam axis, in

which case

�Rij =
1

sin ✓J

q

(�✓ij)2 + sin2 ✓J(��ij)2 +O((�✓ij)
2, (��ij)

2)

=
✓ij

sin ✓J
+O(✓2ij) , (2.5)

where in the first equality �✓ij and ��ij are measured with respect to the beam, and ✓ij
in the second equality is simply the angle between particles i and j. This implies we can

impose an e+e�-type polar angle restriction that particles are within a jet of size R and

rescale the results by

R ! R sin ✓J =
R

cosh yJ
, (2.6)

where yJ is the jet pseudo-rapidity, up to O(R2) corrections. This allows us to recycle

many of the results of [37]. The di↵erence between our results and those obtained from the

exact expression Eq. (2.2) can be obtained numerically, e.g., with the methods of 1102.4899,

although the details are beyond the scope of the present work.

It is helpful to re-write the angularity definition used in [37] in the context of e+e�

collisions in terms of ingredients that are boost invariant, such as pT and the right-hand

side of Eq. (2.5). To do so, first recall the definition used in terms of the pseudo-rapidities

yiJ and transverse momenta piJT of particles with respect to the jet axis,

⌧ e
+e�

a =
1

2EJ

X

i

|piJT |e�(1�a)|yiJ | . (2.7)

In the small angle approximation, we can write this as

⌧ e
+e�

a = (2EJ)
�(2�a)(pT )

1�a
X

i

|piT |
✓

✓iJ
sin ✓J

◆2�a
�

1 +O(✓2iJ)
�

. (2.8)

From the discussion above, all terms in the sum over particles are boost invariant. The one

o↵ender is the overall power of 2EJ . Therefore, we can arrive at a boost invariant version

of ⌧a suitable for hadron colliders with a simple rescaling by a dimensionless factor,

⌧a ⌘ ⌧ppa ⌘ 1

pT

X

i

|piT |(�RiJ)
2�a

=

✓

2EJ

pT

◆2�a

⌧ e
+e�

a +O(⌧2a ) . (2.9)

– 3 –
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In the following, we will work under the assumptions that Rij can be expanded for angles
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, (2.6)
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many of the results of [37]. The di↵erence between our results and those obtained from the

exact expression Eq. (2.2) can be obtained numerically, e.g., with the methods of 1102.4899,

although the details are beyond the scope of the present work.
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a =
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From the discussion above, all terms in the sum over particles are boost invariant. The one

o↵ender is the overall power of 2EJ . Therefore, we can arrive at a boost invariant version

of ⌧a suitable for hadron colliders with a simple rescaling by a dimensionless factor,
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✓
and 2E tan

R

2
! pTR

◆

O(↵s)

i

j
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Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections

vetoingradiationwithtotalenergygreater
than⇤inan-

gularregionsoutsideoffoundjets.Thoughahardscale

Qappearsintheseratios,wefoundin[21]thattheNGLs

stillarisefromconsideringbothscalesintheratiotobe

softandlatertakingoneofthemtoQinaninclusive

limit.
In[21]wemadeprogress

inunderstandingtheori-

ginofNGLsine↵ectivefieldtheory.Weconsideredthe

factoriz
eddijetinvariantmassdistribution�(m1,m2)in

e+
e�

collision
sproducingback-to-backjets,andcalcu-

latedtoO(↵2
s),asalsoin[22],thehemispheresoftfunc-

tionS(kL,kR).Thesecalculationsclarifiedtheoriginof

NGLsinanEFTframeworkasthedependenceofasoft

functiononratiosofmultiplesoftscales,
andrevealed

newsubleading(single)NGLsandnon-logarit
hmicnon-

globalfunctions. TheseNGLsareorganizedintoamultiplicative
factor

enteringthetotalcrosssection,withtheleadingNGLs

takingthegenericform
SNG(µ1/µ2)=1�↵2

s
(2⇡)2CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed

indi↵erentsharply-dividedregions.Forthehemisphere

massdistributionµ1,2=m2
1,2/QandS2=⇡2

/3.For

the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto

totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo

softgluonscontributingtoaNGLcango.Thefactthat

itvarieswiththesizeofthisregion
isduetotheNGL

arisingfromapurelysoftdivergen
ceofQCD.Techniques

toresumNGLsusingnumericalfitsinthelarge-N
Climit

ofQCDwereintroducedby[4],butanalyticresummation

ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin

[21]bystudyingamoreexclusivesetofcrosssections.

Westudynon-globalpropertiesofanexclusivejetcross

section
�(m1,m2,⇤),wheretheinvariantmassesm1and

m2oftwojetsofsizeRproducedinane+
e�

collision

atcenter-of-m
assenergyQaremeasured,withaveto⇤

ontheenergyofadditionaljets.Weconsiderfindingthe

jetsusingvariousalgorith
ms—cone,anti-kT,Cambridge-

Aachen,andkT[23–28].
WewillfindthatNGLsof

theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses

m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-

bleNGLs↵2
sln2

(µ1/µ2)inthispaper.Therelevan
tscales

forthisobservableareshowninFig.1foraparticularhi-

erarchyofm1,2and⇤,howeverourresultsarevalidfor

anychoicesuchthatQ�m1,2�m2
1,2/Q,⇤.

In[21],wediscovere
dthatatO(↵2

s)NGLsoftwosoft

scalesµ1,2canbeconstructedfromseparatepiecesde-

pendentontheratioofthefactoriz
ationscaleµtoone

physicalscaleatatime.Namely,theregion
ofphase

spacewhereoneofthesoftgluonsenterstheregionsen-

sitivetothescaleµ1andtheotherenterstheregion

sensitivetoµ2generatesthedoublelog↵2
sln2

µ2
/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevan
tscalesintheexclusiv

ejetmasscross

section
withanenergy

veto,⇤
outside

ofthe
jetsisshown

foraparticu
larchoi

ceofthehierarc
hym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-glo
ballog

s.Ourresults
applytoany

choice
ofm1,2and⇤thatsatisfies

Q�m1,2�m2
1,2/Q,⇤,

which
maintain

stheseparat
ionbetween

hard,jetandsoft

scales.

whiletheregionswheresoftgluonsenteronlyregion1or

onlyregion2generate↵2
sln2

(µ/µ1)and↵2
sln2

(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection

andIRsafetyofthesoftfunctionthatthecoe�cients

oftheselogsareconstrainedsothattheµ-dependence

cancels,butanNGL↵2
sln2

(µ1/µ2)isleftover.Analo-

gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-

gionsthatgiverisetotheNGLsatO(↵2
s)areshown

inFig.2.Eachconfigurationcontributeslogarith
msof

µoverasinglescale,the“in-out”regionscontributing

logs↵2
sln2

µ2
/(⇤m1,2),andthe“in-in”regioncontribut-

inglogs↵2
sln2

µ2
/(m1m2).Thesecombinewithsingle-

regioncontributionstogiveNGLsof⇤/m1,2withcoe�-

cientsfOL,ORandofm1/m2withcoe�cientfLR.These

coe�cientsgivethegeometricfactorS2inEq.(2).IR

safetyandRGinvariancewillallowustoderiveaddi-

tionalstrongrelation
samongthesedi↵erentcoe�cients.
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❖ e+e- definition:!

!

!

!

❖ another simple rescaling:

Two particles are merged if their pairwise metric is the smallest for the (ij) pair over all

particle pairs and is less than both of the single particle metrics, i.e., ⇢ij < min{⇢i, ⇢j}.
This latter constraint amounts to

�Rij < R . (2.4)

In the following, we will work under the assumptions that Rij can be expanded for angles

close to each other and to a jet axis at polar angle ✓J with respect to the beam axis, in

which case

�Rij =
1

sin ✓J

q

(�✓ij)2 + sin2 ✓J(��ij)2 +O((�✓ij)
2, (��ij)

2)

=
✓ij

sin ✓J
+O(✓2ij) , (2.5)

where in the first equality �✓ij and ��ij are measured with respect to the beam, and ✓ij
in the second equality is simply the angle between particles i and j. This implies we can

impose an e+e�-type polar angle restriction that particles are within a jet of size R and

rescale the results by

R ! R sin ✓J =
R

cosh yJ
, (2.6)

where yJ is the jet pseudo-rapidity, up to O(R2) corrections. This allows us to recycle

many of the results of [37]. The di↵erence between our results and those obtained from the

exact expression Eq. (2.2) can be obtained numerically, e.g., with the methods of 1102.4899,

although the details are beyond the scope of the present work.

It is helpful to re-write the angularity definition used in [37] in the context of e+e�

collisions in terms of ingredients that are boost invariant, such as pT and the right-hand

side of Eq. (2.5). To do so, first recall the definition used in terms of the pseudo-rapidities

yiJ and transverse momenta piJT of particles with respect to the jet axis,

⌧ e
+e�

a =
1

2EJ

X

i

|piJT |e�(1�a)|yiJ | . (2.7)

In the small angle approximation, we can write this as

⌧ e
+e�

a = (2EJ)
�(2�a)(pT )

1�a
X

i

|piT |
✓

✓iJ
sin ✓J

◆2�a
�

1 +O(✓2iJ)
�

. (2.8)

From the discussion above, all terms in the sum over particles are boost invariant. The one

o↵ender is the overall power of 2EJ . Therefore, we can arrive at a boost invariant version

of ⌧a suitable for hadron colliders with a simple rescaling by a dimensionless factor,

⌧a ⌘ ⌧ppa ⌘ 1

pT

X

i

|piT |(�RiJ)
2�a

=

✓

2EJ

pT

◆2�a

⌧ e
+e�

a +O(⌧2a ) . (2.9)
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boost inv. offender (overall factor!)
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�(2�a)(pT )

1�a
X

i

|piT |
✓

✓iJ
sin ✓J

◆2�a
�

1 +O(✓2iJ)
�

. (2.8)

From the discussion above, all terms in the sum over particles are boost invariant. The one

o↵ender is the overall power of 2EJ . Therefore, we can arrive at a boost invariant version

of ⌧a suitable for hadron colliders with a simple rescaling by a dimensionless factor,

⌧a ⌘ ⌧ppa ⌘ 1

pT

X

i

|piT |(�RiJ)
2�a

=

✓

2EJ

pT

◆2�a

⌧ e
+e�

a +O(⌧2a ) . (2.9)

– 3 –

cancels offender (and dimensionless)

this def’n for jets: Ellis, AH, Lee, Vermilion, Walsh 1001.0014

original event shape: Berger, Kucs, Sterman hep-ph/0303051

http://arxiv.org/abs/hep-ph/0303051
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❖ for unmeasured jets & beams, need !

!

❖ for measured jets, could get full R-dep numerically!

❖ to avoid non-global and kinematic logs

NGLs: [21, 22, 23, 24] beyond LO [25, 26, 27, 28]

attempt at NGL resummation: [29]

logs of R: [30, 31, 32]

attempt at R resummation: [33]

original angularity: [34, 35]

angularity in SCET: [36, 37]

f. petriello cites: (TODO) TODO add

citessubstructure/jet mass/hadron event shape calcs [38, 39, 40, 41, 42, 43, 44, 45, 46, 47]

etc, etc

e�ycut ⌧ 1

pJT ⇠ ŝ ⇠ t̂ ⇠ û

pcutT /pJT ⇠ ⌧a ⌧ R2 ⌧ 1 (1.1)

Focus is on resummation of ⌧a, the dynamical scale. We do not attempt to resum

(↵n
s ln

n) logs of R. NGLs of pJT /p
cut
T ⌧a ⇠ 1. Throw out R2 and ⌧2a/R4 corrections. For

unmeasured jets, we need small R for consistency. For measured, can take R ⇠ 1 but

easier to calculate Rij for R ⌧ 1; full R dependence numerically as in [48]. Factorization

formula; discuss SCETI vs SCETII approaches.

2. Jet Algorithms and Shapes at Hadron Colliders

The main di↵erences between measurements at e+e� colliders and hadron colliders is in the

latter preferring measurements that are invariant under boosts along the beam direction.

The kT -type algorithms used at the LHC merge particles successively using a pairwise

metric

⇢ij = min{(piT )2↵, (pjT )2↵}
�R2

ij

R2
, (2.1)

where ↵ = +1, 0, and �1 for the kT , C/A, and anti-kT algorithms, respectively, piT is

the transverse momentum (with respect to the beam) of particle i, R is a parameter

characterizing the jet size, and

�Rij ⌘
q

(�yij)2 + (��ij)2 , (2.2)

where �yij and ��ij are the pseudo-rapidity and azimuthal di↵erences of the particles

measured with respect to the beam axis. Since pseudo-rapidities simply shift under boosts

and azimuthal angles are invariant, this quantity is invariant under boosts along the beam

direction. This pairwise metric is compared to the single particle metric of each particle,

defined as

⇢i = (piT )
2↵ . (2.3)

– 2 –
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– 2 –

pcutT /pJT ⇠ ⌧1a ⇠ ⌧2asoft scales:

NGLs: [21, 22, 23, 24] beyond LO [25, 26, 27, 28]

attempt at NGL resummation: [29]

logs of R: [30, 31, 32]

attempt at R resummation: [33]

original angularity: [34, 35]
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pcutT /pJT ⇠ ⌧a ⌧ R2 ⌧ 1 (1.1)
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s ln
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cut
T ⌧a ⇠ 1. Throw out R2 and ⌧2a/R4 corrections. For

unmeasured jets, we need small R for consistency. For measured, can take R ⇠ 1 but

easier to calculate Rij for R ⌧ 1; full R dependence numerically as in [48]. Factorization

formula; discuss SCETI vs SCETII approaches.

2. Jet Algorithms and Shapes at Hadron Colliders

The main di↵erences between measurements at e+e� colliders and hadron colliders is in the

latter preferring measurements that are invariant under boosts along the beam direction.
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ij
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, (2.1)
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the transverse momentum (with respect to the beam) of particle i, R is a parameter

characterizing the jet size, and
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where �yij and ��ij are the pseudo-rapidity and azimuthal di↵erences of the particles

measured with respect to the beam axis. Since pseudo-rapidities simply shift under boosts
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defined as
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– 2 –

hard scales:
(within         )10±1

Bauer, Dunn, AH 1102.4899 

see also: Jim Talbert’s talk

see also: David Farhi’s talk from `14

see also: Duff Neill’s talk; Larkoski, Moult, Neill 1501.04596 

see also: Piotr Pietrulewicz‘s talk

see also: Bauer, Tackmann, Walsh, Zuberi (“Ninja”) 1106.6047

see also: Shireen Gangal’s talk;  
Gangal, Stahlhofen, Tackmann 1412.4792

http://arxiv.org/abs/1102.4899
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❖ unmeasured jets:

❖ measured jets:

(TODO)We emphasize again that the quantities on the right-hand side of the first line of TODO R�b

in overall factor

kills consistency

for b 6= 0, e.g.

b = 2� a in [20]

Eq. (2.9) are manifestly boost invariant about the beam, and that the second line allows

us to recycle many of the results of [37]. Since the jet algorithm requires �RiJ . R, the

hierarchy of Eq. (1.1) enforces that the piT of the jet constituents be widely disparate from

the jet pT which is consistent with the scale hierarchies of SCET (TODO). TODO
soft/coll. ⌧

scalings in � ;

or just point to

eq. (8) where

more obvious

The one main di↵erence between e+e� measurements and those done at hadron col-

liders that results in novel calculations is in the out-of-jet energy veto. In the former, it is

typically just a cut on energy, whereas in the latter it is chosen to be a veto on transverse

momentum, pT = E sin ✓ < pcutT . This will require an entirely new soft function, which we

present below.

3. Factorized Dijet Cross-Section

For dijet production at tree-level, momentum conservation implies that there are just three

non-trivial variables to describe the final state at tree level, which we can take to be the

jet (pseudo-) rapidities y1,2 and the jet pT = |p1
T | = |p2

T |. The momentum fractions of the

incoming partons are related to these variables via

x1,2 =
2pT
Ecm

cosh
�y

2
e±Y (3.1)

where �y = y1 � y2 is the rapidity di↵erence of the two jets and Y = (y1 + y2)/2. The

(partonic) Mandelstam variables can be written as

s = 4p2T cosh2
�y

2

t = �2p2T e
�y/2 cosh

�y

2

u = �2p2T e
��y/2 cosh

�y

2
= �s� t . (3.2)

The born cross-section can be written in the form

d�born
dy1dy2dpT

=
pTx1x2
8⇡E4

cm

1

N
f1(x1;µ)f2(x2;µ) Tr{H0S0} (3.3)

where H0 and S0 are the tree-level hard and soft functions, respectively, fi is a parton dis-

tribution function (PDFs) for parton i, and N is a normalization associated with averaging

over initial particle states (e.g., N = 4N2
c for quark scattering).

The e↵ect of radiative corrections to Eq. (3.3) is described in the soft and collinear

limits by higher-order hard, soft, beam, and jet functions. We consider the cases of when the

jets are both “unmeasured” (in the terminology of [37]), i.e., are tagged with an algorithm

but are otherwise unproved, and when one or both jets are “measured,” i.e., probed with an

angularity jet shape ⌧a. When both jets are left unmeasured (i.e., tagged with an algorithm

but otherwise unproved), the all orders cross-section takes the form

d� ⌘ d�

dy1dy2dpT
(3.4)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)Sunmeas(µ)}[J1(µ)J2(µ)] +O(↵sR2,↵se

�ycut) ,

– 4 –
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tribution function (PDFs) for parton i, and N is a normalization associated with averaging

over initial particle states (e.g., N = 4N2
c for quark scattering).

The e↵ect of radiative corrections to Eq. (3.3) is described in the soft and collinear

limits by higher-order hard, soft, beam, and jet functions. We consider the cases of when the

jets are both “unmeasured” (in the terminology of [37]), i.e., are tagged with an algorithm

but are otherwise unproved, and when one or both jets are “measured,” i.e., probed with an

angularity jet shape ⌧a. When both jets are left unmeasured (i.e., tagged with an algorithm
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– 4 –
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in overall factor
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for b 6= 0, e.g.

b = 2� a in [20]

Eq. (2.9) are manifestly boost invariant about the beam, and that the second line allows
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hierarchy of Eq. (1.1) enforces that the piT of the jet constituents be widely disparate from

the jet pT which is consistent with the scale hierarchies of SCET (TODO). TODO
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(3.4)

=
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cm

1
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– 4 –

❖ born:

where the Ji(µ) are unmeasured jet functions and Sunmeas is the unmeasured soft function.

When both jets are measured, the cross-section takes the form

d�(⌧1a , ⌧
2
a ) ⌘

d�

dy1dy2dpTd⌧1ad⌧
2
a

(3.5)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)S(⌧1a , ⌧

2
a ;µ)}⌦ [J1(⌧

2
a ;µ)J2(⌧

2
a ;µ)]

+O(↵s(⌧
i
a)

2/R4,↵se
�ycut)

where ⌦ represents convolutions over the ⌧ ia. The case of a single measured jet (with the

other unmeasured) is the straightforwardly obtained hybrid of Eqs. (3.4) and (3.5). The

power corrections to Eqs. (3.4) and (3.5) can be included via matching to fixed order QCD.

Resummation of logs of ⌧a is achieved by RG evolution of each factorized component from

it’s canonical scale (cf. Table 2) to the common scale µ. Both the hard and soft function

are in general hermitian matrices of rank R equal to the number of linearly independent

color operators associated with the hard process (e.g., R = 2 for qq ! qq, 3 for qq ! gg,

and 8 for gg ! gg). These operators mix under RG evolution which is accounted for with

matrix RG equations. The fixed order calculation of the components in Eqs. (3.4) and

(3.5) and their RG evolution is the subject of the next sections. (TODO) TODO more

about beam,

etc; cite4. Fixed-Order O(↵1
s) Calculation of Factorized Components

Stu↵ here (TODO) TODO intro-

duce section

4.1 Jet Functions

In [37], there were both “measured” and “unmeasured” jet functions, corresponding to jets

whose angularity was measured as opposed to those who were tagged but otherwise un-

probed. The latter can be obtained using the hadron collider algorithms with the rescaling

in Eq. (2.6). We obtain

Ji = 1 +
↵s

2⇡

✓

Ci

✏2
+

�i
✏

◆✓

µ

pTR
◆2✏

+ di,algJ

�

(4.1)

where i = q, g for quark and gluon jets (and Ci is the casimir invariant, Cq = CF and

Cg = CA), respectively, and

�q =
3CF

2
, �g =

�0
2

. (4.2)

(with �0 given later in Eq. (B.19)) and the finite corrections di,algJ are given in Eqs. A.19

and A.30 of [37],

di,kTJ = 2�i ln 2� Ci
5⇡2

12
+

(

CF
7
2 if i = q

CA
137
36 � TRNf

23
18 if i = g

(4.3)

di,coneJ = �Ci
3⇡2

4
+

(

CF
13
2 if i = q

CA
67
9 � TRNf

23
9 if i = g

(4.4)

– 5 –

where the Ji(µ) are unmeasured jet functions and Sunmeas is the unmeasured soft function.
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1
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i
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(3.5) and their RG evolution is the subject of the next sections. (TODO) TODO more

about beam,

etc; cite4. Fixed-Order O(↵1
s) Calculation of Factorized Components
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duce section

4.1 Jet Functions

In [37], there were both “measured” and “unmeasured” jet functions, corresponding to jets

whose angularity was measured as opposed to those who were tagged but otherwise un-

probed. The latter can be obtained using the hadron collider algorithms with the rescaling

in Eq. (2.6). We obtain
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– 5 –

unmeas./measured jet functions (different)
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❖ “unmeasured” fragmenting jet function:!

!

!

❖ simple replacement: !

❖ unmeasured beam function:

For measured jet functions, we need to apply the rescaling Eq. (2.9). The identity

A�1�
�

A�1⌧ � ⌧̂
�

= �
�

⌧ �A⌧̂
�

, (4.5)

implies that this rescaling can be accomplished to all orders via the transformation

Ji(⌧a) =

✓

pT
2EJ

◆2�a

Je+e�
i

✓✓

pT
2EJ

◆2�a

⌧a

◆

, (4.6)

where Je+e�
i is the jet function of [37]. This gives

Ji(⌧a) = Je+e�
i (⌧a)

�

�

2EJ!pT
, (4.7)

i.e., it is simply obtained from Je+e�
i with the replacement 2EJ ! pT . These can be

obtained for the quark case from [36] and for the gluon case with some manipulations from

the results of [37]. We record the results here as

Ji(⌧a) = �(⌧a)� ↵s

2⇡

✓

µ

pT

◆2✏✓ 1

⌧a

◆1+ 2✏
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4.2 Unmeasured Beam Functions

While the unmeasured beam function has not to our knowledge appeared in the literature,

it is directly related to the unmeasured fragmenting jet function of [17]. The unmeasured
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4.2 Unmeasured Beam Functions

While the unmeasured beam function has not to our knowledge appeared in the literature,

it is directly related to the unmeasured fragmenting jet function of [17]. The unmeasured

fragmenting jet function for a jet of energy E and (e+e�) cone radius R can be written as
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where Dh
i is a fragmentation function for parton i in hadron h and the Jij are matching

coe�cients which are given in Eq. (5) of [17]. The dependence on E and R in Jij (at least

to O(↵s)) is such that we can write

Jij(E,R, z0, µ) ⌘ Jij(2E tan
R

2
, z0, µ) , (4.11)
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i.e., it always comes in the combination E tan R
2 . Using the crossing relations of Sec. IIIC

of [49] (TODO), it can be shown that an unmeasured beam function in a collider with TODO
needed? (ref is

O(↵2
s)?)

center-of-mass energy Ecm and a rapidity cut of ycut can be written as (dropping explicit

dependence on Ecm and ycut)

Bi(xi;µ) ⌘ Bi(Ecm, ycut, xi;µ)

=
X
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dz

z
Jij(Ecme

�ycut , z0, µ)fj(z/z
0, µ) +O(⇤2

QCD/E
2) (4.12)

where fi is a PDF and Jij are the same matching coe�cients as in Eq. (4.10), at least

to O(↵s)1, and we used the correspondence between an e+e� jet and a beam with energy

Ecm/2 and rapidity cut ycut

E tan
R

2
! Ecme

�ycut , (4.13)

which is valid up to O(e�ycut) corrections.

Following [17], logarithms of 1� z and e�ycut can simultaneously be resummed. How-

ever, in this work we simply RG evolve the entire function Bi with the anomalous dimension

of an unmeasured jet function and evaluate the PDF and matching coe�cients Jij at the

same scale µ.

4.3 Soft Function

In general, we can write the bare soft function at O(↵s) for dijet production when both

jets have ⌧a measured as

S(⌧1a , ⌧
2
a ) = Sunmeas�(⌧1a )�(⌧

2
a ) + [S0S

meas(⌧1a )�(⌧
2
a ) + (1 $ 2)] +O(↵2

s) , (4.14)

where Sunmeas = S0 + O(↵s) is the part of the soft function that is always present (both

when the jets are measured and unmeasured). The bare soft function is µ independent,

and we will distinguish the corresponding renormalized function with an explicit argument

µ. In the cases that neither jets are or only one jet is measured, the corresponding Smeas

pieces on the right-hand are simply not included (with Sunmeas included in all cases). For

more jets, the result can be extended straight forwardly (although our explicit results only

apply to planar jet configurations).

The part of the soft function corresponding to the measurement of ⌧ ia on jet i, Smeas(⌧ ia),

is obtained from summing over the interference of jet i with all other jets and the beams

(contributions from radiation arising from the interference of jets/beams j and k with

j, k 6= i are power correction in R) and can be related from the results for Smeas
ij (⌧ ia) of [37]

1It is argued in [13] that measured beam and jet functions have the same anomalous dimension to all

orders (at least for the measured case), but since the PDFs and fragmentation functions di↵er perturbatively

at O(↵2
s) [50] the matching coe�cients must di↵er for the beam and jet functions starting at this order.
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❖ measured: definition of J(τ) and 
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4.2 Unmeasured Beam Functions

While the unmeasured beam function has not to our knowledge appeared in the literature,

it is directly related to the unmeasured fragmenting jet function of [17]. The unmeasured
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4.2 Unmeasured Beam Functions

While the unmeasured beam function has not to our knowledge appeared in the literature,

it is directly related to the unmeasured fragmenting jet function of [17]. The unmeasured

fragmenting jet function for a jet of energy E and (e+e�) cone radius R can be written as

G(E,R, z;µ) =
X

i

Z

dz

z
Jij(E,R, z0;µ)Dh

j (z/z
0;µ) +O(⇤2

QCD/E
2) , (4.10)

where Dh
i is a fragmentation function for parton i in hadron h and the Jij are matching

coe�cients which are given in Eq. (5) of [17]. The dependence on E and R in Jij (at least

to O(↵s)) is such that we can write

Jij(E,R, z0, µ) ⌘ Jij(2E tan
R

2
, z0, µ) , (4.11)

– 6 –

now boost invariant!
}

now boost invariant!
}

where the Ji(µ) are unmeasured jet functions and Sunmeas is the unmeasured soft function.

When both jets are measured, the cross-section takes the form

d�(⌧1a , ⌧
2
a ) ⌘

d�

dy1dy2dpTd⌧1ad⌧
2
a

(3.5)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)S(⌧1a , ⌧

2
a ;µ)}⌦ [J1(⌧

2
a ;µ)J2(⌧

2
a ;µ)]

+O(↵s(⌧
i
a)

2/R4,↵se
�ycut)

where ⌦ represents convolutions over the ⌧ ia. The case of a single measured jet (with the

other unmeasured) is the straightforwardly obtained hybrid of Eqs. (3.4) and (3.5). The

power corrections to Eqs. (3.4) and (3.5) can be included via matching to fixed order QCD.

Resummation of logs of ⌧a is achieved by RG evolution of each factorized component from

it’s canonical scale (cf. Table 2) to the common scale µ. Both the hard and soft function

are in general hermitian matrices of rank R equal to the number of linearly independent

color operators associated with the hard process (e.g., R = 2 for qq ! qq, 3 for qq ! gg,

and 8 for gg ! gg). These operators mix under RG evolution which is accounted for with

matrix RG equations. The fixed order calculation of the components in Eqs. (3.4) and

(3.5) and their RG evolution is the subject of the next sections. (TODO) TODO more

about beam,

etc; cite4. Fixed-Order O(↵1
s) Calculation of Factorized Components

Stu↵ here (TODO) TODO intro-

duce section

4.1 Jet Functions

In [37], there were both “measured” and “unmeasured” jet functions, corresponding to jets

whose angularity was measured as opposed to those who were tagged but otherwise un-

probed. The latter can be obtained using the hadron collider algorithms with the rescaling

in Eq. (2.6). We obtain

Ji = 1 +
↵s
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(4.1)

where i = q, g for quark and gluon jets (and Ci is the casimir invariant, Cq = CF and

Cg = CA), respectively, and

�q =
3CF

2
, �g =

�0
2

. (4.2)

(with �0 given later in Eq. (B.19)) and the finite corrections di,algJ are given in Eqs. A.19

and A.30 of [37],

di,kTJ = 2�i ln 2� Ci
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+
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7
2 if i = q
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(4.3)
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i.e., it always comes in the combination E tan R
2 . Using the crossing relations of Sec. IIIC

of [49] (TODO), it can be shown that an unmeasured beam function in a collider with TODO
needed? (ref is

O(↵2
s)?)

center-of-mass energy Ecm and a rapidity cut of ycut can be written as (dropping explicit

dependence on Ecm and ycut)

Bi(xi;µ) ⌘ Bi(Ecm, ycut, xi;µ)

=
X

j

Z

dz

z
Jij(Ecme

�ycut , z0, µ)fj(z/z
0, µ) +O(⇤2

QCD/E
2) (4.12)

where fi is a PDF and Jij are the same matching coe�cients as in Eq. (4.10), at least

to O(↵s)1, and we used the correspondence between an e+e� jet and a beam with energy

Ecm/2 and rapidity cut ycut

E tan
R

2
! Ecme

�ycut , (4.13)

which is valid up to O(e�ycut) corrections.

Following [17], logarithms of 1� z and e�ycut can simultaneously be resummed. How-

ever, in this work we simply RG evolve the entire function Bi with the anomalous dimension

of an unmeasured jet function and evaluate the PDF and matching coe�cients Jij at the

same scale µ.

4.3 Soft Function

In general, we can write the bare soft function at O(↵s) for dijet production when both

jets have ⌧a measured as

S(⌧1a , ⌧
2
a ) = Sunmeas�(⌧1a )�(⌧

2
a ) + [S0S

meas(⌧1a )�(⌧
2
a ) + (1 $ 2)] +O(↵2

s) , (4.14)

where Sunmeas = S0 + O(↵s) is the part of the soft function that is always present (both

when the jets are measured and unmeasured). The bare soft function is µ independent,

and we will distinguish the corresponding renormalized function with an explicit argument

µ. In the cases that neither jets are or only one jet is measured, the corresponding Smeas

pieces on the right-hand are simply not included (with Sunmeas included in all cases). For

more jets, the result can be extended straight forwardly (although our explicit results only

apply to planar jet configurations).

The part of the soft function corresponding to the measurement of ⌧ ia on jet i, Smeas(⌧ ia),

is obtained from summing over the interference of jet i with all other jets and the beams

(contributions from radiation arising from the interference of jets/beams j and k with

j, k 6= i are power correction in R) and can be related from the results for Smeas
ij (⌧ ia) of [37]

1It is argued in [13] that measured beam and jet functions have the same anomalous dimension to all

orders (at least for the measured case), but since the PDFs and fragmentation functions di↵er perturbatively

at O(↵2
s) [50] the matching coe�cients must di↵er for the beam and jet functions starting at this order.

– 7 –

always present

}
add for each meas jet!

(can sub in favorite jet shape)
pT < pcutT
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2
a ) + (1 $ 2)] +O(↵2

s) , (4.14)

where Sunmeas = S0 + O(↵s) is the part of the soft function that is always present (both

when the jets are measured and unmeasured). The bare soft function is µ independent,

and we will distinguish the corresponding renormalized function with an explicit argument

µ. In the cases that neither jets are or only one jet is measured, the corresponding Smeas

pieces on the right-hand are simply not included (with Sunmeas included in all cases). For

more jets, the result can be extended straight forwardly (although our explicit results only

apply to planar jet configurations).

The part of the soft function corresponding to the measurement of ⌧ ia on jet i, Smeas(⌧ ia),

is obtained from summing over the interference of jet i with all other jets and the beams

(contributions from radiation arising from the interference of jets/beams j and k with

j, k 6= i are power correction in R) and can be related from the results for Smeas
ij (⌧ ia) of [37]

1It is argued in [13] that measured beam and jet functions have the same anomalous dimension to all

orders (at least for the measured case), but since the PDFs and fragmentation functions di↵er perturbatively

at O(↵2
s) [50] the matching coe�cients must di↵er for the beam and jet functions starting at this order.
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i.e., it always comes in the combination E tan R
2 . Using the crossing relations of Sec. IIIC

of [49] (TODO), it can be shown that an unmeasured beam function in a collider with TODO
needed? (ref is

O(↵2
s)?)

center-of-mass energy Ecm and a rapidity cut of ycut can be written as (dropping explicit

dependence on Ecm and ycut)

Bi(xi;µ) ⌘ Bi(Ecm, ycut, xi;µ)

=
X

j

Z

dz

z
Jij(Ecme

�ycut , z0, µ)fj(z/z
0, µ) +O(⇤2

QCD/E
2) (4.12)

where fi is a PDF and Jij are the same matching coe�cients as in Eq. (4.10), at least

to O(↵s)1, and we used the correspondence between an e+e� jet and a beam with energy

Ecm/2 and rapidity cut ycut

E tan
R

2
! Ecme

�ycut , (4.13)
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through the rescaling in Eq. (2.9). We find

Smeas(⌧ ia) =
X

hi 6=ji

✓

pT
2EJ

◆2�a

Smeas
ij

✓✓

pT
2EJ

◆2�a

⌧ ia

◆

=
1

✏

↵sCi

⇡

e�E✏

�(1� ✏)

1

1� a

✓

1

⌧ ia

◆1+2✏✓ µ

pT

◆2✏

R2✏(1�a) , (4.15)

which clearly has the desired boost-invariant properties. For later convenience, we note

that the R-dependent divergent part of this expression takes the form (TODO) TODO use

this later

Smeas(⌧ ia, µ) � � 1

2✏

↵sCi

⇡
�(⌧ ia) lnR . (4.16)

The additional part of the soft function we require, Sunmeas, can be written as a sum

of contributions in the same manner of [37],

Sunmeas = S0 +



S0

2

X

hi 6=ji

Ti ·Tj

⇣

Sincl
ij +

N
X

k=1

Sk
ij

⌘

+ h.c.

�

, (4.17)

where h.c. denotes the hermitian conjugate. Here, we use the color space formalism as

described in [51, 52]. The 4!/(2!)2 = 6 matrices Ti ·Tj are of rank R, the same as that

contribution result

I incl
BB̄

+ IB
BB̄

+ IB̄
BB̄

2ycut

I1
BB̄

+ I2
BB̄

O(R2)

I incl
BJ + IB

BJ + IB̄
BJ � 1

2✏ + ycut � yJ + ✏⇡
2

24

IJ
BJ

1
2✏R�2✏

�

1� ✏2 ⇡
2

12

�

Ik 6=J,B
BJ O(e�ycut ,R2)

I incl
12 �1

✏ +
✏
2(�y)2 + ✏⇡

2

12

I1
12 + I2

12
1
✏R�2✏

�

1� ✏2 ⇡
2

12

�

IB,B̄
12 O(e�ycut)

Table 1: A summary of results for the “unmeasured” part of the soft function, Sunmeas, up to
O(e�ycut ,R2). Here, the subscript J refers to the two jets, J = 1, 2, and B and B̄ refer to the two
beams, and �y = y1 � y2. Each component is explicitly boost invariant about the beam direction
(with 2ycut in the B-B̄ interference terms in general given by the rapidity di↵erence of the forward
and backward beam cuts).
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i.e., it always comes in the combination E tan R
2 . Using the crossing relations of Sec. IIIC

of [49] (TODO), it can be shown that an unmeasured beam function in a collider with TODO
needed? (ref is

O(↵2
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center-of-mass energy Ecm and a rapidity cut of ycut can be written as (dropping explicit

dependence on Ecm and ycut)
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dz
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QCD/E
2) (4.12)

where fi is a PDF and Jij are the same matching coe�cients as in Eq. (4.10), at least

to O(↵s)1, and we used the correspondence between an e+e� jet and a beam with energy

Ecm/2 and rapidity cut ycut

E tan
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2
! Ecme

�ycut , (4.13)

which is valid up to O(e�ycut) corrections.

Following [17], logarithms of 1� z and e�ycut can simultaneously be resummed. How-

ever, in this work we simply RG evolve the entire function Bi with the anomalous dimension

of an unmeasured jet function and evaluate the PDF and matching coe�cients Jij at the

same scale µ.
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s) , (4.14)

where Sunmeas = S0 + O(↵s) is the part of the soft function that is always present (both

when the jets are measured and unmeasured). The bare soft function is µ independent,

and we will distinguish the corresponding renormalized function with an explicit argument

µ. In the cases that neither jets are or only one jet is measured, the corresponding Smeas

pieces on the right-hand are simply not included (with Sunmeas included in all cases). For

more jets, the result can be extended straight forwardly (although our explicit results only

apply to planar jet configurations).

The part of the soft function corresponding to the measurement of ⌧ ia on jet i, Smeas(⌧ ia),

is obtained from summing over the interference of jet i with all other jets and the beams

(contributions from radiation arising from the interference of jets/beams j and k with

j, k 6= i are power correction in R) and can be related from the results for Smeas
ij (⌧ ia) of [37]

1It is argued in [13] that measured beam and jet functions have the same anomalous dimension to all

orders (at least for the measured case), but since the PDFs and fragmentation functions di↵er perturbatively

at O(↵2
s) [50] the matching coe�cients must di↵er for the beam and jet functions starting at this order.
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which clearly has the desired boost-invariant properties. For later convenience, we note

that the R-dependent divergent part of this expression takes the form (TODO) TODO use

this later

Smeas(⌧ ia, µ) � � 1

2✏
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The additional part of the soft function we require, Sunmeas, can be written as a sum

of contributions in the same manner of [37],
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where h.c. denotes the hermitian conjugate. Here, we use the color space formalism as

described in [51, 52]. The 4!/(2!)2 = 6 matrices Ti ·Tj are of rank R, the same as that

contribution result

I incl
BB̄

+ IB
BB̄

+ IB̄
BB̄

2ycut
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O(R2)
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Table 1: A summary of results for the “unmeasured” part of the soft function, Sunmeas, up to
O(e�ycut ,R2). Here, the subscript J refers to the two jets, J = 1, 2, and B and B̄ refer to the two
beams, and �y = y1 � y2. Each component is explicitly boost invariant about the beam direction
(with 2ycut in the B-B̄ interference terms in general given by the rapidity di↵erence of the forward
and backward beam cuts).
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❖ not simply related to anything calculated…

of S0, and account for the mixing of color operators in a given basis into each other at

O(↵s). The di↵erence from [37] is that now each contribution involves a pT veto instead

of an energy veto as well as a di↵erent jet algorithm. In particular, defining

⇥pT ⌘ ⇥(k0 sin ✓kB < pcutT )

⇥k
R ⌘ ⇥(RkJ < R) , (4.18)

we now have

Sincl
ij ⌘ 1

✏

↵s

2⇡

✓

µ

pcutT

◆2✏

I incl
ij = �g2µ2✏

Z

ddk

(2⇡)d�1

ni · nj

(ni · k)(nj · k)�(k
2)⇥(k0)⇥pT , (4.19)

and

Sk
ij ⌘

1

✏

↵s

2⇡

✓

µ

pcutT

◆2✏

Ik
ij = g2µ2✏

Z

ddk

(2⇡)d�1

ni · nj

(ni · k)(nj · k)�(k
2)⇥(k0)⇥pT⇥

k
R , (4.20)

where i, j, and k can each be either of the beams or one of the jets (with i 6= j).

We first perform the energy and trivial parts of the angular integration of Eq. (4.19) for

generic i, j (either jet or beam). Do do this, we align the 1-direction (or “ẑ”) with direction

~ni and put the ~nj vector in the 12-plane, and the beam direction ~nB in the 123-spatial part

of d-dimensional space. Using the shorthands cij ⌘ 1�ni ·nj , sij ⌘ (1� c2ij)
1/2, ci ⌘ cos ✓i,

and si ⌘ sin ✓i, the dot products of the gluon’s momentum k take the form

~ni · k = c1

~nj · k = cijc1 + sijs1c2

~nB · k = nB1c1 + nB2s1c2 + nB3s1s2c3 (4.21)

for the i, j, and beam directions, respectively. In this frame, I incl
ij takes the form (in MS)

I incl
ij =

(1� cij)e�E✏

2
p
⇡�(1/2� ✏)

Z ⇡

0
d✓1 sin1�2✏ ✓1

Z ⇡

0
d✓2 sin�2✏ ✓2

1

1� c1

1

1� cijc1 � sijs1c2

⇥


�(1/2� ✏)p
⇡�(�✏)

Z ⇡

0
d✓3 sin�1�2✏ ✓3

�

1� (nB1c1 + nB3s1c2 + nB3s1s2c3)
2
�✏
�

. (4.22)

The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire

second line (the quantity in brackets) then becomes simply


· · ·
�

planar����! �

1� (nB1c1 + nB2s1c2)
2
�✏
, (4.23)

with n2
B2 = 1� n2

B1. We also note that when i is equal to the beam direction (so nB1 = 1

and nB2 = 0), this quantity reduces to


· · ·
�

ni=nB����! sin2✏ ✓1 . (4.24)
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The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire

second line (the quantity in brackets) then becomes simply
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· · ·
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with n2
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B1. We also note that when i is equal to the beam direction (so nB1 = 1
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of S0, and account for the mixing of color operators in a given basis into each other at

O(↵s). The di↵erence from [37] is that now each contribution involves a pT veto instead

of an energy veto as well as a di↵erent jet algorithm. In particular, defining

⇥pT ⌘ ⇥(k0 sin ✓kB < pcutT )

⇥k
R ⌘ ⇥(RkJ < R) , (4.18)

we now have

Sincl
ij ⌘ 1

✏

↵s
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where i, j, and k can each be either of the beams or one of the jets (with i 6= j).

We first perform the energy and trivial parts of the angular integration of Eq. (4.19) for

generic i, j (either jet or beam). Do do this, we align the 1-direction (or “ẑ”) with direction

~ni and put the ~nj vector in the 12-plane, and the beam direction ~nB in the 123-spatial part

of d-dimensional space. Using the shorthands cij ⌘ 1�ni ·nj , sij ⌘ (1� c2ij)
1/2, ci ⌘ cos ✓i,

and si ⌘ sin ✓i, the dot products of the gluon’s momentum k take the form

~ni · k = c1

~nj · k = cijc1 + sijs1c2

~nB · k = nB1c1 + nB2s1c2 + nB3s1s2c3 (4.21)

for the i, j, and beam directions, respectively. In this frame, I incl
ij takes the form (in MS)
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2
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The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire

second line (the quantity in brackets) then becomes simply
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and si ⌘ sin ✓i, the dot products of the gluon’s momentum k take the form

~ni · k = c1

~nj · k = cijc1 + sijs1c2

~nB · k = nB1c1 + nB2s1c2 + nB3s1s2c3 (4.21)
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The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire
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with n2
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B1. We also note that when i is equal to the beam direction (so nB1 = 1
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�
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of S0, and account for the mixing of color operators in a given basis into each other at

O(↵s). The di↵erence from [37] is that now each contribution involves a pT veto instead

of an energy veto as well as a di↵erent jet algorithm. In particular, defining

⇥pT ⌘ ⇥(k0 sin ✓kB < pcutT )

⇥k
R ⌘ ⇥(RkJ < R) , (4.18)

we now have

Sincl
ij ⌘ 1
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↵s
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✓

µ

pcutT

◆2✏

I incl
ij = �g2µ2✏

Z

ddk

(2⇡)d�1

ni · nj

(ni · k)(nj · k)�(k
2)⇥(k0)⇥pT , (4.19)

and
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1
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◆2✏
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Z

ddk

(2⇡)d�1

ni · nj

(ni · k)(nj · k)�(k
2)⇥(k0)⇥pT⇥

k
R , (4.20)

where i, j, and k can each be either of the beams or one of the jets (with i 6= j).

We first perform the energy and trivial parts of the angular integration of Eq. (4.19) for

generic i, j (either jet or beam). Do do this, we align the 1-direction (or “ẑ”) with direction

~ni and put the ~nj vector in the 12-plane, and the beam direction ~nB in the 123-spatial part

of d-dimensional space. Using the shorthands cij ⌘ 1�ni ·nj , sij ⌘ (1� c2ij)
1/2, ci ⌘ cos ✓i,

and si ⌘ sin ✓i, the dot products of the gluon’s momentum k take the form

~ni · k = c1

~nj · k = cijc1 + sijs1c2

~nB · k = nB1c1 + nB2s1c2 + nB3s1s2c3 (4.21)

for the i, j, and beam directions, respectively. In this frame, I incl
ij takes the form (in MS)

I incl
ij =

(1� cij)e�E✏

2
p
⇡�(1/2� ✏)

Z ⇡

0
d✓1 sin1�2✏ ✓1
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2
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. (4.22)

The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire

second line (the quantity in brackets) then becomes simply


· · ·
�

planar����! �

1� (nB1c1 + nB2s1c2)
2
�✏
, (4.23)

with n2
B2 = 1� n2

B1. We also note that when i is equal to the beam direction (so nB1 = 1

and nB2 = 0), this quantity reduces to


· · ·
�

ni=nB����! sin2✏ ✓1 . (4.24)
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where i, j, and k can each be either of the beams or one of the jets (with i 6= j).

We first perform the energy and trivial parts of the angular integration of Eq. (4.19) for

generic i, j (either jet or beam). Do do this, we align the 1-direction (or “ẑ”) with direction

~ni and put the ~nj vector in the 12-plane, and the beam direction ~nB in the 123-spatial part

of d-dimensional space. Using the shorthands cij ⌘ 1�ni ·nj , sij ⌘ (1� c2ij)
1/2, ci ⌘ cos ✓i,

and si ⌘ sin ✓i, the dot products of the gluon’s momentum k take the form

~ni · k = c1

~nj · k = cijc1 + sijs1c2

~nB · k = nB1c1 + nB2s1c2 + nB3s1s2c3 (4.21)

for the i, j, and beam directions, respectively. In this frame, I incl
ij takes the form (in MS)
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The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire

second line (the quantity in brackets) then becomes simply


· · ·
�

planar����! �

1� (nB1c1 + nB2s1c2)
2
�✏
, (4.23)

with n2
B2 = 1� n2

B1. We also note that when i is equal to the beam direction (so nB1 = 1

and nB2 = 0), this quantity reduces to


· · ·
�

ni=nB����! sin2✏ ✓1 . (4.24)
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where i, j, and k can each be either of the beams or one of the jets (with i 6= j).
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The quantity in parenthesis to the ✏1 power in the second line is the square of the sine of

the gluon-beam angle and comes from doing the k0 (energy) integral over the pT veto, ⇥pT .

For planar events (such as dijet events at hadron colliders), nB3 = 0 (since the beam is in

the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire

second line (the quantity in brackets) then becomes simply


· · ·
�

planar����! �

1� (nB1c1 + nB2s1c2)
2
�✏
, (4.23)

with n2
B2 = 1� n2

B1. We also note that when i is equal to the beam direction (so nB1 = 1

and nB2 = 0), this quantity reduces to


· · ·
�

ni=nB����! sin2✏ ✓1 . (4.24)
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of S0, and account for the mixing of color operators in a given basis into each other at

O(↵s). The di↵erence from [37] is that now each contribution involves a pT veto instead

of an energy veto as well as a di↵erent jet algorithm. In particular, defining
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⇥k
R ⌘ ⇥(RkJ < R) , (4.18)
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Sincl
ij ⌘ 1

✏

↵s

2⇡

✓

µ

pcutT

◆2✏

I incl
ij = �g2µ2✏

Z

ddk

(2⇡)d�1

ni · nj

(ni · k)(nj · k)�(k
2)⇥(k0)⇥pT , (4.19)

and

Sk
ij ⌘

1

✏

↵s

2⇡

✓

µ

pcutT

◆2✏

Ik
ij = g2µ2✏

Z

ddk

(2⇡)d�1

ni · nj

(ni · k)(nj · k)�(k
2)⇥(k0)⇥pT⇥

k
R , (4.20)

where i, j, and k can each be either of the beams or one of the jets (with i 6= j).
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1/2, ci ⌘ cos ✓i,

and si ⌘ sin ✓i, the dot products of the gluon’s momentum k take the form

~ni · k = c1
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�

. (4.22)
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the ij-plane for all i, j) and the integration over ✓3 can be easily performed. The entire
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
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, (4.23)
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➔ can boost for back-to-back jets!

➔ rapidity divergences…

alternative: rapidity regulate        &!
with SCETII (measured) beam functions !

for pT resummation  

through the rescaling in Eq. (2.9). We find

Smeas(⌧ ia) =
X

hi 6=ji

✓

pT
2EJ

◆2�a

Smeas
ij

✓✓

pT
2EJ

◆2�a

⌧ ia

◆

=
1

✏

↵sCi

⇡

e�E✏

�(1� ✏)

1

1� a

✓

1

⌧ ia

◆1+2✏✓ µ

pT

◆2✏

R2✏(1�a) , (4.15)

which clearly has the desired boost-invariant properties. For later convenience, we note

that the R-dependent divergent part of this expression takes the form (TODO) TODO use

this later

Smeas(⌧ ia, µ) � � 1

2✏

↵sCi

⇡
�(⌧ ia) lnR . (4.16)

The additional part of the soft function we require, Sunmeas, can be written as a sum

of contributions in the same manner of [37],

Sunmeas = S0 +



S0

2

X

hi 6=ji

Ti ·Tj

⇣

Sincl
ij +

N
X

k=1

Sk
ij

⌘

+ h.c.

�

, (4.17)

where h.c. denotes the hermitian conjugate. Here, we use the color space formalism as

described in [51, 52]. The 4!/(2!)2 = 6 matrices Ti ·Tj are of rank R, the same as that

contribution result

I incl
BB̄

+ IB
BB̄

+ IB̄
BB̄

2ycut

I1
BB̄

+ I2
BB̄

O(R2)

I incl
BJ + IB

BJ + IB̄
BJ � 1

2✏ + ycut � yJ + ✏⇡
2

24

IJ
BJ

1
2✏R�2✏

�

1� ✏2 ⇡
2

12

�

Ik 6=J,B
BJ O(e�ycut ,R2)

I incl
12 �1

✏ +
✏
2(�y)2 + ✏⇡

2

12

I1
12 + I2

12
1
✏R�2✏

�

1� ✏2 ⇡
2

12

�

IB,B̄
12 O(e�ycut)

Table 1: A summary of results for the “unmeasured” part of the soft function, Sunmeas, up to
O(e�ycut ,R2). Here, the subscript J refers to the two jets, J = 1, 2, and B and B̄ refer to the two
beams, and �y = y1 � y2. Each component is explicitly boost invariant about the beam direction
(with 2ycut in the B-B̄ interference terms in general given by the rapidity di↵erence of the forward
and backward beam cuts).
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In this case, the ✏ dependence in the overall power of sin ✓1 cancels and we are left with

a divergence unregulated by dimensional regularization. This is the well-known rapidity

divergence that is present for a pT veto. This can be treated within the context of SCETII

as was done for example in [18]. Here, we will opt instead to veto on radiation only

above a rapidity cut ycut which is consistent with what is done at for example the LHC

since radiation going down the beam pipes is not measured. We compute the soft function

components Ii
ij and I incl

ij for the case i and j can each either be beams or jets in App. A and

record the results in Table 1. For the case that either i or j is a beam, we only compute the

full out-of-beam contribution, e.g. I incl
JB +IB

JB (or I incl
BB̄

+IB
BB̄

+IB̄
BB̄

for the case both i and

j are beams) to avoid having to regulate the rapidity divergences in individual components.

For several of the components, we use the fact that the result is boost invariant along

the beam direction to boost to the frame where the jets are back-to-back. The relation

between the back-to-back frame beam-jet angle ✓J and the jet rapidities in the lab frame

is

cos ✓J = tanh
�y

2
, (4.25)

where �y = y1 � y2 is the rapidity di↵erence of the two jets. This also means that when

putting a polar angle restriction on the emitted gluon in the back-to-back frame, one has to

apply the correspondence Eq. (4.25) in using Eq. (2.6), which amounts to the replacement

tan
R

2
! R

2 cosh�y/2
, (4.26)

where dependence on the left-hand side arises from enforcing a restriction on the polar

angle of the gluon about a jet (✓ < R) in the back-to-back frame.

We supply the details of the calculation of each component in App. A and record the

results in Table 1. Using some color algebra (
P

iTi = 0), and that

ln
nJ · nB

2
= �yJ � ln(2 cosh yJ)

ln
nJ · n̄B

2
= yJ � ln(2 cosh yJ) , (4.27)

for jets J = 1, 2, and

ln
n1 · n2

2
= ln

(2 cosh�y/2)2

(2 cosh y1)(2 cosh y2)
, (4.28)

we find (TODO) TODO check

Sunmeas = S0 +

⇢

S0

2

✓

1

✏
+ 2 ln

µ

pcutT

◆

Sdiv � ↵s

⇡

�

C1 + C2

�

ln2R

� 2↵s

⇡
T1 ·T2 ln

�

1 + e�y
�

ln
�

1 + e��y
�

�

+ h.c.

�

, (4.29)

where

Sdiv = �(↵s)

✓

1

2

X

hi 6=ji

Ti ·Tj ln
ni · nj

2
� ycut

�

CB + CB̄

�

+ C1 ln
R

2 cosh y1
+ C2 ln

R
2 cosh y2

◆

= �unmeas(mi)� ↵s

⇡
MS(mi) , (4.30)
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i.e., it always comes in the combination E tan R
2 . Using the crossing relations of Sec. IIIC

of [49] (TODO), it can be shown that an unmeasured beam function in a collider with TODO
needed? (ref is

O(↵2
s)?)

center-of-mass energy Ecm and a rapidity cut of ycut can be written as (dropping explicit

dependence on Ecm and ycut)

Bi(xi;µ) ⌘ Bi(Ecm, ycut, xi;µ)

=
X

j

Z

dz

z
Jij(Ecme

�ycut , z0, µ)fj(z/z
0, µ) +O(⇤2

QCD/E
2) (4.12)

where fi is a PDF and Jij are the same matching coe�cients as in Eq. (4.10), at least

to O(↵s)1, and we used the correspondence between an e+e� jet and a beam with energy

Ecm/2 and rapidity cut ycut

E tan
R

2
! Ecme

�ycut , (4.13)

which is valid up to O(e�ycut) corrections.

Following [17], logarithms of 1� z and e�ycut can simultaneously be resummed. How-

ever, in this work we simply RG evolve the entire function Bi with the anomalous dimension

of an unmeasured jet function and evaluate the PDF and matching coe�cients Jij at the

same scale µ.

4.3 Soft Function

In general, we can write the bare soft function at O(↵s) for dijet production when both

jets have ⌧a measured as

S(⌧1a , ⌧
2
a ) = Sunmeas�(⌧1a )�(⌧

2
a ) + [S0S

meas(⌧1a )�(⌧
2
a ) + (1 $ 2)] +O(↵2

s) , (4.14)

where Sunmeas = S0 + O(↵s) is the part of the soft function that is always present (both

when the jets are measured and unmeasured). The bare soft function is µ independent,

and we will distinguish the corresponding renormalized function with an explicit argument

µ. In the cases that neither jets are or only one jet is measured, the corresponding Smeas

pieces on the right-hand are simply not included (with Sunmeas included in all cases). For

more jets, the result can be extended straight forwardly (although our explicit results only

apply to planar jet configurations).

The part of the soft function corresponding to the measurement of ⌧ ia on jet i, Smeas(⌧ ia),

is obtained from summing over the interference of jet i with all other jets and the beams

(contributions from radiation arising from the interference of jets/beams j and k with

j, k 6= i are power correction in R) and can be related from the results for Smeas
ij (⌧ ia) of [37]

1It is argued in [13] that measured beam and jet functions have the same anomalous dimension to all

orders (at least for the measured case), but since the PDFs and fragmentation functions di↵er perturbatively

at O(↵2
s) [50] the matching coe�cients must di↵er for the beam and jet functions starting at this order.
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divergence that is present for a pT veto. This can be treated within the context of SCETII

as was done for example in [18]. Here, we will opt instead to veto on radiation only

above a rapidity cut ycut which is consistent with what is done at for example the LHC

since radiation going down the beam pipes is not measured. We compute the soft function

components Ii
ij and I incl

ij for the case i and j can each either be beams or jets in App. A and

record the results in Table 1. For the case that either i or j is a beam, we only compute the

full out-of-beam contribution, e.g. I incl
JB +IB

JB (or I incl
BB̄

+IB
BB̄

+IB̄
BB̄

for the case both i and

j are beams) to avoid having to regulate the rapidity divergences in individual components.

For several of the components, we use the fact that the result is boost invariant along

the beam direction to boost to the frame where the jets are back-to-back. The relation

between the back-to-back frame beam-jet angle ✓J and the jet rapidities in the lab frame

is

cos ✓J = tanh
�y

2
, (4.25)

where �y = y1 � y2 is the rapidity di↵erence of the two jets. This also means that when

putting a polar angle restriction on the emitted gluon in the back-to-back frame, one has to

apply the correspondence Eq. (4.25) in using Eq. (2.6), which amounts to the replacement

tan
R

2
! R

2 cosh�y/2
, (4.26)

where dependence on the left-hand side arises from enforcing a restriction on the polar

angle of the gluon about a jet (✓ < R) in the back-to-back frame.

We supply the details of the calculation of each component in App. A and record the

results in Table 1. Using some color algebra (
P

iTi = 0), and that

ln
nJ · nB

2
= �yJ � ln(2 cosh yJ)

ln
nJ · n̄B

2
= yJ � ln(2 cosh yJ) , (4.27)

for jets J = 1, 2, and

ln
n1 · n2

2
= ln

(2 cosh�y/2)2

(2 cosh y1)(2 cosh y2)
, (4.28)

we find (TODO) TODO check

Sunmeas = S0 +

⇢

S0

2

✓

1

✏
+ 2 ln

µ

pcutT

◆

Sdiv � ↵s

⇡

�

C1 + C2

�

ln2R

� 2↵s

⇡
T1 ·T2 ln

�

1 + e�y
�

ln
�

1 + e��y
�

�

+ h.c.

�

, (4.29)

where

Sdiv = �(↵s)

✓

1

2

X

hi 6=ji

Ti ·Tj ln
ni · nj

2
� ycut

�

CB + CB̄

�

+ C1 ln
R

2 cosh y1
+ C2 ln

R
2 cosh y2

◆

= �unmeas(mi)� ↵s

⇡
MS(mi) , (4.30)
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i.e., it always comes in the combination E tan R
2 . Using the crossing relations of Sec. IIIC

of [49] (TODO), it can be shown that an unmeasured beam function in a collider with TODO
needed? (ref is

O(↵2
s)?)

center-of-mass energy Ecm and a rapidity cut of ycut can be written as (dropping explicit

dependence on Ecm and ycut)

Bi(xi;µ) ⌘ Bi(Ecm, ycut, xi;µ)

=
X

j

Z

dz

z
Jij(Ecme

�ycut , z0, µ)fj(z/z
0, µ) +O(⇤2

QCD/E
2) (4.12)

where fi is a PDF and Jij are the same matching coe�cients as in Eq. (4.10), at least

to O(↵s)1, and we used the correspondence between an e+e� jet and a beam with energy

Ecm/2 and rapidity cut ycut

E tan
R

2
! Ecme

�ycut , (4.13)

which is valid up to O(e�ycut) corrections.

Following [17], logarithms of 1� z and e�ycut can simultaneously be resummed. How-

ever, in this work we simply RG evolve the entire function Bi with the anomalous dimension

of an unmeasured jet function and evaluate the PDF and matching coe�cients Jij at the

same scale µ.

4.3 Soft Function

In general, we can write the bare soft function at O(↵s) for dijet production when both

jets have ⌧a measured as

S(⌧1a , ⌧
2
a ) = Sunmeas�(⌧1a )�(⌧

2
a ) + [S0S

meas(⌧1a )�(⌧
2
a ) + (1 $ 2)] +O(↵2

s) , (4.14)

where Sunmeas = S0 + O(↵s) is the part of the soft function that is always present (both

when the jets are measured and unmeasured). The bare soft function is µ independent,

and we will distinguish the corresponding renormalized function with an explicit argument

µ. In the cases that neither jets are or only one jet is measured, the corresponding Smeas

pieces on the right-hand are simply not included (with Sunmeas included in all cases). For

more jets, the result can be extended straight forwardly (although our explicit results only

apply to planar jet configurations).

The part of the soft function corresponding to the measurement of ⌧ ia on jet i, Smeas(⌧ ia),

is obtained from summing over the interference of jet i with all other jets and the beams

(contributions from radiation arising from the interference of jets/beams j and k with

j, k 6= i are power correction in R) and can be related from the results for Smeas
ij (⌧ ia) of [37]

1It is argued in [13] that measured beam and jet functions have the same anomalous dimension to all

orders (at least for the measured case), but since the PDFs and fragmentation functions di↵er perturbatively

at O(↵2
s) [50] the matching coe�cients must di↵er for the beam and jet functions starting at this order.
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In this case, the ✏ dependence in the overall power of sin ✓1 cancels and we are left with
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full out-of-beam contribution, e.g. I incl
JB +IB
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for the case both i and

j are beams) to avoid having to regulate the rapidity divergences in individual components.

For several of the components, we use the fact that the result is boost invariant along

the beam direction to boost to the frame where the jets are back-to-back. The relation

between the back-to-back frame beam-jet angle ✓J and the jet rapidities in the lab frame

is
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2
, (4.25)

where �y = y1 � y2 is the rapidity di↵erence of the two jets. This also means that when

putting a polar angle restriction on the emitted gluon in the back-to-back frame, one has to

apply the correspondence Eq. (4.25) in using Eq. (2.6), which amounts to the replacement
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, (4.26)

where dependence on the left-hand side arises from enforcing a restriction on the polar

angle of the gluon about a jet (✓ < R) in the back-to-back frame.

We supply the details of the calculation of each component in App. A and record the

results in Table 1. Using some color algebra (
P

iTi = 0), and that

ln
nJ · nB

2
= �yJ � ln(2 cosh yJ)

ln
nJ · n̄B

2
= yJ � ln(2 cosh yJ) , (4.27)
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= ln

(2 cosh�y/2)2

(2 cosh y1)(2 cosh y2)
, (4.28)
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Sunmeas = S0 +
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+ 2 ln

µ

pcutT
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⇡
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� 2↵s

⇡
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ln
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, (4.29)

where

Sdiv = �(↵s)

✓

1

2

X

hi 6=ji

Ti ·Tj ln
ni · nj

2
� ycut

�

CB + CB̄

�

+ C1 ln
R

2 cosh y1
+ C2 ln

R
2 cosh y2

◆

= �unmeas(mi)� ↵s

⇡
MS(mi) , (4.30)
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only one (new) matrix
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❖ unmeasured result:

❖ measured result:

d� =
pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)J1(µJ)J2(µJ)⇧

unmeas(µ̄S , µ̄J , µB, µH)

⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as

⇧unmeas(µ̄S , µ̄J , µB, µH) ⌘ ⇧H(µ, µH)⇧unmeas
S (µ, µ̄S)

Y

i=B,B̄

⇧i
B(µ, µB)

Y

i=1,2

⇧̄i
J(µ, µ̄J)

=
Y

F=H,B,B̄,J1,J2

eKF (µF , µ̄S)

✓

µF

mF

◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields

d�(⌧1a , ⌧
2
a ) =

pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)



⇧meas(⌧1a , ⌧
2
a ;µS , µ̄S , µJ , µB, µH) (5.30)

⇥ Tr
n

H(µH)U†(µ, µS , µH)
h

Sunmeas(µS)

+ S0

�

f1
S(⌧

1
a ;!

1
S , µS) + f1

J (⌧
1
a ;!

1
S , µJ) + (1 $ 2)

�

i

U(µ, µS , µH)
o

�

+

,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q

i=1,2 ⇧̄
i
J(µ, µJ)

Y

i=1,2

U i
J(⌧

i
a;µ, µJ)⌦ U i

S(⌧
i
a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y

i=1,2

eK
i
S+�E !i

S

�(�!i
S)

✓

µS

mS

◆!i
S ⇥(⌧ ia)

(⌧ ia)
1+!i

S

, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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(TODO)We emphasize again that the quantities on the right-hand side of the first line of TODO R�b

in overall factor

kills consistency

for b 6= 0, e.g.

b = 2� a in [20]

Eq. (2.9) are manifestly boost invariant about the beam, and that the second line allows

us to recycle many of the results of [37]. Since the jet algorithm requires �RiJ . R, the

hierarchy of Eq. (1.1) enforces that the piT of the jet constituents be widely disparate from

the jet pT which is consistent with the scale hierarchies of SCET (TODO). TODO
soft/coll. ⌧

scalings in � ;

or just point to

eq. (8) where

more obvious

The one main di↵erence between e+e� measurements and those done at hadron col-

liders that results in novel calculations is in the out-of-jet energy veto. In the former, it is

typically just a cut on energy, whereas in the latter it is chosen to be a veto on transverse

momentum, pT = E sin ✓ < pcutT . This will require an entirely new soft function, which we

present below.

3. Factorized Dijet Cross-Section

For dijet production at tree-level, momentum conservation implies that there are just three

non-trivial variables to describe the final state at tree level, which we can take to be the

jet (pseudo-) rapidities y1,2 and the jet pT = |p1
T | = |p2

T |. The momentum fractions of the

incoming partons are related to these variables via

x1,2 =
2pT
Ecm

cosh
�y

2
e±Y (3.1)

where �y = y1 � y2 is the rapidity di↵erence of the two jets and Y = (y1 + y2)/2. The

(partonic) Mandelstam variables can be written as

s = 4p2T cosh2
�y

2

t = �2p2T e
�y/2 cosh

�y

2

u = �2p2T e
��y/2 cosh

�y

2
= �s� t . (3.2)

The born cross-section can be written in the form

d�born
dy1dy2dpT

=
pTx1x2
8⇡E4

cm

1

N
f1(x1;µ)f2(x2;µ) Tr{H0S0} (3.3)

where H0 and S0 are the tree-level hard and soft functions, respectively, fi is a parton dis-

tribution function (PDFs) for parton i, and N is a normalization associated with averaging

over initial particle states (e.g., N = 4N2
c for quark scattering).

The e↵ect of radiative corrections to Eq. (3.3) is described in the soft and collinear

limits by higher-order hard, soft, beam, and jet functions. We consider the cases of when the

jets are both “unmeasured” (in the terminology of [37]), i.e., are tagged with an algorithm

but are otherwise unproved, and when one or both jets are “measured,” i.e., probed with an

angularity jet shape ⌧a. When both jets are left unmeasured (i.e., tagged with an algorithm

but otherwise unproved), the all orders cross-section takes the form

d� ⌘ d�

dy1dy2dpT
(3.4)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)Sunmeas(µ)}[J1(µ)J2(µ)] +O(↵sR2,↵se

�ycut) ,
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d� =
pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)J1(µJ)J2(µJ)⇧

unmeas(µ̄S , µ̄J , µB, µH)

⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as

⇧unmeas(µ̄S , µ̄J , µB, µH) ⌘ ⇧H(µ, µH)⇧unmeas
S (µ, µ̄S)

Y

i=B,B̄

⇧i
B(µ, µB)

Y

i=1,2

⇧̄i
J(µ, µ̄J)

=
Y

F=H,B,B̄,J1,J2

eKF (µF , µ̄S)

✓

µF

mF

◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields

d�(⌧1a , ⌧
2
a ) =

pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)



⇧meas(⌧1a , ⌧
2
a ;µS , µ̄S , µJ , µB, µH) (5.30)

⇥ Tr
n

H(µH)U†(µ, µS , µH)
h

Sunmeas(µS)

+ S0

�

f1
S(⌧

1
a ;!

1
S , µS) + f1

J (⌧
1
a ;!

1
S , µJ) + (1 $ 2)

�

i

U(µ, µS , µH)
o

�

+

,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q

i=1,2 ⇧̄
i
J(µ, µJ)

Y

i=1,2

U i
J(⌧

i
a;µ, µJ)⌦ U i

S(⌧
i
a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y

i=1,2

eK
i
S+�E !i

S

�(�!i
S)

✓

µS

mS

◆!i
S ⇥(⌧ ia)

(⌧ ia)
1+!i

S

, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined
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where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields
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where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q
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Y
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, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated

– 16 –

where the Ji(µ) are unmeasured jet functions and Sunmeas is the unmeasured soft function.

When both jets are measured, the cross-section takes the form

d�(⌧1a , ⌧
2
a ) ⌘

d�

dy1dy2dpTd⌧1ad⌧
2
a

(3.5)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)S(⌧1a , ⌧

2
a ;µ)}⌦ [J1(⌧

2
a ;µ)J2(⌧

2
a ;µ)]

+O(↵s(⌧
i
a)

2/R4,↵se
�ycut)

where ⌦ represents convolutions over the ⌧ ia. The case of a single measured jet (with the

other unmeasured) is the straightforwardly obtained hybrid of Eqs. (3.4) and (3.5). The

power corrections to Eqs. (3.4) and (3.5) can be included via matching to fixed order QCD.

Resummation of logs of ⌧a is achieved by RG evolution of each factorized component from

it’s canonical scale (cf. Table 2) to the common scale µ. Both the hard and soft function

are in general hermitian matrices of rank R equal to the number of linearly independent

color operators associated with the hard process (e.g., R = 2 for qq ! qq, 3 for qq ! gg,

and 8 for gg ! gg). These operators mix under RG evolution which is accounted for with

matrix RG equations. The fixed order calculation of the components in Eqs. (3.4) and

(3.5) and their RG evolution is the subject of the next sections. (TODO) TODO more

about beam,

etc; cite4. Fixed-Order O(↵1
s) Calculation of Factorized Components

Stu↵ here (TODO) TODO intro-

duce section

4.1 Jet Functions

In [37], there were both “measured” and “unmeasured” jet functions, corresponding to jets

whose angularity was measured as opposed to those who were tagged but otherwise un-

probed. The latter can be obtained using the hadron collider algorithms with the rescaling

in Eq. (2.6). We obtain

Ji = 1 +
↵s

2⇡

✓

Ci

✏2
+

�i
✏

◆✓

µ

pTR
◆2✏

+ di,algJ

�

(4.1)

where i = q, g for quark and gluon jets (and Ci is the casimir invariant, Cq = CF and

Cg = CA), respectively, and

�q =
3CF

2
, �g =

�0
2

. (4.2)

(with �0 given later in Eq. (B.19)) and the finite corrections di,algJ are given in Eqs. A.19

and A.30 of [37],

di,kTJ = 2�i ln 2� Ci
5⇡2

12
+

(

CF
7
2 if i = q

CA
137
36 � TRNf

23
18 if i = g

(4.3)

di,coneJ = �Ci
3⇡2

4
+

(

CF
13
2 if i = q

CA
67
9 � TRNf

23
9 if i = g

(4.4)
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⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as
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✓
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◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields
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�

i
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+

,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q
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Y
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J(⌧
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S(⌧
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a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y
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, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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(TODO)We emphasize again that the quantities on the right-hand side of the first line of TODO R�b

in overall factor

kills consistency

for b 6= 0, e.g.

b = 2� a in [20]

Eq. (2.9) are manifestly boost invariant about the beam, and that the second line allows

us to recycle many of the results of [37]. Since the jet algorithm requires �RiJ . R, the

hierarchy of Eq. (1.1) enforces that the piT of the jet constituents be widely disparate from

the jet pT which is consistent with the scale hierarchies of SCET (TODO). TODO
soft/coll. ⌧

scalings in � ;

or just point to

eq. (8) where

more obvious

The one main di↵erence between e+e� measurements and those done at hadron col-

liders that results in novel calculations is in the out-of-jet energy veto. In the former, it is

typically just a cut on energy, whereas in the latter it is chosen to be a veto on transverse

momentum, pT = E sin ✓ < pcutT . This will require an entirely new soft function, which we

present below.

3. Factorized Dijet Cross-Section

For dijet production at tree-level, momentum conservation implies that there are just three

non-trivial variables to describe the final state at tree level, which we can take to be the

jet (pseudo-) rapidities y1,2 and the jet pT = |p1
T | = |p2

T |. The momentum fractions of the

incoming partons are related to these variables via

x1,2 =
2pT
Ecm

cosh
�y

2
e±Y (3.1)

where �y = y1 � y2 is the rapidity di↵erence of the two jets and Y = (y1 + y2)/2. The

(partonic) Mandelstam variables can be written as

s = 4p2T cosh2
�y

2

t = �2p2T e
�y/2 cosh

�y

2

u = �2p2T e
��y/2 cosh

�y

2
= �s� t . (3.2)

The born cross-section can be written in the form

d�born
dy1dy2dpT

=
pTx1x2
8⇡E4

cm

1

N
f1(x1;µ)f2(x2;µ) Tr{H0S0} (3.3)

where H0 and S0 are the tree-level hard and soft functions, respectively, fi is a parton dis-

tribution function (PDFs) for parton i, and N is a normalization associated with averaging

over initial particle states (e.g., N = 4N2
c for quark scattering).

The e↵ect of radiative corrections to Eq. (3.3) is described in the soft and collinear

limits by higher-order hard, soft, beam, and jet functions. We consider the cases of when the

jets are both “unmeasured” (in the terminology of [37]), i.e., are tagged with an algorithm

but are otherwise unproved, and when one or both jets are “measured,” i.e., probed with an

angularity jet shape ⌧a. When both jets are left unmeasured (i.e., tagged with an algorithm

but otherwise unproved), the all orders cross-section takes the form

d� ⌘ d�

dy1dy2dpT
(3.4)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)Sunmeas(µ)}[J1(µ)J2(µ)] +O(↵sR2,↵se
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⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as
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, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields
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where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q

i=1,2 ⇧̄
i
J(µ, µJ)

Y

i=1,2

U i
J(⌧

i
a;µ, µJ)⌦ U i

S(⌧
i
a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y

i=1,2

eK
i
S+�E !i

S

�(�!i
S)

✓

µS

mS

◆!i
S ⇥(⌧ ia)

(⌧ ia)
1+!i

S

, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as
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where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields
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where f i
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S are given in Eqs. (5.10) and (5.23), respectively, and we defined
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where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated

– 16 –
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where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as
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where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields
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where f i
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S are given in Eqs. (5.10) and (5.23), respectively, and we defined
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where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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where the Ji(µ) are unmeasured jet functions and Sunmeas is the unmeasured soft function.

When both jets are measured, the cross-section takes the form
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where ⌦ represents convolutions over the ⌧ ia. The case of a single measured jet (with the

other unmeasured) is the straightforwardly obtained hybrid of Eqs. (3.4) and (3.5). The

power corrections to Eqs. (3.4) and (3.5) can be included via matching to fixed order QCD.

Resummation of logs of ⌧a is achieved by RG evolution of each factorized component from

it’s canonical scale (cf. Table 2) to the common scale µ. Both the hard and soft function

are in general hermitian matrices of rank R equal to the number of linearly independent

color operators associated with the hard process (e.g., R = 2 for qq ! qq, 3 for qq ! gg,

and 8 for gg ! gg). These operators mix under RG evolution which is accounted for with

matrix RG equations. The fixed order calculation of the components in Eqs. (3.4) and

(3.5) and their RG evolution is the subject of the next sections. (TODO) TODO more

about beam,

etc; cite4. Fixed-Order O(↵1
s) Calculation of Factorized Components

Stu↵ here (TODO) TODO intro-

duce section

4.1 Jet Functions

In [37], there were both “measured” and “unmeasured” jet functions, corresponding to jets

whose angularity was measured as opposed to those who were tagged but otherwise un-

probed. The latter can be obtained using the hadron collider algorithms with the rescaling

in Eq. (2.6). We obtain

Ji = 1 +
↵s

2⇡

✓

Ci

✏2
+

�i
✏

◆✓

µ

pTR
◆2✏

+ di,algJ

�

(4.1)

where i = q, g for quark and gluon jets (and Ci is the casimir invariant, Cq = CF and

Cg = CA), respectively, and

�q =
3CF

2
, �g =

�0
2

. (4.2)

(with �0 given later in Eq. (B.19)) and the finite corrections di,algJ are given in Eqs. A.19

and A.30 of [37],

di,kTJ = 2�i ln 2� Ci
5⇡2

12
+

(

CF
7
2 if i = q

CA
137
36 � TRNf

23
18 if i = g

(4.3)

di,coneJ = �Ci
3⇡2

4
+

(

CF
13
2 if i = q

CA
67
9 � TRNf

23
9 if i = g

(4.4)
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f ij
J (z; ⌧a,⌦, µ) = �ij�(1� z)fJ(⌧a,⌦, µ) + P̄ji(z)g

ij
a (z; ⌧a,⌦, µ) + cij(z)

(reduces to convolving measured fragmenting jet function for a=0)
Jain, Procura, Waalewijn 1101.4953

fS + fJ !
X

j

Z
dx

x

Di(x)
h
�ij�(1� z/x)fS + f

ij
J (z/x)

i
❖ fragmentation:

z

1
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❖ unmeasured result:

❖ measured result:

d� =
pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)J1(µJ)J2(µJ)⇧

unmeas(µ̄S , µ̄J , µB, µH)

⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as

⇧unmeas(µ̄S , µ̄J , µB, µH) ⌘ ⇧H(µ, µH)⇧unmeas
S (µ, µ̄S)

Y

i=B,B̄

⇧i
B(µ, µB)

Y

i=1,2

⇧̄i
J(µ, µ̄J)

=
Y

F=H,B,B̄,J1,J2

eKF (µF , µ̄S)

✓

µF

mF

◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields

d�(⌧1a , ⌧
2
a ) =

pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)



⇧meas(⌧1a , ⌧
2
a ;µS , µ̄S , µJ , µB, µH) (5.30)

⇥ Tr
n

H(µH)U†(µ, µS , µH)
h

Sunmeas(µS)

+ S0

�

f1
S(⌧

1
a ;!

1
S , µS) + f1

J (⌧
1
a ;!

1
S , µJ) + (1 $ 2)

�

i

U(µ, µS , µH)
o

�

+

,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q

i=1,2 ⇧̄
i
J(µ, µJ)

Y

i=1,2

U i
J(⌧

i
a;µ, µJ)⌦ U i

S(⌧
i
a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y

i=1,2

eK
i
S+�E !i

S

�(�!i
S)

✓

µS

mS

◆!i
S ⇥(⌧ ia)

(⌧ ia)
1+!i

S

, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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(TODO)We emphasize again that the quantities on the right-hand side of the first line of TODO R�b

in overall factor

kills consistency

for b 6= 0, e.g.

b = 2� a in [20]

Eq. (2.9) are manifestly boost invariant about the beam, and that the second line allows

us to recycle many of the results of [37]. Since the jet algorithm requires �RiJ . R, the

hierarchy of Eq. (1.1) enforces that the piT of the jet constituents be widely disparate from

the jet pT which is consistent with the scale hierarchies of SCET (TODO). TODO
soft/coll. ⌧

scalings in � ;

or just point to

eq. (8) where

more obvious

The one main di↵erence between e+e� measurements and those done at hadron col-

liders that results in novel calculations is in the out-of-jet energy veto. In the former, it is

typically just a cut on energy, whereas in the latter it is chosen to be a veto on transverse

momentum, pT = E sin ✓ < pcutT . This will require an entirely new soft function, which we

present below.

3. Factorized Dijet Cross-Section

For dijet production at tree-level, momentum conservation implies that there are just three

non-trivial variables to describe the final state at tree level, which we can take to be the

jet (pseudo-) rapidities y1,2 and the jet pT = |p1
T | = |p2

T |. The momentum fractions of the

incoming partons are related to these variables via

x1,2 =
2pT
Ecm

cosh
�y

2
e±Y (3.1)

where �y = y1 � y2 is the rapidity di↵erence of the two jets and Y = (y1 + y2)/2. The

(partonic) Mandelstam variables can be written as

s = 4p2T cosh2
�y

2

t = �2p2T e
�y/2 cosh

�y

2

u = �2p2T e
��y/2 cosh

�y

2
= �s� t . (3.2)

The born cross-section can be written in the form

d�born
dy1dy2dpT

=
pTx1x2
8⇡E4

cm

1

N
f1(x1;µ)f2(x2;µ) Tr{H0S0} (3.3)

where H0 and S0 are the tree-level hard and soft functions, respectively, fi is a parton dis-

tribution function (PDFs) for parton i, and N is a normalization associated with averaging

over initial particle states (e.g., N = 4N2
c for quark scattering).

The e↵ect of radiative corrections to Eq. (3.3) is described in the soft and collinear

limits by higher-order hard, soft, beam, and jet functions. We consider the cases of when the

jets are both “unmeasured” (in the terminology of [37]), i.e., are tagged with an algorithm

but are otherwise unproved, and when one or both jets are “measured,” i.e., probed with an

angularity jet shape ⌧a. When both jets are left unmeasured (i.e., tagged with an algorithm

but otherwise unproved), the all orders cross-section takes the form

d� ⌘ d�

dy1dy2dpT
(3.4)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)Sunmeas(µ)}[J1(µ)J2(µ)] +O(↵sR2,↵se

�ycut) ,

– 4 –

d� =
pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)J1(µJ)J2(µJ)⇧

unmeas(µ̄S , µ̄J , µB, µH)

⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as

⇧unmeas(µ̄S , µ̄J , µB, µH) ⌘ ⇧H(µ, µH)⇧unmeas
S (µ, µ̄S)

Y

i=B,B̄

⇧i
B(µ, µB)

Y

i=1,2

⇧̄i
J(µ, µ̄J)

=
Y

F=H,B,B̄,J1,J2

eKF (µF , µ̄S)

✓

µF

mF

◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields

d�(⌧1a , ⌧
2
a ) =

pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)



⇧meas(⌧1a , ⌧
2
a ;µS , µ̄S , µJ , µB, µH) (5.30)

⇥ Tr
n

H(µH)U†(µ, µS , µH)
h

Sunmeas(µS)

+ S0

�

f1
S(⌧

1
a ;!

1
S , µS) + f1

J (⌧
1
a ;!

1
S , µJ) + (1 $ 2)

�

i

U(µ, µS , µH)
o

�

+

,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q

i=1,2 ⇧̄
i
J(µ, µJ)

Y

i=1,2

U i
J(⌧

i
a;µ, µJ)⌦ U i

S(⌧
i
a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y

i=1,2

eK
i
S+�E !i

S

�(�!i
S)

✓

µS

mS

◆!i
S ⇥(⌧ ia)

(⌧ ia)
1+!i

S

, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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d� =
pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)J1(µJ)J2(µJ)⇧

unmeas(µ̄S , µ̄J , µB, µH)

⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as

⇧unmeas(µ̄S , µ̄J , µB, µH) ⌘ ⇧H(µ, µH)⇧unmeas
S (µ, µ̄S)

Y

i=B,B̄

⇧i
B(µ, µB)

Y

i=1,2

⇧̄i
J(µ, µ̄J)

=
Y

F=H,B,B̄,J1,J2

eKF (µF , µ̄S)

✓

µF

mF

◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields

d�(⌧1a , ⌧
2
a ) =

pTx1x2
8⇡E4

cm

1

N
B(x1;µB)B̄(x2;µB)



⇧meas(⌧1a , ⌧
2
a ;µS , µ̄S , µJ , µB, µH) (5.30)

⇥ Tr
n

H(µH)U†(µ, µS , µH)
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Sunmeas(µS)

+ S0
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f1
S(⌧

1
a ;!

1
S , µS) + f1

J (⌧
1
a ;!

1
S , µJ) + (1 $ 2)

�

i

U(µ, µS , µH)
o

�

+

,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined

⇧meas(⌧1,2a ;µS , µ̄S , µJ , µB, µH) ⌘ ⇧unmeas(µ̄S , µJ , µB, µH)
Q

i=1,2 ⇧̄
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J(µ, µJ)

Y

i=1,2

U i
J(⌧
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a;µ, µJ)⌦ U i

S(⌧
i
a;µ, µS)

= ⇧unmeas(µ̄S , µJ , µB, µH)
Y

i=1,2

eK
i
S+�E !i

S

�(�!i
S)

✓

µS

mS

◆!i
S ⇥(⌧ ia)

(⌧ ia)
1+!i

S

, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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d� =
pTx1x2
8⇡E4

cm

1
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B(x1;µB)B̄(x2;µB)J1(µJ)J2(µJ)⇧

unmeas(µ̄S , µ̄J , µB, µH)

⇥ Tr{H(µH)U†(µ, µ̄S , µH)Sunmeas(µS)U(µ, µ̄S , µH)} (5.27)

where x1,2 are fixed to the values in Eq. (3.1), and

U(µ, µS , µH) = US(µ, µS)UH(µ, µH) (5.28)

with UH and US defined in Eqs. (5.7) and (5.21), respectively, and we defined the overall

multiplicative RG kernel as

⇧unmeas(µ̄S , µ̄J , µB, µH) ⌘ ⇧H(µ, µH)⇧unmeas
S (µ, µ̄S)

Y
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J(µ, µ̄J)

=
Y

F=H,B,B̄,J1,J2

eKF (µF , µ̄S)
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◆!F (µF , µ̄S)

, (5.29)

where mF ,Ki
F ,!

i
F for F = Ji, B,H are given to NLL’ in Eq. (B.16) in terms of the

parameters of Table 2. To arrive at Eq. (5.29), we used the consistency of the anomalous

dimensions to explicitly cancel the µ dependence to all orders. Here and below, we denote

unmeasured quantities with bars to distinguish them from the corresponding measured

quantities below.

When the angularity of one or more jets is measured, we need to include Smeas(⌧ ia)

(and it’s corresponding anomalous dimension �meas
S (⌧ ia)) for each measured jet, and we

need to replace the unmeasured jet functions Ji with measured ones J(⌧ ia) (and replace

⇧̄i
J ! UJ(⌧ ia)). To perform the convolutions for measured jet functions with the measured

part of the soft functions, it is easier to first do the convolutions of the evolution factors

with each other, and then convolve the resulting full kernel with the renormalized functions.

For the case of two measured jets, this yields

d�(⌧1a , ⌧
2
a ) =
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⇥ Tr
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J (⌧
1
a ;!

1
S , µJ) + (1 $ 2)
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,

where f i
J and f i

S are given in Eqs. (5.10) and (5.23), respectively, and we defined
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= ⇧unmeas(µ̄S , µJ , µB, µH)
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, (5.31)

where �E is the Euler constant. The Ki
S and !i

S appearing in these Eqs. (5.30) and (5.31)

are expanded to NLL’ in Eq. (B.16) in terms of the parameters in Table 2 and are evaluated
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where the Ji(µ) are unmeasured jet functions and Sunmeas is the unmeasured soft function.

When both jets are measured, the cross-section takes the form

d�(⌧1a , ⌧
2
a ) ⌘

d�

dy1dy2dpTd⌧1ad⌧
2
a

(3.5)

=
pTx1x2
8⇡E4

cm

1

N
B(x1;µ)B̄(x2;µ) Tr{H(µ)S(⌧1a , ⌧

2
a ;µ)}⌦ [J1(⌧

2
a ;µ)J2(⌧

2
a ;µ)]

+O(↵s(⌧
i
a)

2/R4,↵se
�ycut)

where ⌦ represents convolutions over the ⌧ ia. The case of a single measured jet (with the

other unmeasured) is the straightforwardly obtained hybrid of Eqs. (3.4) and (3.5). The

power corrections to Eqs. (3.4) and (3.5) can be included via matching to fixed order QCD.

Resummation of logs of ⌧a is achieved by RG evolution of each factorized component from

it’s canonical scale (cf. Table 2) to the common scale µ. Both the hard and soft function

are in general hermitian matrices of rank R equal to the number of linearly independent

color operators associated with the hard process (e.g., R = 2 for qq ! qq, 3 for qq ! gg,

and 8 for gg ! gg). These operators mix under RG evolution which is accounted for with

matrix RG equations. The fixed order calculation of the components in Eqs. (3.4) and

(3.5) and their RG evolution is the subject of the next sections. (TODO) TODO more

about beam,

etc; cite4. Fixed-Order O(↵1
s) Calculation of Factorized Components

Stu↵ here (TODO) TODO intro-

duce section

4.1 Jet Functions

In [37], there were both “measured” and “unmeasured” jet functions, corresponding to jets

whose angularity was measured as opposed to those who were tagged but otherwise un-

probed. The latter can be obtained using the hadron collider algorithms with the rescaling

in Eq. (2.6). We obtain

Ji = 1 +
↵s

2⇡

✓

Ci

✏2
+

�i
✏

◆✓

µ

pTR
◆2✏

+ di,algJ

�

(4.1)

where i = q, g for quark and gluon jets (and Ci is the casimir invariant, Cq = CF and

Cg = CA), respectively, and

�q =
3CF

2
, �g =

�0
2

. (4.2)

(with �0 given later in Eq. (B.19)) and the finite corrections di,algJ are given in Eqs. A.19

and A.30 of [37],

di,kTJ = 2�i ln 2� Ci
5⇡2

12
+

(

CF
7
2 if i = q

CA
137
36 � TRNf

23
18 if i = g

(4.3)

di,coneJ = �Ci
3⇡2

4
+

(

CF
13
2 if i = q

CA
67
9 � TRNf

23
9 if i = g

(4.4)

– 5 –

numerically small!!
σ ∝ D(z, μ = τ1/(2-a))!
(PRELIMINARY)

f ij
J (z; ⌧a,⌦, µ) = �ij�(1� z)fJ(⌧a,⌦, µ) + P̄ji(z)g

ij
a (z; ⌧a,⌦, µ) + cij(z)

(reduces to convolving measured fragmenting jet function for a=0)
Jain, Procura, Waalewijn 1101.4953

fS + fJ !
X

j

Z
dx

x

Di(x)
h
�ij�(1� z/x)fS + f

ij
J (z/x)

i
❖ fragmentation:

z

1



Andrew Hornig, LANL SCET 2015 Mar 27, 2015 

Summary & Outlook

19

❖ most pp results can be obtained directly from e+e-!

❖ new soft function for out-of-jet/beam radiation !

❖ NLL’ resummation of (boost inv.) jet angularity!

❖ future:!
❖ comparisons to Pythia, etc!
❖ quarkonia pheno…!
❖ interplay between unmeas/meas beam approaches


