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The Standard Model

Triumph of modern science, but incomplete-
Fails to predict the measured fermion masses and mixings.

http://www.particleadventure.org/standard_model.html
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What We Taste

fermion masses
dre s be

U e Ce te
vV, —eieVyeV3 Ee e Te
| | | l I l | l l | I | I l I l l | | |
neV meV eV keV MeV GeV TeV
Quark Mixing Lepton Mixing
Ucknr = Ri(0SEMY Ry (0SEM drear )R (0555 Upyvs = Ri(623) Ro(b13, 0cp) R3(612) P
M = 0.2° £0.1° 013 = 8.50°(1530.) Mo Sorzale Garcia
OGEM = 2.4° £0.1° Bag = 42.3°(F3:00)
CKM o o o 780
OSEM — 13.0° £ 0.1 B0 = 33.48°(F078))
Scrn = 60° £ 14° Scp = 306°(1390)
Focus on leptons.
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Residual Charged Lepton Symmetry

Since charged leptons are Dirac particles, consider M, = mem]; :
When diagonal, this combination is left invariant by a phase matrix

Q. = Diag(e"", P2 ¢'P3)
Because QlMeQe = M,
Let T = Q. and §; = 2wk;/m with k; =0,1,...,m —1
m an integer

Notice that T generates a ~Z,,, abelian symmetry.

Assume Me diagonal. Then, U, = 1 and all mixing comes from neutrino
sector.
Uunsp = UlU,

To this end, what are the possible residual symmetries in the
neutrino sector?
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Residual Neutrino Flavor Symmetry

Key: Assume neutrinos are Majorana particles
UM, U, = MP* = Diag(m,, ma, ms) = Diag(|m|e ", |male "2, |msle"*3)

Notice U, — U,Q, with @, = Diag(+1,£1,4+1) also dlagonallzes
the neutrino mass matrix. Restrict to Det(Q,) = 1 and define G/; Diag _ 4

| 1 0 0 | -1 0 0 | -1 0 0
Gt =0 -1 0 |, GY*=1 0 1 0 |.gi*=| 0 -1 0
0 0 -1 0 0 —1 0 0 1

. Di .
Observe non-trivial (G, *®)? = 1, for i=1, 2, and 3,  Sometimes called
relations: Diag ~Diag _ ~Diag - : SU, S, and U
elations GG = G, for i £ j # k

Therefore, these form a Z9 X Z9 residual Klein symmetry!

In non-diagonal basis: M,, = G M,G; with G; = U,,,G,?iagUi

How should we express U to transform to the non-diagonal basis?
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Hinting at the Unphysical

Recall each nontrivial Klein element has one +1 eigenvalue.

The eigenvector associated with this eigenvalue will be one column of
the MNSP matrix (in the diagonal charged lepton basis).
As an example consider tribimaximal mixing:

% % 0 P. F. Harrison, D. H. Perkins, W. G.
UTBM B ) | ! I?;c:;:)tt I—EZOOZ) WG S (2002)
— —— —= . F. Harrison, W. G. Scott
v V3 V2 Z. -z. Xing (2002)
V6 V3 V2

Can be shown to originate from the preserve Klein symmetry:

1 -2 -2 -l 2 2 /-1 0 0
) —2 1 =2 2 2 -1 0 -1 0

Notice the eigenvectors are not in the standard MNSP parametrization.
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Guided by the PDG

Choose the 'standard' form but take into account lessons learned from the
eigenvectors of existing flavor models, e.g. TBM.

—id
C12C13 13512 513€

i8 id
U,/ — | —C23512 — (C12513523€ C12C23 — 512513523€ C13523
i8 id
—5128923 1+ €12€23513€ (128523  (23512513€°  —C13(23

Umvnsp = UJUU

Notice, if charged leptons are diagonal (U =1), then the above matrix is the

MNSP matrix in the PDG convention up to left-multiplication by
P= Diag(1,1,-1).

With this arbitrary form it is now possible to find....
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Non-Diagonal Klein Elements
G =U,G; " U]

(G1)yy (Gh)yy (Gh)s (G2)y1 (G2)p (G2)yg
G = | (G, (G)yy (Gi)o 2= [ (G2)1y (G2)yy (G2)y
(G1)5 (G)i (Gh)a, (G2)13 (Ga2)yy (Ga)sy
( —Cl3 e 08935,  —e cy38),
Gy = | €s938);  $33C13 — 33 —Cissh
—ePCysty  —Clshy (0 — Sh

Sij = SIH(QZ:)) Cij = COS(Qij) Sf,,;j — Sin(QQij) Cf,ij — COS(QQ??J')

Notice that in general the Klein elements are complex and Hermitian!
Don't depend on Majorana phases because
U, — U, P\.; leaves transformation invariant.
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Non-Diagonal Klein Elements (l)

(G1)y, = C?scllz — 3%3 (G1)1, = —2c12013 (623512 + 645012313323)
(Gl)lg = 2¢12013 (6_25012023513 - 812323)
(G1)gy = —C33C) + 853 (3%30/12 - 033) + €08(0)81357250;
. 1
(G1)q3 = 6233236%3 + 513 (isin(d) — cos(0)ch3) 815 + ZC,12 (ch3 — 3) sby

2 2 2 2

. / / /7
33 (313612 — 613) Cog — S93C19 — C08(5)513512323

/2 2 —10
Gz)n — —C19C13 — 513 (G2)12 = 2¢13512 (012623 — € 312313323)

(
(
(GQ 13 — 2¢13812 (6_25023312313 + 012323)
(

] 2 2 2 2 / /
G2)22 — C19C93 = So3 (613 T 313012) — 005(5)313312323

. 1 .
=10 /2 / 2 / / 10 1 2
(G 03 — € 513812053 + 1323 (2013 — Cpp (13 — 3)) — € 519513593

L 2 2 2 2 / /
(G2)33 — —Co3 (Cl3 T 313612) T S53C 9 T COS(5)313312323

There is a Klein symmetry for each choice of mixing angle and CP-

violating phase, implying a mass matrix left invariant for each choice.
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Invariant Mass Matrix
M, = U MPlasyt

9 2 2 9 26 2
(MV>11 = C13M28Ty + C5C M1 + €7 M3S73

(M), = c13(cramy(—cagsi2 — C12€_i5813523> + mosia(Cracas — 6_15812813823)+
+ €'mys13823),

(My),5 = 013(—02377138136’@'6S + masi2(ci2523 + C23€_i5312813)+
+ C19m (— 812823 + Cracaze” ¥ 513)),

"y 2 8 2, 2 2
(M,)yy = my(ca3S12 + c126 0S13523)" + Ma(Ciacaz — € 0812513523)° + €13M3553

(My)gy = My (812523 — 012023€_i5313)(023312 + C12€_i5313323)+

—10 —10 2
+ ma (12823 + Caze” " S12513)(C1aC23 — €70 S12513523) — C13C231M3523

_ —120 2 —10 2 2 2
(Ml/)gg = Mo (C12893 + Coze 0 S12513)° + My (—S12893 + C1acaze” S13)° + C13C55M3

Recall these masses are complex. How can we predict their phases?
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Generalized CP Symmetries

G. Branco, L. Lavoura, M. Rebelo (1986)...
Superficially look similar to flavor symmetries:

XM, X, =M XM, X,=M?

X=1 is 'traditional’' CP
Related to automorphism group of flavor symmetry (Holthausen et al. (2012))

Since they act in a similar fashion to flavor symmetries, these two
symmetries should be related. (Feruglio et al (2012), Holthausen et al. (2012)):

X,G* — G X, =0

Can be used to make predictions concerning both Dirac and Majorana CP
violating phases, e.g. X=G

2
How to understand? Proceed analogously to flavor symmetry.
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The Harbingers of Majorana Phases

(S.M. Bilenky, J. Hosek, S.T. Petcov(1980))
Work in diagonal basis. Then it is trivial to see X — UVXDiagUE

+ et 0 0
with Xeg 0 +et2 0
0 0 + 3

where «; are Majorana phases.

Notice we have freedom to globally re-phase: M,, — 619 MV
Such a re-phasing will not affect the mixing angles or observable phases.

Now can make the important observation

Diag  ,~Diag . 1 101003
X% = G x Diag(e'™, e'?, ')

Therefore, the X represent a complexification of the Klein symmetry elements!

So, they must inherit an algebra from the Klein elements...
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Generalized CP Relations

To eliminate phases, must have one X conjugated
XoX; =Gitori=1,2,3 X;X =Grfori#j#k#0
X; X =Gy=1fori=0,1,2,3
Clearly these imply:
(XoX )2 =1fori=1,2,3 (XX;)?=1fori#j#0
X; X =1fori=0,1, 2,3

Note if X; X7 = G' # (G, flavor symmetry is enlarged leading to
unphysical predictions because Klein symmetry is largest symmetry to

completely fix mixing and masses. X;.'X?;Tf\/fyXiX; = M,

So what do these generalized CP elements look like in non-diagonal basis?
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X =x7t
The Non-Diagonal General CP
X1 = (1) ity + (—1)0e 2t 57, + (—1) s2,¢ i(az—26)

Xio = (—1)a+1€m1012013(023512 + C12513593€ 5) + (—1)b€ia2613812(012623—

10 o3 —0
— S12513523¢"°) + (—1)° C13313323€( o )7

X3 = (—1)a+1€m1C12013(312323 — C12023313€M) + (—1)b€m2013812 (c12523+

i6 c+1 5
+ 93512813€") + (—1)“" ci3C23813€" ilas= )7

Xop = ("1)a€éa1(023312'+'612313523635> '+'(—-1)b€h12(612623'—-812813823695)24—

T )c 13 2

(— C13503,
= (—1)"e" " (s12523 — C12C235136" )(C23512 + C12813523€" )+
(=1)

+ (=1)be (012823 + C23512513€ 5)(612623 — 8123133236?:6) + (—1)C+1€m3023633323
Xi3 = (—1)%€"1 (512595 — C12C23513€°)? 4+ (—1)0e'2(¢12593 + Cozs19813€™ )2+
+(=1)° ZQBC%SC%
. Di
(—1)* = (G™)1, (—1)" = (G;*®)a (=1)° = (G;™)s33

23/07/2015 Nu@Fermilab



Proofs by Construction

Can use explicit forms for G; and X; to easily show
XZG; — GJXZ = 0 for Z,] — O, 1,2,3
Now when just the Dirac CP violation is trivial, it is easy to see

[XZ', GjLS:O,’?T = 0 for Z,j — O, 1, 2, 3

Can easily be understood from the forms of G; since G; = G implies
a trivial Dirac phase.

If just Majorana phases are let to vanish, then
(X; — G o (€2 — 1) for i =0,1,2,3

implying equality if Dirac 'vanishes' as well. Therefore, if one wants
commutation between flavor and CP, then this will always lead to a
trivial Dirac phase. Furthermore, if they are equal then all phases
must vanish (Think M=M~).

What else can we use this for?
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Revisiting Tribimaximal Mixing
P. F. Harrison, D. H. Perkins, W. G. Scott (2002); P. F. Harrison, W. G. Scott (2002); Z. -z. Xing (2002)
4 1 T A TBM TBM
GTBM —t L " = QTBM _ 9 O ) — 0
- <\/§ ) 4

Plugging these values into the previous results yield:

Vi %
B
V6 VB V2
| 1 =2 =2 1 -1 2 2 -1 0 0
G _| -9 g 1 GV==| 24 i 2 GaM=| 0 0 -1
S\ 2 1 -2 S\ 2 2 0 -1 0
| [ (2ma 4 my) (mg — myq) (19 — M)
MEBM = — (m2 — ml) % (m1 + ng + 3m3) % (m1 + 2m2 — 3m3)

(me —my) 5 (my+2my —3my) 3 (my + 2my + 3mg)

The well-known mass matrix and Klein elements of TBM.
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Tribimaximal Mixing (cont.)
X’lTlBM _ % (2(_1)a€ia1 1 eiaz(_1>b) X'1T2BM _ % ((_1)a—|—lem1 T eiaz(_l)b)

X2T2BM _ ((_1)a€@'a1 + 261'&2(_1)5 -+ 36’&&3(_1)6)

| =

1 . _
XITSBM _ § ((_1)a—|—1€za1 + ezag(_l)b)

X;%BM _ ((_1)6162'051 + 2€ia2(_1)b o Be’éag(_l)c)

1
6
(

X?')IL;)BM _ (_1)a€ia1 4+ 2€ia2(_1)b + 36’2&3(_1)6)

1

6

Any generalized CP symmetry consistent with the TBM Klein symmetry will
be given by the above results even if TBM is not coming from S ..

Notice vanishing Majorana phases gives TBM Klein symmetry back.

23/07/2015 Nu@Fermilab



Bitrimaximal Mixing

R. Toorop, F. Feruglio, C. Hagedorn (2011); G.J. Ding (2012); S. King, C. Luhn, AS(2013)

Q?QTM = QESTM = tan_l(\/g —1) oM = sin_l(é(S —3)) M=

Yielding

s34V 5 (VA A(96)
e e B B
VB & b8V
1

A 1 _1_ 1 _1 - 2 ) 1 1 1 1 1

V3 3 3 V3 3 T3 3 V3 3 3
GB™ _ [ 1 __ 1 1 1 _1 GBTle 2 —1 2 |gB™ _ i_\f 3_13 _l_gL
1 3 V3 . 3 V3 31 2 3 3 - V3 3 3 3 V3

_1 111 2 9 _1 1 11 11
3 VERE: 3 V3 3 3. V3 V3 03
And a mass rPatrix given by
1
(M) = 22+ V3)ma + 2my — (=2 + V3)my) (M7 )22 = (ma - ma )

/ 1 1
(MUBTM>13 _ 6(_m1 + 2my — my) (MPT™,, = 6(_(1 + \/§)m1 +2my + (=1 + \/§)m3>

(M) = %(—(—2 +V3)my + 2my + (24 V3)mg) (ME™ )y = é((—l +V3)my + 2my — (14 V3)ms)
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Bitrimaximal Mixing (cont.)

XM = é((—l)c+1 ““( 2+\/_) (—1) (2+\/_) o1 9(—1)% m?)
XEN = < (=1 (<14 VB) + (=1 (14 V3) e + 2= 1))
XBTM _ é ((_1)a+16ia1 4+ 2(_1)bemg + (_1)04—162'053)

XM = % ((=1)%e™ + (=1)"€™ + (=1)%€""?)

XBTM l

1 | | |
XEP = < ((—1)1e (=24 VB) + 2(=1)%e + (=1)° (2+ V3) &)
Non-Trivial Check: oy = a3 = Z a9 = —% g =1.b=0,c = 1

Matches known order 4 A(96) automorphism group element S. ng T. Neder(2014)
when unphysical phases redefined. S King: & J. Bing (2014)

So this framework can match known results, can it be predictive?
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Golden Ratio Mixing (GR1)

A. Datta, F. Ling, P. Ramond (2003); Y. Kajiyama, M Raidal, A. Strumia (2007); L. Everett, AS (2008)

QGRI . tan—l (l) QGRI _ E HGRl — 0 5GR1 _ O
“ 4
Kol 1 0
V& VB A
p— GR1 __ _ 1 J_1r 1 /¢ 1
(L+V5)/2 vom—| - e ViV VB 5
1+ J1 1 Jo 1
i\ e VBV TR
1 L =V2 =2 1 1 52 2 GR1 PR
Gi'M'=—1| V2 -9 o¢-1 Ggmzﬁ V2 1-¢ ¢ Giv=( 0 0 -1
VO Vi o1 o Viig 1-¢ 0 -1 0
mi1¢p>+mo ma—mi1 mo—ms1
1 ¢ V2 2
MGRI _ mo—mjq (ma+ms3)p?+mi+ms mad?—v/bmsp+mi
\/g V2 2¢ 2¢
mo—mi m2¢2—\/5m3¢+m1 (mg—i—mg)qﬁQ—l—ml—i—mg
V2 2¢ 2¢

What about the generalized CP symmetries?
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Golden Ratio Mixing (cont.)
GR1 (_1)aeia1¢2 s eiag(_1>b GRL _ (_1)a+1€m1 s ez’ag(_l)b
Xll — \/5@5 X12 \/E
(_1)a—|—leia1 + emz(_l)b XGRl _ (_1)a€ia1 + Giag(—l)b¢2 4+ \/geiag(_l)cgb
\/E 22 2\/3¢

(_1)&672&1 +€ia2(_1>b¢2 4+ \/562'@3(_1)04—1¢
21/5¢

(_1)a€m1 +€ia2(_1>b¢2 4+ \/gemg(_l)c¢
2v/5¢)

Becomes Golden Klein Symmetry when Majorana phases vanish.
Any 'golden’ generalized CP symmetry will be given by the above results,
even if it does not come from A_.

GR1 __
XlS T

GR1 __
X23 o

GR1 __
X33 e
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Conclusions

 |f neutrinos are Majorana particles, the possibility exists that there is
a high scale flavor symmetry spontaneously broken to a residual
Klein symmetry in the neutrino sector, completely determining
lepton mixing parameters (except Majorana phases).

* To predict Majorana phases, implement a generalized CP symmetry
alongside a flavor symmetry.

 In 1501.04336, we have constructed a bottom-up approach that
clarifies the interplay between flavor and CP symmetries by
expressing the residual, unbroken Klein and generalized CP
symmetries in terms of the lepton mixing parameters.

» This framework not only clarifies existing statements in the
literature, but it is also able to reproduce known results associated
with models based on TB and BT mixing, as well as predict new
results associated with GR1 mixing.

It is an exciting time to be a particle physicist!
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Back-up Slides
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Motivated by Symmetry

Introduce set of flavon fields (e.qg. ¢" and qbl ) whose vevs break Gto Z x Z,
in the neutrino sector and Z in the charged lepton sector.

T(¢) = (¢") S(¢"y =U(¢") = (¢")

Family Generators
Non- symmetry S,T,U

renormalizable

couplings of T preserved S,U preserved

flavons to mass S.F. King, C. Luhn (2013)
terms can be Charged Neutrino

used to explain Lepton Sector Sector

the smallness of l b

Yukawa :

Couplings. [E’ %LZCH] [ﬁ” ~ ﬂLH LHJ

Now that we better understand the framework, maybe an example will
help?
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Parameterizing U,
Since we are bottom-up, we want to keep track of phases, so let

Ul/ — PR:L’(QQ?M 53’:)Ry(9137 5y)RZ(6127 52)

1 0 0 C13 0 Slge_iéy
_ — 10z _
R:B (923, 535) — 0 Co3 | S593€ ! Ry(elg, 6y) = 0 | 1 0
0 —sg3e™ C23 —s13€"% 0 C13
o sei 0 10 0
R.(012,0,) = | —s12¢"" C12 0 P = 0 1 0
0 0 1 0 0 —1
Sij = Slﬂ(@m‘) Cij — COS(Qij>
C12C13 138126 10 S13€ 10
—id, —1(0x—0, —1(0z —0y+02 —10y
U, = | —c23812€ "% — C12813523€ i v) C12C23 — 512513523€ i y+oz) C13823€" "
o (00402 &y —02 10
C12C23513€" " — 812323€Z( +02) 02381281361( v=0%) C12523€" —C13C23

Anymore re-phasing freedom?
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It's Looking More Familiar
Consider P’ = Diag (1, exp (—i6.) ,exp (—i(d. + d,)))
And identify Dirac CP-violating phase using Jarlskog Invariant. (C. Jariskog (1985))

—i0
C12C13 C13512 S13€

/ Ik 10 )
P Uu(9237 9137 912, 5)P — —C93S512 — C12513523€ C12C23 — S512513523€ C13523
10 10
—8128923 + C12C23513€°  C12S23 + C23512513€°  —C13C23

5=08,— 06, — 6.

Notice, if charged leptons are (assumed) diagonal U =1 and the above matrx
is the MNSP matrix in the PDG convention up to left multiplication by P matrix.

Why express it like this?
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A Caveat

If low energy parameters are not taken as inputs for generating the
possible predictions for the Klein symmetry elements, it is possible to
generate them by breaking a flavor group G, to Z x Z_ in the neutrino

sector and Zm In the charged lepton sector, while also consistently
breaking H__ to X.

Then predictions for parameters can become subject to charged
lepton (CL) corrections, renormalization group evolution (RGE), and
canonical normalization (CN) considerations.

Although, can expect these corrections to be subleading as RGE
and CN effects are expected to be small in realistic models with
hierarchical neutrino masses, and CL corrections are typically at

most Cabibbo-sized. (J. Casa, J. Espinosa, A Ibarra, | Navarro (2000); S. Antusch, J

Kersten, M. Lindner, M. Ratz (2003); S. King |. Peddie (2004); S. Antusch, S. King, M.
Malinsky (2009);)
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