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Model of atom-field interaction in a cavity
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Figure: From Gross, HAROCHE, Physics reports 93.5 (1982): 301-396.
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Dicke Hamiltonian ‘collective’ operators:
Hp = woJo +wb'b + 7= (b+0T) (J- + J4) 2
Jy = Z a%au,
=1

Tavis-Cummings Hamiltonian A
J_ = Z auaﬁ
Hre = wodo +wb'b + 2= (bJ4 +b7J-) =

R. H. DICKE, Phys. Rev. 93 (1954) 99

2j
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3T:9ws, CUMMINGS, Phys. Rev. 170 (1968) Jo=5 E 1 (afari —alsayi) ,
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Superradiant phase transition

Quantum phase transition (QPT) - an abrupt change in Model
properties of the ground state which becomes non-analytic in ARSSEhEEy
the thermodynamic limit N = 25 — oo
K. Hepp, E.H. Li1EB, Phys. Rev. A 8, 2517 (1973) regime

Summary

Entanglement

Non-integrable

5 N |
Tavis-Cummings Dicke

0 1A 20 1A 2

Figure: Spectra of quantum energies,
j=3, wo=w=1



Superradiant phase transition

Quantum phase transition (QPT) - an abrupt change in
properties of the ground state which becomes non-analytic in
the thermodynamic limit N = 25 — oo
K. Hepp, E.H. Lies, Phys. Rev. A 8, 2517 (1973)

For A > A, (critical
coupling) both matter
and field aquire
macroscopic excitation.

(Ny)>0& (J,)+75>0

Figure: Spectra of quantum energies,
j=3, wo=w=1
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Superradiant phase transition

Quantum phase transition (QPT) - an abrupt change in Liodel
properties of the ground state which becomes non-analytic in oy
the thermodynamic limit N = 2j — oo e
K. Hepp, E.H. Li1EB, Phys. Rev. A 8, 2517 (1973) regime
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Experimental realization
of QPT of the Dicke
Hamiltonian using
superfluid gases in
optical cavity

K. BAUMANN ET AL,
Phys. Rev. Lett. 107,

Figure: Spectra of quantum energies, 140402 (2011)
j=3, wo=w=1



Superradiant phase transition

Quantum phase transition (QPT) - an abrupt change in
properties of the ground state which becomes non-analytic in
the thermodynamic limit N = 25 — oo
K. Hepp, E.H. Li1EB, Phys. Rev. A 8, 2517 (1973)

Singularities in level
density - here in the first
derivative of level density —
as a generalization of
QPTs — Excited-state
quantum phase
transitions (ESQPTs)

Figure: Spectra of quantum energies,
1=3, wo=w=1
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Tavis-Cummings regime
Hrc = wodo +wbb+ 2= (b4 +b7J-)

Non-integrable

» Additional conserved B
quantity
—~

M= bbb+, +7
counting the total number
of field bosons and atomic
excitations ~» integrable
system

Nex

» Level dynamics splits into
invariant subspaces
25 1 A > numbered by M which do
not interact with each
other.

Figure: Spectra of quantum
energies, j =3, wo =w =1



Tavis-Cummings regime
Hrc = wodo +wbb+ 2= (b4 +b7J-)
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Quantum energy-momentum map

Summary

Figure: Quantum
energy-momentum map
for Tavis-Cummings
model, parameters:
j=20,w =2, wy=
LA=25> A
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Quantum energy-momentum map
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Quantum
monodromy: absence
of smooth global
quantum numbers Summary

k ~~ principle quantum
number in each invariant
subspace

% pdqg=kh.
Ej
Ethymology:
momnodromy <> once
around

Non-integrable



Quantum energy-momentum map

Schematic cell
transformation

Non-integrable
regime
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Peres lattices

Peres lattice: quantum expectation value (1);| e |¢);) in
individual energy eigenstates vs. the energy F;
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Figure: Peres lattices of observables

71=20, w=wp=1.

n=>b'b and Js = J,, parameters

Reminder: Conserved quantity M =n + Js + 7.
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Monodromy and ESQPTs

Figure: Energy spectrum and semiclassical level density for
M = 275 = 40 invariant subspace. Other parameters w = 2,wp = 1.
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Entanglement

» Atom-field entanglement

_ Trlpalnpa] _ Tr[prInpy]
SW) = - In(2j +1)  In(2j+1)




Entanglement

» Atom-field entanglement

() = — Dlpalnpal _ TrlpeInpe] Entamglement
111(2] + ].) 111(2] + 1) Non-integrable
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Figure: Entropic spectrum for Tavis-Cummings
model, A = 2.5 > A¢,j =20,w = 2,wp = 2.



Entanglement

» Atom-field entanglement

__Trlpalnpa] Tr [pr Inpr|
SW) = - In(2j +1) ln(2§+ 1?
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model, A = 2.5 > A¢,j =20,w = 2,wp = 2.



Non-integrable perturbation

The extended Hamiltonian
H(A,8) = wb'b +wodo + 5= (b4 + b1 J_ + b1 T + 6bJ_)

T. BRANDES Phys. Rev. E 88, 032133 (2013)

0 — i.e. Tavis-Cummings model
d=4¢1 — i.e. Dicke model
€(0,1) — extended Dicke model




Non-integrable perturbation

The extended Hamiltonian
H(A,8) = wb'b +wodo + 5= (b4 + b1 J_ + b1 T + 6bJ_)

Entanglement

T. BRANDES Phys. Rev. E 88, 032133 (2013)

Non-integrable

0 — i.e. Tavis-Cummings model Summary
d=4¢1 — i.e. Dicke model
€(0,1) — extended Dicke model

Figure: Spectra of quantum energies, j =3, wo =w =1

» for general § we get A\, = @



Decay of monodromy
H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)
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Figure: Mondromy decay under non-integrable perturbation.
Parameters A = 2.5 > A\;,j =20,w = wo = 1.



ESQPTSs in extended Dicke model

H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)

Singularities in level
h oy 1 density as a
generalization of QPTs
— Excited-state
quantum phase
transitions (ESQPTS)
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Figure: The derivative of semiclassical phase
level density p with respect to e = wi N - Normal phase
0J
S - Saturated phase
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Specification of the phases

H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)

Peres lattice: quantum expectation value (1);| e |¢);) in
individual energy eigenstates vs. the energy F; ) e

Non-integrable

regime

Summary

Figure: Peres lattices, j = 20,
W:w0:17)\:2575:03

Inset: Averaged data over 20
neighbouring eigenstates.




Specification of the phases

H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)

Peres lattice: quantum expectation value (1);| e |¢);) in
individual energy eigenstates vs. the energy F;

Entanglement

Non-integrable

regime

Summary

Figure: Peres lattices, j = 20,
W:w0:17)\:257§:03

Inset: Averaged data over 20
neighbouring eigenstates.

Different energy dependence of
the averaged data < quantum
phases.




Specification of the phases

H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)

Comparing the phases with the limiting regimes, i. e. the Dicke
(6 = 1) and Tavis-Cummings (6 = 0) models

Entanglement

Non-integrable
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Specification of the phases

H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)

Maybe more illustrative approach:

\ , M ¢ ey QB jdHN  _ (Hint)i
Feynman-Hellmann theorem 5t = (45 ) = VT
Non-integrable
-5 T T T T T T T T regime

Summary
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Figure: The slopes averaged over 20 neighbouring levels, j = 20,
w=wo =1, A=2.5,0=0.3.



Atom-field entanglement in excited states
H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)
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Figure: Evolution of the
J = 20 entropic spectra
of the atom-field
entanglement with
increasing parameter
def0,1] at A=2.5> A,
w =wy = 1. The ESQPT
energies are indicated by
vertical lines.




Atom-field entanglement in excited states
H(X,0) = wbib+woJo + = (bJ4 +bTJ_ +8bT J4 +6bJ-)
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Figure: A detailed view of
wave functions for (a) the
eigenstate closest to the
transition between the TC
and N phases at A=2.5,
0=0.3 and (b) the
factorized E=—woj
eigenstate for §=0. The
other parameters are the
same as in previous-figures.




Summary

t

. We reported on the occurence of quantum monodromy in

the integrable version of Dicke model

We classified the type of monodromy and linked it with a
certain ESQPT

We used a ‘lattice plot’ to visualize atom-field
entanglement in excited states (entropic spectra)

. We showed the scaling of atom-field entanglement of the

‘critical’ state in the center of monodromy with j as
Simin o 1/50-008

For smoothly increasing non-integrable perturbation we
observed a decaying monodromy

For smoothly increasing non-integrable perturbation we

observed an evolution of entropic spectrum with a focus on
ESQPTs
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Summary

1. We reported on the occurence of quantum monodromy in
the integrable version of Dicke model

Vionodromy
2. We classified the type of monodromy and linked it with a Entanglement
certain ESQPT Nonsintezrabl

regime

3. We used a ‘lattice plot’ to visualize atom-field .
entanglement in excited states (entropic spectra)

4. We showed the scaling of atom-field entanglement of the
‘critical’ state in the center of monodromy with j as
Smin 0.8 1/.7.0‘008

For smoothly increasing non-integrable perturbation we
observed a decaying monodromy

t

6. For smoothly increasing non-integrable perturbation we
observed an evolution of entropic spectrum with a focus on
ESQPTs

Thank you for your attention
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Properties of the model

» In thermodynamic limit N — oo the number of dof’s
remains constant due to the collectivity «~ finite model

» for general § the number of degrees of freedom f = 2
» Algebraically speaking the model is SU(2) x HW (1)

» such a class of finite models can be treated semiclassically
in thermodynamic limit




Semiclassical analysis

QPTs rooted in classical dynamics

The Hamiltonian
H(A,8) = wb'b +wodo + 5= (b4 + b1 J_ + b1 T, + 6bJ_)

M. A. BASTARRACHEA-MAGNANI ET AL Phys. Rev. A 89, 032101 (2014)

(Jzs Jy,J2) + j(sin@cos¢,sinfsin ¢, — cosb),
(b,b") \/ii(x-i-ip,x—ip).

{Z‘,p} =1, {¢7]z} =1, where j, = —jcos0

x,p and ¢, j, are canonically conjugate variables

2
Hy= wojz—l—% (P + 22+ /1 - ;—2 [(1+8)gcosé — (1 — 6)psin¢],



Semiclassical analysis

Hamiltonian equations

%:38? - (1-8)\/5 1—  sin g,

%:_3;{;1 = —wg— (1M 1—‘7 cos ¢,

%:387:1 _ wo_jg)\jz_g[(1+5)qcos¢)—(1—5)psin¢]>
dj= _ _OHa o /5 1——[1+6)qsm¢>+(1—5)p005¢]

dt — 9¢




Semiclassical analysis

Hamiltonian equations

0 = (1—8)A/j4/1— sm¢, (1)
0 = —wqg—(149) )\f 1— cosqS, (2)
0 = wo—%[(1+5)qc05¢—(1—6)psin¢>],

VERVE Sl
0 = 2\/j 1_7 (14 6)gsing + (1 — ) pcos¢] .

searching for the fixed points (stationary points of the
Hamiltonian)



Semiclassical analysis

Fixed points can be visualized (and searched for) as a
stationary points of the energy functional (using j, = —j cos6)
ha(,j=) = Ha(, jz, T = Tfixed, P = Prixed) o1 the Bloch sphere.

: . wol A2 j2 456 .
hcl(¢7]z) = Wojz — %]p ( — :j—g) [1 — W SIH2 ¢‘|




Semiclassical analysis

Fixed points can be visualized (and searched for) as a
stationary points of the energy functional (using j, = —j cos6)
ha(,j=) = Ha(, jz, T = Tfixed, P = Prixed) o1 the Bloch sphere.
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Figure: The function h¢ in the phase space of the atomic subsystem
defined by spherical angles # and ¢ for w = wp.= 1 and § = 0.3



Semiclassical analysis
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Figure: The function h.; in the phase space of the atomic subsystem
defined by spherical angles # and ¢ for w = wp =1 and § = 0.3
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Definition

ESQPTs are
‘Singularities’ in ESQPTs
1. energy eigenstate density as a function of excitation energy

2. flow of energy spectrum as a function of the control
parameter

E 1D system E 2D system

Ground-State
QPT (1%torder)




ESQPTSs and related literature

ESQPTs

» P. CEINAR, M. MACEK, S. HEINZE, J. JOLIE, J.DOBES, J. Phys. A,
39, L515 (2006)
Monodromy and excited-state quantum phase transitions in
integrable systems...

» M. A. CAPRIO, P. CEJNAR, F. TACHELLO, Ann. Phys. 323, 1106-1135
(2008)
Ezcited state quantum phase transitions in many-body systems

> P. CEINAR, P. STRANSKY, Phys. Rev. E 78, 031130 (2008)
Impact of quantum phase transitions on excited-level dynamics

What properties can be affected by (ES)QPTs?



Entanglement measures

» Atom-atom entanglement

Sty — _Telalupa] | Tr e Ingr

S In(2j+1)  In(2j+1)

» Atom-atom entanglement

() = (N = Dmax { VA1 = vz = VAs = /A1, 0}

where A1 > Ag > A3 > )4 are eigenvalues (real and
non-negative) of a non-Hermitian matrix

0=kl (ok ®01) ok (o o).

Pkl «+ density matrix of a pair of qubits. Due to the symmetry
can be expressed through the expectation values of the
collective spin operators (J,), (J2) and (J).

X. WANG AND K. M@LMER, Eur. Phys. J. D 18 385 (2002)

ESQPTs




Entanglement in QPT

N. LAMBERT, C. EMARY, T. BRANDES, Phys. Rev. Let 92(7), 073602
(2008)
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Figure: Anomalous behaviour of entanglement in QPT in Dicke
model.



Entanglement in QPT

Extended Dicke model

ESQPTs

0 1 20 1 2

A

Figure: Entanglement properties of the ground state of the j = N/2
model in the plane of control parameters A and ¢ (for w=wo=1,
N = 40). The red curve indicates the QPT critical coupling A.



Entropic spectrum

Figure: The full energy spectrum of the § =0 model with w=wo=1
for j=N/2 and N =40 (left panel), and the atom—field entanglement
entropies S in individual eigenstates corresponding to A=1.5 cut of
the spectrum (right panel).



Atom-atom entanglement in excited states
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Entanglement in ESQPT

within Tavis-Cummings § = 0 invariant M = 2j

ESQPTs

Figure: The atom—field entanglement entropy for three states from
the M =25 subspace of the §=0 detuned (w=2,wo=1) model with
j=N/2: The log-log plot in panel (b) inset shows the minimum
value of S in the dip as a function of j for the given level (for this

level, the dependence is roughly Suin o 1/5%0°8).
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