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•  Recap experimental principles from Lee’s talk 

•  Statistical precision 

•  Data collection and precision fitting 

•  Controlling systematics in the ωa analysis 

•  Conclusions 
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•  Recap experimental principles from Lee’s talk 

•  Statistical precision 

•  Data collection and precision fitting 

•  Controlling systematics in the ωa analysis 

•  Conclusions Intersperse	  some	  lessons	  
learned	  in	  BNL	  g-‐2	  and	  contrast	  

BNL	  with	  FNAL	  as	  we	  go	  
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A little less of this… 
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And more of this… 
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•  Place polarized muons in known 
magnetic field, measure precession 
§  Muon mass 200x electron -> 40,000x 

more sensitive to higher mass exchanges 
§  Makes up for incredible precision of ae 

•  Can naturally get a nearly 100% 
polarized muon source by capturing 
highest (or lowest) energy muons 
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•  Inject beam into storage ring instead to measure aµ directly 

g=2	  

g>2	  

•  Since g = 2.0023… gain factor of 800 for free in 
aµ precision relative to at rest expts 

•  Use magic momentum to allow vertical focus 
§  ϒ=29.3, pµ = 3.094 GeV/c 
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•  Parity violation in muon decay results in 
highest energy decay positrons being emitted 
in direction of underlying muon spin 

 

•  No need to directly observe the muon spin, 
just look for a modulation in the energy 
spectrum of decay positrons 
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•  Apply cut on energy, bin data in 
time, ‘wiggle’ plot emerges for ωa 
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Interesting Aside:  CERN muon g-2 experiments 
were initiated in 1958 by Leon Lederman to 
answer the question of whether the muon was 
really a 'heavy electron'. 

 

“There he started the famous g-2 experiment 
and managed to confuse it so badly that it took 
26 physicists nineteen years to finish.”  
       Leon's Unauthorized Autobiography 
       http://history.fnal.gov/autobiography.html 

 

•  Same principles used in CERN III, BNL, and FNAL 
•  Often referred to as ‘textbook’ due to all the underlying fundamental 

principles that conspired to give us this window into the quantum world 
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•  Since g-2 is all about statistical 
precision and this is an ‘academic 
lecture’…a quick aside for 
statistics nuts 

 

•  Same equation as above but 
redefined to be a pdf and being 
careful to note that the number 
density and asymmetry are 
energy-dependent  
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•  Really cool theorem in parameter estimation called the Cramer-
Rao lower bound (CRLB) 
§  Basically says that for any unbiased estimator there exists a lower 

bound on the variance of an estimated parameter 
§  Furthermore, that lower bound can be calculated from by inverting 

the Fisher discriminant  
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•  Simplify calculation since only correlated parameters 
matter and N, τ, and A are not correlated with ω  

 

Extract CRLB for ω: 
 

Comparison to prior 
expression: 
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•  There is a very clever proposal by our Japanese colleagues to do g-2 in 
way very different that the magic momentum technique 

§  Run at a much lower momentum, use MRI-style magnet with better field 
§  Eliminate vertical focusing by use a ultra-cold muon beam  
§  Would be great to have a 2nd experiment with completely different systematics 

 
§  Relativistic gamma is 3 

instead of 29.3 
§  A is reduced since 

reaccelerated muon start with 
0% polarization, can throw 
away half to get to 50% 

§  The FNAL experiment plans to 
measure ~2e11 muons 
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•  By definition, the efficiency of a parameter estimation is defined 
relative to the CRLB 

 

•  Can also derive that a maximum likelihood estimate (MLE) will 
achieve the CRLB  

 

Might conclude that MLE is the best way to fit the g-2 data 
 



MLE and g-2 
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•  Some practical difficulties with MLE 
§  The functions n(y) and A(y) are not really known.  

Start out calculable from V-A in muon rest frame and 
boosting back to lab, but then perturbed by real 
world acceptance and resolution effects 

§  With 2e11 samples expected at FNAL (1e10 at BNL) 
computationally intense to explore parameter space 

§  No goodness-of-fit criteria comes directly with MLE 

•  Instead we bin the data and use least-squares 
estimation, a.k.a. χ2 fits 
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•  Start with the same functional 
form as before, except not a pdf 
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•  In the end, just a mathematically rigorous way 
of saying something somewhat intuitively 
obvious 

§  If you bin the data and integrate over A(y) then 
you lose some statistical precision 

§  Error is about 10% larger 

•  Can now imagine at least 3 ways of fitting the 
data 

§  One fit integrated over A(y) > threshold, turns out 
1.8 GeV maximizes statistical power 

§  Many fits in individual bins of energy, y 
§  One fit with the data weighted by your best guess 

at A(y) 
§  All have different sensitivities to systematic errors 

 

*Error in theoretically perfect world where 
acceptance was 100% for all y and perfect 
resolution 
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Why torture you with all of the math? 
 

Because for many, this is part of the allure and 
challenge of precision experiments. 
  

Not being able to take anything for granted 
leads to numerous intellectual challenges 
 

*Error in theoretically perfect world where 
acceptance was 100% for all y and perfect 
resolution 

•  In the end, just a mathematically rigorous way 
of saying something somewhat intuitively 
obvious 

§  If you bin the data and integrate over A(y) then 
you lose some statistical precision 

§  Error is about 10% larger 

•  Can now imagine at least 3 ways of fitting the 
data 

§  One fit integrated over A(y) > threshold, turns out 
1.8 GeV maximizes statistical power 

§  Many fits in individual bins of energy, y 
§  One fit with the data weighted by your best guess 

at A(y) 
§  All have different sensitivities to systematic errors 
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•  How do we know this isn’t a biased estimator? 
Turns out it is! 

 
•  If it is biased, how much? 

Not enough to worry at BNL precision, still needs to 
be revisited for FNAL 

 
•  Should we use Fk or Nk in the denominator? 

Used Nk at BNL because it is simpler and was 
mathematically proven to be OK, but a linear 
combination ends up being the minimum bias 
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Pages 2 and 3 from Sergei Redin’s 16 pg note on the matter 



Contrast BNL/FNAL: Statistics 

•  Bring E821 storage ring and associated equipment to Fermilab 
•  Modify anti-proton complex to provide intense, high-purity 

beam of 3.094 GeV/c muons 
•  Upgrade select subsystems to meet requirements for rates and 

systematics 

•  Scientific goal is 4-fold reduction in error relative to BNL 
§  Increase stats x 21 to reduce stat error from 0.46 ppm to 0.1 ppm 
§  Reduce systematics ωa on from 0.2 ppm to 0.07 ppm  
§  Reduce systematics ωp on from 0.17 ppm to 0.07 ppm  
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Contrast BNL/FNAL: Rate Requirements 

Achieving required statistics is a 
primary concern 
 - Need a factor 21 more statistics 
than BNL 
 - Beam power reduced by 4 
   

Need a factor of 85 improvement 
in integrated beam coming from 
many other factors 
 - Collection of pions from lens 
 - Capture of decay muons in high 
density FODO channel 
 - pπ closer to magic momentum  
 - Longer decay channel 
 - Increased injection efficiency 
 - Earlier start time of fits 
 - Longer runtime 
 
 
 
 
 
 
 

Ratio of beam powers BNL/FNAL: 
4e12	  protons/fill	  *	  (12	  fills	  /	  2.7s)	  *	  24	  GeV	  
1e12	  protons/fill	  *	  (16	  fills	  /	  1.3s)	  *	  	  8	  GeV	   =	  4.3	  	  
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Collecting the data 
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yoke coil 

Recall from Lee’s talk we inject a single muon 
bunch (~1e5 muons/injection) 



Data record in a single calorimeter at BNL 
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•  Inject muons at t=0 
•  Calorimeter PMTs gated off due to hadronic flash 

§  Pions/protons entering ring with muons create blinding flash of light at injection 
•  Fits cannot start until >20 µs in any case due to some beam manipulations going 

on in the ring and the time constant for kicker eddy currents to subside 
•  Large pedestal in detectors near injection point 
•  Decay electron signals riding on pedestal 
•  Not really any PID, other than wash of low energy stuff creating pedestal, only 

muons and decay electrons (few protons) 
§  Muons are MIPs, well below threshold at BNL 
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•  BNL used two 200 MHz WFDs, 
sampling out of phase 

§  Align with marker pulse 
§  Calibrate relative gain of two WFDs 

•  Pulse fit to pulse-shape library to 
extract (Ei,ti) of event accounting 
for the average electronic ringing 
in a particular calorimeter 
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A	  lesson	  learned	  at	  BNL…	  
	  
How	  would	  you	  fit	  for	  (E,t)?	  
•  Assume	  uncertainty	  on	  bin	  height	  

is	  +/-‐1	  ADC	  count?	  
•  Assume	  uncertainty	  scales	  with	  

sqrt(ADC)?	  
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Contrast	  BNL/FNAL	  
•  FNAL	  using	  500	  MHz,	  single-‐phase	  

WFDs	  
•  SiPM	  readout	  of	  PbF2	  Cerenkov	  

signals,	  fast	  and	  stable	  



Controlling systematic errors on ωa 
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Fast Rotation 

Chris	  Polly,	  Muon	  g-‐2	  Academic	  Lecture,	  Oct	  3	  2013	   32	  

•  Injected bunch width is <149 ns time 
for muons to go around the ring 

§  Muons come in clumped and will slowly 
dephase due to dp/p 

•  Can see in plot above the fast rotation 
structure with the longer wavelength aµ 
wiggle superimposed 

•  Actually a good feature, can extract the 
momentum spread of the stored muons 

 

 



Fast Rotation 
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•  Very hard to fit though 
§  Not in 5 parameter function 
§  Hard to pin down the envelope at the 

precision needed for getting a good χ2. 
•  Two solutions employed 

§  Randomize time of each fitted event by 
+/- 149 ns 

§  Bin the data in 149ns bins 

 



Early-to-late effects 

•  Experimental goal of 0.07 ppm systematic uncertainty 
§  Must remove all biases from the fitting procedure 
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#	  high	  energy	  positrons	  versus	  dme	  

BNL	  2001	  run	  	  

cos(ωat +φ)
Dominant	  feature:	  

φ	  	  is	  the	  phase	  
between	  the	  spin	  and	  
momentum	  at	  the	  
beginning	  of	  the	  fit.	  

*Pilfered from 
Brendan Casey 
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cos(ωat +φ)
Leading	  systemadcs	  come	  from	  dme	  dependence	  in	  the	  phase	  

φ(t) =φ0 +αt +βt
2≈ φ0 +αt

cos(ωat +φ(t)) ≈ cos((ωa +α)t +φ0 )

Taylor	  expansion:	  

Things	  that	  change	  “early	  to	  late”	  in	  the	  fill	  typically	  lead	  to	  a	  
dme	  dependence	  in	  the	  phase	  of	  the	  accepted	  sample	  that	  

directly	  biases	  the	  extracted	  value	  of	  ωa	  	  
*Pilfered from 
Brendan Casey 
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Pileup:	  	  two	  low	  energy	  
positrons	  fake	  a	  high	  
energy	  positron	  	  
(happens	  early,	  not	  late)	  

calo	  

momentum	  
spin	  

Δφ	  

Gain	  change:	  	  	  
example:	  saturadon	  
(happens	  early,	  not	  late)	  

Above	  
thresh.	  
early	  

Above	  
thresh.	  
late	  

calo	  

Δφ	  

Design	  not	  driven	  by	  absolute	  performance,	  but	  reladve	  stability	  early	  to	  late	  

*Pilfered from 
Brendan Casey 
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•  BNL experiment had a laser 
calibration system, but could not 
reached required stability 

 

 

Contrast	  BNL/FNAL:	  
	  -‐	  Much	  more	  stable	  laser	  system	  
being	  developed	  

•  Ended up using endpoint of decay 
electron spectrum 

§  Good because it scales with stats 
§  Can only be binned in g-2 periods 
§  Endpoint sensitive to pileup 

 

 



Gain changes 
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•  Corrections over months of running 
§  Can see degradation of detector 5 in 

hadronic flash region 
§  Jumps in detector 12 are due to 

relative calibration of 4 PMTS 
 

 

Contrast	  BNL/FNAL:	  
	  -‐	  No	  hadronic	  flash	  at	  FNAL	  
	  -‐	  Pions	  decay	  in	  >1	  km	  beamline	  
(compared	  to	  80m	  at	  BNL)	  
	  -‐	  Protons	  removed	  by	  circuladng	  in	  
Debuncher	  long	  enough	  to	  kick	  out	  



Important part is ‘early-to-late’ correction 
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•  Corrections for gain applied within measurement window 
 

 



With all these corrections, must be 
ready to start fitting? 
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•  Not even close! 
•  Black points show reduced χ2 as a 

function of when fit is started using 5 
parameter fit 

•  Allowed deviation in is sqrt(2/d) and 
because of 149ns binning, d numbers in 
the thousands 

•  Black points are unacceptable 50σ 
•  5-parameter fitting function is pitifully 

inadequate 

 
 
•  What is still missing 

§  Obtain red after correcting for pileup 
§  Obtain green after including coherent 

betatron oscillations 
§  Obtain blue after including muon losses 

 



Actual fitting function 
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Beam relaxation 
 

Vertical breathing 

3 CBO terms 

Muons lost from ring 

•  Note, no pileup term since correction is constructed (like gain) 
•  Many more terms for Sergei to understand analytically J 
•  Every effect is intellectually challenging and every factor of 2 increase in statistics 

results in sensitivity to higher-order effects 
•  Luckily, these terms only weakly not couple to ωa, but we consider an acceptable χ2 as 

a necessary condition 



Pileup correction 
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•  Pileup can be resolved in if dt<5ns 
•  Reconstructed by looking in side 

window around main pulse 
•  Complicated due to hardware and 

software thresholds 
§  Example in asymmetric wings 
§  Would really rather look in windows 

further out but BNL trigger only kept a 
few samples to either side of pulse 



Pileup correction 
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Contrast	  BNL/FNAL:	  
	  -‐	  Segmented	  detectors	  
	  -‐	  Faster	  WFDs	  
	  -‐	  Full	  data	  record	  kept	  

6	  x	  9	  crystal	  array	  

16cm	  	  

22	  cm	  	   14	  cm	  	  



Muon losses 
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•  Muons can hit collimators or 
other material, lose energy, 
and spiral out of ring 

•  Able to reconstruct at BNL by 
looking for triple coincidence 
on hodoscopes attached to 
front of calorimeters 

•  Double coincidence no good 
due to upstream calorimeter 
spraying downstream 
hodoscope 



Muon losses 
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A	  lesson	  learned	  at	  BNL…	  
	  
In	  part	  of	  the	  2000	  run	  at	  BNL	  
the	  radial	  field	  in	  the	  magnet	  
was	  set	  incorrectly…beam	  too	  
high	  in	  aperture…losses	  large	  



Muon losses 
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436 TRACKING DETECTORS

gas manifolds10 cm
15 cm

170 cm
feedthroughs
vacuum 7.5 cm

10 cm

Figure 20.4: Diagram of the largest tracking station. The station is 24 straws wide. The
figure on the left is the vertical-radial view. The figure on the right is the vertical azimuthal
view.

Straw material Aluminized Mylar
Straw wall thickness 15 µm
Wire 25 µm gold-plated tungsten
Straw length 12 cm
Stereo angle ± 7.5� from vertical
Gas 80:20 Argon:CO2

Pressure 1 Atm
Operating voltage 1400 V

Table 20.4: Summary of the properties of the tracking detectors.

Material Thickness radiation Length (cm) X/X0 (%)
Gold 200 Å 0.3 6⇥ 10�4

Aluminum 500+500 Å 8.9 1⇥ 10�4

Adhesive 3 µm 17.6 2⇥ 10�3

Mylar 6 + 6 µm 38.4 3⇥ 10�3

Ar:CO2 5 cm 1⇥ 105 4⇥ 10�2

Total per straw 0.05
Total per station 0.11
Tungsten 25 µm 0.35 0.7
Total after hitting 1 wire 0.82

Table 20.5: material budget in the active region of a station.

11	  
independent	  
tracking	  
stadons	   5	  mm	  straws	  

UV	  doublets	  at	  7.5°	  

Contrast	  BNL/FNAL:	  
	  -‐	  In	  vacuo	  straw	  trackers	  being	  developed	  (B.	  
Casey	  Early	  Career)	  
	  -‐	  Will	  give	  much	  bemer	  beam	  diagnosdcs,	  
much	  more	  dmely	  
	  -‐	  Also,	  calorimeters	  will	  be	  able	  to	  reconstruct	  
muons	  without	  need	  for	  triple	  coincidence	  
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•  Electrostatic focusing causes beam to 
‘swim’ and ‘breathe’ horizontally and 
vertically 

•  Can calculate expected frequencies 
based on strength of electric field…n 
value 

•  Creates time-dependent detector 
acceptance effects 

§  Big impact on χ2, but little impact on ωa 
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Another	  lesson	  learned	  at	  BNL	  
	  	  -‐	  In	  1999,	  stadsdcs	  first	  
significantly	  surpassed	  CERN	  III,	  but	  
sdll	  1/10th	  or	  so	  of	  final	  stats	  
	  	  -‐	  Started	  to	  see	  effect	  in	  data	  
where	  detectors	  on	  two	  halves	  of	  
ring	  got	  different	  results	  
	  -‐	  By	  2000	  run,	  data	  was	  pracdcally	  
screaming	  there	  was	  some	  kind	  of	  
problem	  

1999 L. Duong Thesis 

2000 F. Grey Thesis 
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-‐	  Turns	  out	  that	  the	  difference	  
frequency	  between	  the	  horizontal	  
CBO	  and	  the	  cyclotron	  frequency	  
were	  almost	  exactly	  at	  the	  2nd	  
harmonic	  of	  ωa	  
	  -‐	  Effect	  cancels	  when	  summing	  all	  
detectors,	  but	  it	  is	  a	  clear	  example	  
of	  how	  higher	  stadsdcs	  helps	  one	  
discover	  new	  effects	  	  
	  	  -‐	  Part	  of	  what	  make	  a	  higher	  stat	  
version	  	  of	  g-‐2	  so	  cridcal	  
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•  Many data-driven consistency 
checks 

•  Can see here what happens in 
one detector if gain is uncorrected 
vs over-corrected by a factor of 
two 
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Overall, ωa systematics need to be reduced by a factor of 3 
 - Some errors were data-driven, precision of corrections scales with statistics 
 - Environmental improvements by changing run conditions, e.g. no hadronic flash 
 - Many hardware and analysis-driven improvements detailed in parallel sessions 
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Overall, ωp systematics need to be reduced by a factor of 2.5 
 - Better run conditions, e.g. temperature stability of experimental hall, more time to shim 
magnetic field to high uniformity, smaller stored muon distribution 
 - Also many hardware and simulation driven improvements detailed in parallel sessions 



!

Outlook 

Primary scientific goal of FNAL experiment 
 - Reduce experimental error on aµ by factor of 4 
 - If current discrepancy persists, significance will 
be pushed beyond 5σ discovery threshold  
 - Motivates further theoretical improvement 
 

Citations to E821 remain high 
arXiv:1010:4180 
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Results from E821 
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Analysis structure of 
2001 BNL data 

•  Absolutely critical to have 
independent analyses from 
the very bottom up 

§  Were it not for the separate 
BNL and Illinois productions it 
is not clear how long it would 
have taken to discover the 
pulse-fitting lesson 

•  Every factor of 2 in statistics 
brings new challenges 

•  Independent analyses of ωa and ωp are crucial 
§  Analyzers allowed to make own decisions, consistency amongst all 

required at end of day to gain confidence 
§  Analyses can be structured to have very different systematic 

sensitivities 
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•  17 PhDs produced at 
BNL 

•  Just as many postdoc 
analyses 

•  Fermilab experiment 
will require even more 

§  Increased precision  
§  Longer run time 
§  More sophisticated 

analyses 
§  Trackers will open up 

whole new realm of 
analyses 

§  Field requires more 
effort than BNL 
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gµ  = 2.002 331 841 78 (126)
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	  

Why does one more decimal place appeal to you? 
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	   {	  

Why does one more decimal place appeal to you? 
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	   {	   {	   e	   e	  

α
2π

= 0.00232

Why does one more decimal place appeal to you? 
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	   {	   {	  

e	   e	  

α
2π

= 0.00232

2 331 694 36 (0)

QED 
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	   {	   {	   e	   e	  

α
2π

= 0.00232

2 331 694 36 (0)
138 60 (98) 

Hadronic 
* Hadronic corrections for the electron 
g-2 don't show up until the 12th decimal 
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	   {	   {	   e	   e	  

α
2π

= 0.00232

2 331 694 36 (0)
138 60 (98) 

3 08 (4) 
Electroweak 
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gµ  = 2.002 331 841 78 (126)
 
    

exp 

{	   {	   {	   e	   e	  

α
2π

= 0.00232

2 331 694 36 (0)
138 60 (98) 

3 08 (4) 
Electroweak 
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aµ  - aµ  = 287 (80) x 10-11exp thy 

2005	  

2011	  
Theory	  

2005 BNL PhD 

?


